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LOI GIOT THIEU

Thuc hiér{ chii trwong t8 chikc ki thi THPT Qudc gia va tuyén sinh dai hoc, cao
ding hé chinh quy nim 2017 cia B§ Gido duc va Pao tao, theo Céng vin sd
4818/BGDPT-KTKDCLGD ngay 28/09/2016, cong ty TNHH Dich vu Van héa Sw
Pham lién két v6i Nha xudt ban Pai hoc Qudc gia Ha Ngi t§ chirc bién soan va phat
hanh bd sich: On luyén thi tric nghiém trung hoc phé thdng qudc gia nam 2017
(theo cic bai thi: Toén, Tiéng Anh, Khoa hoc ty nhién, Khoa hoc x3 héi} va On luyén
thi THPT Quéc gia ndm 2017 mdn Ngit Van.

B sach dugrc bién soan béi cic tac gid 12 gidng vién, chuyén gia gido duc uy tin
ciia Trirong Pai hoc Sw pham Ha Ngi va gido vién day gidi & céc trudmg trung hoc
phé théng - nhitng ngwdi di cé nhidu kinh nghiém tham gia céng téc tuyén sinh clia
B6 Gido duc va Dao tao.

Néi dung bé sach duoc xdy dyng bam sét chwong trinh gido duc Trung hoc
phé théng, dbng théi dwoc cip nhat, b8 sung theo Phwrong 4n t8 chirc Ki thi THPT
Qudc gia ndm 2017 cta Bd gido duc va Pio tao.

Céu triic mdi cudn sich gém 3 phan chinh:

Phan mét: Dinh hwéng chung ki thi trung hoc phé théng qudc gia va tuyen
sinh dai hoc, cao ding chinh quy 2017 (theo titng mén hoc)

Phin hai: Cic chi d&/ ndi dung 6n luyén

C4c ndi dung &n luyén tip trung vio ki€n thitc clia 16p 12. Trong d6, c6 phin tém
tit Iy thuyét, bai tip mAu, bai tap tir luyén, hé thdng céc ciu hoi tric nghiém & cdp 46 co
ban nham phuc vu hoc sinh 6n luyén d€ dat dwoe muc dich xét cdng nhan 3t nghiép
THPT vA cAc cau héi phin héa dé dat muc dich xét tuyén dai hoc, cao ding.

Phan ba: Mot s6 dé thi tham khédo

Cac d2 thi ndy cé dap 4n hodc hwéng din gidi. Hoc sinh dwoce rén luyén va nang
cao ki niang thirc hign tron ven mdt dé thi trong th¥i gian quy dinh. Péng thi hoc
sinh c6 thé tw minh hé théng héa dworc kién thitc va Ki ning can thiét cho ki thiTHPT
Qudc gia va tuyén sinh dai hoc, cac ddng hé chinh quy.

Cling vé&i bd sach trén, cdng ty TNHH Dich vu Vin héa Sw Pham tiép tuc gidi
thiéu va phat hanh bd sach Phwong ph4p siéu tdc giai trac nghiém gbm cic mén
Toéan, Tiéng Anh, Vit 1y, Héa hoc, Sinh hoc, Pia Ly, Lich st vA cudn Bi quyét chinh
phuc mén Ngit vin bang so' @b tw duy nhim phuc vu hoc sinh 6n luyén thi THPT
quéc gia va tuyén sinh dai hoc cao dng hé chinh quy.

Xin trin trong gid¢1 thiéu!
CONG TY TNHH DICH VU VAN HOA SUF PHAM
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LO'INOI PAU

Nim hoc 2016 - 2017, [in d3u tién mdn Toan clng véi cac moén Pia lf, Lich si,
Gido duc Cong dan thi véi hinh thitc tric nghiém trong ki thi THPT Qudc gia va tuyén
sinh Dai hoc, Cao ddng 2017. ‘

D& thi tric nghiém Toén gdm 50 ciu, thoi gian 1am bai 90 phut. Dé thi ¢é phin
kiém tra kién thirc co ban, dung d€ xét tét nghiép; va phin néng cao, dung d& sing
Ioc thi sinh trong tuyén sinh vao cac trudmg dai hoc, cao dang.

Nhur chiing ta da biét kiém tra - danh gi4 1a khau cudi ciing cda qué trinh day
va hoc. Si thay d6i mang tinh d6t pha nay ciia B6 Gido dyc s& 1am thay ddi it nhiéu
céch day va hoc & trung hoc phd théng hién nay.

Ciing boi vy, khéng it cic hoc sinh va thiy ¢6 dang bin khoin khong biét sé
phai day, hoc, 6n tap thé nio dé vugt qua K thi quan trong sip t61. Mgt ki thi dic biét
quan trong khéng chi véi cic em ma con d6i véi ca nganh gido duc khi [an diu tién
hinh thitc thi tric nghiém dwoc 4p dung véi mén Toan.

Cudn sich On luyén thi tric nghiém trung hgc phé théng qudc gia nim
2017 mon Toan ra d&i nham dap tmg cac yéu cau, doi hoi thidt thyce d6. Noi dung
cudn sich khong chl hé thdng hoa nhiing kién thitc co ban cin nim ving trong °
chuong trinh, ma con thiét 1Ap mét ngan hang cau héi va bai tip tric nghiém kha
phong phii bam sat 7 chuyén d2 chinh trong chirong trinh hoc 1ép 12 gom:

. Ham s8

. Ham s8 mii va logarit

. Nguyén ham, tich phan

. S& phitc

+  Khéidadién

. Khdi tron xoay

e Phwongphép toa d§ trong khéng gian

Chiing t3i hi vong ring cudn sch s& 13 tai lidu hwéng dén hitu fch cho hgc sinh
va cic thay cb gido trong vic day, hoc va thi THPT Qudc gia, tuyén sinh Dai hoc, Cao
ding hé chinh quy mén Todn.

Miic db 43 c6 nhidu c6 ging, song khong thé tranh khdi nhiing thiéu sét trong
qué trinh bién soan, céc tac gi4 rit mong nhin dwoc ¥ kién d6ng gdp clia céc thiy cd
gido, cc em hoc sinh, va ban doc.

CACTACGIA
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PHAN MOT:

DINH HU'G'NG CHUNG Ki THI THPT QUGC GIA VA
TUYEN SINH DAI HOC, CAO PANG HE CHINH QUY
MON TOAN

Ngay 28/09/2016, B6 Gido duc va Pao tao da chinh thirc phé duyét Phuwong
an t6 chire Ki thi THPT Qudc gia ndm 2017, trong d6 quy dinh th{ sinh thi 4 bai thi
gbm: 3 bai thi bat budc Toan, Ngit vin, Ngoai ngir va 1 bai thi ty chon: Khoa hoc Ty
nhién hogc Khoa hoc X hoi. Ngoai 4 bai thi néi trén, thi sinh ¢ quyen ding kf thém
cac mén thi cdn lai cda ki thi dé skt dung cho viéc ddng ki tuyén sinh dai hoc, cao
ding theo y&u ciu ctia cAc nganh dio tao do timg trwdmg dai hoc, cao ding quy dinh
trong D& 4n tuyén sinh ca tridmg db.

Céc bai thi Todn, Ngoai ngt¥, Khoa hoc Tw nhién va Khoa hoc Xd h91 thi theo
hinh thitc tréc nghiém khéch quan; mdi thi sinh trong cling phong thi c6 mét ma dé
thi riéng; thi sinh 1dm bai thi trén phiéu trd 1¥i tric nghiém; Phidu tra 1&i tric nghiém
ctia thi sinh dwoc chdm bing phan mém mdy tinh. Bai thi Ngit vin, thi theo hinh thic
tw ludn.

Nbi dung d2 thi THPT Qudc gia 2017 nim trong chwong trinh hoc 16p 12, ting
cudng ciu hdi md, cau hdi gan v6i thwe tidn va ciu hdi vin dung d3m bio d6 phan hda.
Trong mdi dé thi s& c6 phin kién thitc co bin - diing d& xét t5t nghiép v phin ning cao
- dilng d€ sang loc thi sinh trong tuyén sinh vio cic trirdmg dai hoc, cao ding.

Pe thi ddm bio c3 4 mitc 46 nhin biét, théng hifu, van dung, vin dung cac, dai
héi hoc sinh vin dung kién thitc tong hop d€ lam bai, gidi quyét cic vin dé lién quan
dén thye tidn cube séng. Cong tac ra d thi ti#p tuc dwoc d8i méi theo hwong khong
qua dai, khong qua siu, khéng ning né cau chuyén tinh toan cong kénh vi trong bai
tap s& c6 nhitng phwong phép giai rit ngin gon.

Dé thi mén Todn & dang tric nghiém khich quan vé&i 5¢ ciu hai'va thoi gian
]am bai 12 90 phiit. |
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PHAN HAI: _ A
NOIDUNG ON LUYEN

CHUONG 1 :
HAM SO

CHUYENPE 1.1 ’
Tinh don diéu ctia ham so

A.TOM TAT LY THUYET
1. Dinh nghia tinh don diéu cita ham s6
Cho I 1a mét khoang, mét doan hodic mot nita khodng va ham s f xic dinh trén 1.
o Ham sb f dugc goila déng bién trén I néu
' Vry,%s € I 121 < 22 = f(z1) < f(22).
» Ham sb f dudc goi 1a nghich bién trén I néu
Vo, 20 €111 < 29 = f($1) > f(z‘g).
Ham sb dong bién hogc nghich bién trén I dugc goi chung 14 ham sb don digu tén 1.
2. Diéu kién can d€ ham s6 don diéu
Gia sltham s6 f 6 dao ham trén khodng 7.
a) Néuham s6 f déng bién trén I thi f'(z) > 0 véimoizx € I.
b) Néuham sb f nghich bién tén I thi f/(z) < 0 vdimeiz € I.
Chity: Ta cd thé mé rong khdi niém ham s6 don diéu trén mét t4p bét kj.
3. Dicu kién dt d€ ham s6 don digu
Gia stt ham s6 f c6 dao ham trén khodng I.
a) Néu f'(z) > 0 vdi moiz € / thi ham sb f ddng bién trén khodng I.
b) Néu f'(z) < 0véimoiz € I thihdm s6 f nghich bién trén khoéng 7.

¢) Néu f'(x) = 0 véi moi = € I thi ham s6 f Khong déi trén khoang /.
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On luyén thi tréc nghiém THPT Quéc gia nim 2017 mén toan spbook.vn
Chit y: KhoangI trén c6 zhe dugc thay bdi mot doan hodc mot nika khodng. Kh; a6 phdi b8
sung thém gid thiét "Ham 56 lién tuc trén dogn hodic mita khodng do”.

Chiy: ¥ Trong thyc hanh gidi todn, ta thufdngdang dang mg réng sau cia dinh Iy trén: "Gid stf
ham so f(z) co dao ham tren khoangI Néu f' (a:) > 0(< 0), Yz € I vé f'(z) = 0 chi tai mot sb
hitu han diém thi ham s6 dong bién (nghich bién) trén I". Thong thuiing, trong chuong trinh
pho 5 théng, hdu hét cdc ham 6 du ty d6ng théa man diéu kién dao ham triét tiéu tai hitu han
diém, nén ta thuimg chi cdn kiém tra tinh khong ém ctia dao ham.

B. CAC DANG BAI TAP
| Dang 1:Xét tinh dun digu ciia ham 55
Phitdng phap gidl: D& xét tinh don didu cia ham s6 y = f(z) talam nhut sau
o Tim tdp xdc dinh.
o Tinhy/. Tim cédc diém 2; ma tai d6 dao ham ' = 0 hodc ' khéng xic dinh,

» Lap bang xét ddu cho 4/ va két ludn.

ViDU 1.1 (Dé Minh hoa THPTQG 2017). Ham sy = 2z* + 1 dbng bién trén khodng nao?
A (-—oo;-%) B. (0; +c0) C (—%;ﬁ-oo) D. (—o0; 0)

GIAL Tap xdcdinhR. Tacd 3/ = 4z°. Do d6 y déng bién trén (0; +).
Vady ddp an la B. O

3
viDU 1.2. Hamsby = ?—m % — 3z + 2 théa man tinh chdt nao sau ddy:

A. Ddng bién trén (—oo; —1) U (3; +c0) vé nghich bién trén (~1;3).

B. Nghich bién trén (~o0; —1) U (3; +00) va nghich bién trén (—13).

C. Dbng bién trén (—o0; —1) va (3; +c0), nghich bién trén (—1;3).

D. Nghich bién trén (~oo; —1) vt (3; +c0), dong bién trén (—1;3).
GIAL TXD: D =R.

Tacdy =2 20 -3,y =02’ -22-83=001=-1,2=3
Bang xét diu

% ) + 0 - 0 +

Ham s6 afon bién trén méi khodng (—oo; —1) va@ (3; +oo), nghich bién trén (—1;3).
Vay dip dn l% C
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sphook.vn CHUONG 1. HAM sb

Nhiin xé8; V& ban chit, viéc xétsubién thién cliaham séy = f(z) thudng dugc qui v viec xét
dAu clia d: dao ham f'(z). 'Ikong khudn khd chuong trinh SGK, diu ciia f'(z) thudng dugc xic
dinh thong qua dinh 1§ diu tam thic béc hai: "u'ong tral, ngoal cling”, titc 1 trong khodng
hai nghiém, tam thiic béc hai trax du v6i hé 56 bac hai va ngoai khodng hai nghiém thi tam
thiic bic hai s ciing d4u vdi hé sb bac hai.

VIDU 1.3. Ham s6 ndo trong cdc ham sé sau ddy nghich bién trén méi khoding xdc dinh?

Ay=2®+2r—sinz By=z®—32"+9z
3 z+2

e = —_— D =

Cy== z y z=2

GIAL Ta tinh céc dac ham céc ham sb trén.
y=1°+2x —sinz =3 =3¢* + 2 —cosz > 0.
y=o°~32 +9z =y =3(z2 — 25 +3) > 0.

3 3
y—m—;:y’-—1+;>0.
_z+2 _ 4
y»-z_2=>y— (:l:—2)2<0.
Viy didp én 12 D. . o

Z:; ¢ # 0, ddngbién trén cdc khodng xéc dinh khi va chikhiad—be > 0
vanghich bién trén cic khoang x4c dinh khi va chi khi ad — bc < 0.

LDgngz: Tim diéu kién tham sf € ham sb don digu trén t@pa

Phuong phap giak:

¢ Tinh . Didu kién d& ham s& ddng bién (nghich bién) trén DAy’ > 0@ < 0) trtén Dva
phuong trinh 4'(z) = 0 ¢6 hitu han nghiém trén D.

o Riit tham s8 m, dwa vé dangm > g(x) hodc m < g(z) trén D,

Chiy:Hamsdy =

o Khdo sit ham sb g(z) trén D va nit ra két luan.

Chit y: Ta thuding chi xét D 1a mét doan, mét khoing hay nita khodng trén R va vdi han ché
trong chuong trinh SGK, difu kién dao ham triét tiéu tai hitu han diém thudng ti déng ding,

VIDU 1.4. Tim tdt cd cdc gid tri ciam dé€him sby = —z* + Imz® + m + 2 nghich bién trén
(8; +o0):

Am<3 Bm<3 Cm<§ Dm<?9

GIAL TXD: D=R.Tacoy’ = ~4z° +4mz = 4z(m ~ =?).
Ham s nghxch bién tén khoang (3;+00) & ¥ < 0,Vz >3 © m < 2%, ¥z > 3.Suyra

m< min z* =9,
[35+a0)

Viy ddp én la C. [}
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On luyén thi tréc nghi@mmPTQuécgiaham 2017 mén todn spbook.vn

Trong vi du nay hoc sinh dé nhdm lin d‘ap én CvaD. Pidukién dé ham sb dong bién trén

khodngIlay’ > 0,vz € I'vac6théy = 0 tai mot s6 hitu han diém. Do d6 ta vin chdp nhin
dugc gid ttim = 9.

Vi DU 1.3 (Dé Minh hoa THPTQG 2017). Tim tt cd cdc gid tri thyc cla tham sé m sao cho
N 3 tanz—2 3 L.z . » T
ham soy = Povm— dong bién trén khoang (0, " )

Am<Ohodcl<m<2 Bm<0

Cl<m<?2 Dm>2

GIAL Déttanz = ¢,z € (O 4) =t e (0;1). Vihamsb tan dongblentren( ﬂ-) yéu cdu

bai todn trd thanh im m d€ ham s ¢(¢) = £ i dbng bién trén khoang (0;1).

Tap x4c dinh clia ham s6 ¢ # m, nhuvaym ¢ (0; 1).

Ham sb ¢6 dang phén thitc nhut trén ludn ddng bién hoic nghich bién tén céc khodng xic
dinh. biéu kién ddng biénla ad — be = —m + 2 > 0 & m < 2. Két hop hai diéu kign ta duge
m € (—o0; 0] U [1,2).

Véy diip an 3 A, o
cos 2z + 2(m + 1jcosz + 2m? + 2m + 1

cosx +m x
thuc cvia tham s6m d& ham s6 i cho dong bién trén dogn [0; 5] .

ViDU 1.6, Cho ham séy = . Tim tdt cd cdc gid tri

A.ms—% B.m< -1 Cm>0 Dm>0

GIAL Diéu kién xic dinh: cosz +m # 0 véimoiz € [0 -g-] Do ham déng bién trén [0; g],
—~m ¢ [0;1] hay m < —1hodcm > 0. Nhu vdy, logiAva C.

Thit truc tiép véim = —2,khidd y M—2cosm+2+-——8—,taduqe
cosz —2 cosz —2

(2) = —2sinz + —SBZ 3 Aocmz
Y(z)= 2sm:n+(cosz_2)2—2smzcosm( 2)2__0\%::6( 2)

Do d6, ham sb ddng bién trén [0; Z]. Vay m = —2 théa man, tic 13 D sai.
g 5| vay

VaydépanlaB. ]
Chii y: C6 thé lam triée tiép kiéu tw ludn nhut sau: Thay cos 2x = 2 cos® z ~ 1 riit gony ta dugc
2
y=2cosz +2m+ ___2m__ T do
cosz+m )
, . 2m?sinzg . cosz <+ 2m ki
= — —_— = — —_— >
¥ (z) 2sidz + (cosz + m)? 2smxoosa:(c zimy 2 0¥z e ( 2)

S cosc+2m<0vz € (O;-é-).

Tadugem < -%. Két hop didu kién ta dugem < —1.
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spbook.um CHUONG 1. HAM 0

Nhénxét: Cdc Vi du 1.5, 1.6 minh hoa rd nét su khdc bigt gita cich {am bai tit ludn truyén
théng v céch Iam bai tric nghiém béng phuong phdp logi mit. Voi kiéu bai tréc nghiém chi
co mét phuo‘ngan, trong khi cdch 1am theo phong cdch tu ludn cdn ldp ludn dé tim chinh xdc
yéu cdu rdi so sanh véi cdc d’ap dn dé chon phuong dn  diing, cdch lam logi trit chicdn chira
mot dac diém d¢ loai bé ddp an sai. Vi vdy, trong nhiéu mamg hap cdch lam logi trit cho 151
gidi ngdn gon va t6i uy hon vé 2 thoii gian. Cdc em hoc sinh cdn vdn dung linh hoat ¢d hai cich
lam trén khi gidi quyét mot ciu héi cu thé,

[D,ang.?. Tim difu kién tham 55 d€ him sb bic ba don diéu trén khodng cé dé dai !
Phuong phap gial: Xétham s6 y = f(x, m) = a2 + ba® + oz + d.

e Tinhy' = 3az? + 2bz +c.

. Ham 56 don diéu trén khoang (x,, 22) 50 cho |zz — 2;] = { khi va chi khi phutong trinh
3’ = 06 hai nglrnem phan biét, jz2 — =} =
Didukiénld A > 0val = +/S? — 4P, trong do &, P 1an ugt 13 tdng va tich cita hai diém
cuc trj, dudc suy ra tit dinh 1 Viet.

VIDU 1.7. Vi gid tri nao ciia tham sé m thi ham s6 y = z° + 3z® + 2mz — m?® nghich bién
trén doan cé d dai ldn nhét béng2? :

Am=0 B.m<§- C.m=

5 D. Khéng ton taim

[T E ]

GIAT TXD D R.
Ta ¢6 v’ = 3«* + 6z + 2m. Ham s6 nghich bién tén doan cé do6 dai bang 2ay <0uén
khoang (z1,z;) sao cho |z3 — 21| = 2.

N 21+ 39 =-2
Ditukién1a A’ = 9 — 6m > 0. Khi dé theo dinh Iy Viet

mn
1.2 = —3—

2
|z2—21|=2®($1-—z2)2=(:z:1+a72)2—4x1zz=4—2-ﬂ=4@m=0.

3

Vi diap dn 13 A. g
C. BAI TAP TU LUYEN
BAITAP 1.1. Him 8y = z° + 52 + Tz — 2 nghich bién trén khodng nio?

A (—oo; -g) B. (-g; -1) C. (=1; +00) D. (—o0;-1)
BAITAP 1.2. Himsby = 32—;5:_—%_*——3 nghich bién trén khodng nio?

A. (=005 =1) B. (~4; ~1)

C. (—o00; —4) D. (—o0; ~4) v (~1;2)
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BAITAP 1.3. Chio ham s6 y = ;—:-—:.mnkhéngd;nh dting:
A. Ham s8 nghich bién trén tap R.
B. Ham sb nghich bién trén tap (—o0;2) U (2;+00).
C. Him s ddng bién trén timg khodng xéc dinh.
D. Ham s nghich bién trén timg khodng x4c dinh.

BAITAP 1.4. Ham sy = /22 + 2z — 3 ddng bién trén khodng ndo sau déy:

A. (~o0;—3) B.{-3;-1) C.(-1;1) D. (1; +0)
BAITAP 1.5. Ham s6 ndo sau ddy nghich bién trén (3; +00)?

A.y=%x3+ga:2——2:t+2 B.y=—z® +62% — 9z +2

C.y=—%z3—212—2x+2 D.y=—z%+5z~2

BAITAP 1.6. Chohamsby = f(z) cé bang bién thién nhu sau:

z ) -1 3 +00

Y - 0 - 0 +

Tim khéng dinh SAI trong céc kbing dinh sau:
A. Ham s6 ddng bién trén khodng (3; +co) va nghich bién trén khoang (~o0; 3).
B. Ham s6 nghich bién trén khoang (—co; 3).
C. Ham s6 nghich bién trén khodng (—o0; —1).
D. Ham s6 dong bién trén khodng (~1; +00).
BAI TAP 1.7. Cho ham s8 y = f(z) ¢6 dd thj nhu hinh vé. Tim khing dinh SAI trong cdc
khéng dinh sau:
AHam s6 ddng bién trén khoang (~1;1). 4
B. Ham s6 nghich bién trén khoang (—co; —1).
C.Hamsb nghj;h bién trén khodng (—oo; 1). ' /

D. Ham s6 nghich bién trén khodng (1; +00). 30
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T —

H 2 Y 1 . - e z - .
BAITAP 1.8. Timm dé ham sby = "; ddng bién trén mbi khodng xic dinh?

+2
1 1 1 1

Am< -2 . - . - . -z

m< -3 B.m > 3 Cm< 3 D.m > )
Yrmi S, ¥ .. 7 4 s £ mx + 2 . 3 a z
BAITAP 1.9, Timtatcagid triciatham so m thihamsoy = mTm nghich bién trén khoang
(%;+oo)?

A-2<m<1 B.Vm € R C.—2<m<2 D.-1<m<2

BAITAP 1.10. Tim tit ci gid trj cla tham sé m thi ham sd y = —2® 4+ 3% —2mz + m? —m
nghich bién trén khoang (—oc; 0)2
3

A.m>% Bm2 s C.m>0 D.m >0

BAITAP 1.11. Tim tt c gié tri cfia tham s m thi ham sd y = 2% + 32° -+ (m — 1)z + 2m déng
bién trén khoang (—oo; 0)?
4

4
A.mS§ B.m>4 Cm>4 D.m>§

BAI TAP 1.12. Tim tit c3 gid trj cfia tham s& m thiham s8 y = z° — 2mz® — mz + 2m ddng
bién trén khodng (1;2)?

I).1'n.<E

A.m<§ B.m<§ C.m< 3

] 5

o

BAITAP 1.13. Tim tht cd gid tri clla tham s6 m thihdm s y = —z* + 2(m? ~ 1)z® - 3m + 1
nghich bién trén kholng (2; +00)?

Am<3d Bm<5s Cm<v5 D.—vV5<m<V5

BAITAP 1,14. Tim tit ci gi4 tri clia tham s8 m thi ham & y = z* + 2mz? — 2m? ddng bién
trén khoang (1; +o0)?

Am>-1 Bm>1 Cm>-1 Dm>1

BAITAP 1.15. Tim tht ci gid trj clia tham s m thi him s8 y = mz + cosz — 2 ddng bién trén
tép xdc dinh?

Am<-1 Bm>21 Cm>1 D.-1<m<1

BAI TAP 1.16. Tim tit ¢ gid tri ctia tham s& m thi ham sé y = sin 2z ~ ma nghich bién wén
tap xac dinh?

Am< -2 ) Bm>2 Cm<-1 Dm<1
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BAI'TAP 1.17. Tim tt ¢ céc gid tri chia tham s6 »n» d€ ham s y = z° + 622 + mz — 3 nghich
bién trén mot khoing c6 46 diilén nhit bing 22

Am<9 B.m <12 Cm>-3 Dom=29

BAITAP 1.18. Tim tit ci cdc gid trj clia tham s6 m dé ham sd y = z° + 922 — mz ~ 1 nghich
bién trén khodng chifa nhiéu nhét 3 s8 nguyén?

Am<-15 B.m>-24
C.-2d<m<~15 D.-24<m<-15
D. LOI GIAI VA PAP AN

GIATBAITAP 1.1. Ta diing phudng phap loai trir. Vi ham bjc 3 v8i hé s6 ¢ > 0 chi nghich
bién trong khoang hai nghlem cliay’ = 0nénloaiA, C,D.
Dadp dn ditng la B, ]

b 9 9 o Cosoaz
.2, =z- . , 1 (z) = <
GIAIBAITAP 1.2, Viéty =z 6+z+1 Do dé, ¢ (z) =1 — IO .Xéty' < o khivachi

khiz € {—4;2),z # —1. VAy ham sb nghich bién trén (—4; ~1) va trén (~1; 2).

Ddp dn diing 1a B. D

GIAY BAI TAP 1.3. Vi ham phén thitc don gidn, 8 thiy v/ = (?“}2)—2 < 0. Do d6, ham s6 3

cho nghich bién trén titng khodng xic dinh.

Ddp ar diingla D. D
S SINPY . PN +1

GIAI BAI TAP 1.4. Tap x4c dinh D = {—c0; ~3] U [1; +00). DE thiy ¢/(z) = —mme o

Ddp dn diing la D. .

Chii y: C6 thé 1gp ludn don gidn hon bing phuong phép loai trit. Tit TXD thdy logi cé B,C vi

khong ném trong TXD va_lim y= oo nénlogiA Viy chon D. ]

GIAIRAITAP 1.5. ThilA, y' I tam thitc béc hai hé s duang, nén g/ > 0 khi z ngoai khoang
hai nghiém, loai A. Thit B, ' = —3z + 125 ~ 9 = 0 ¢6 hai nghiém z = 1 hoic z = 3. Ham s6
nghich bién trén (~co; 1) va trén (3; 4+c0). Pdp 4n B ding,

Ddp dn diing ié B.
Chit y: Cdu triic dé thi THPTQG 2017 chi chon mét ddp dn, do dé khi thit duge ddp dn théa
mdn yéu cdu bai todn khdng cdn xét cdc triiimg hgp con lai. 0O

GIAI BAITAP 1.6. Tit bang bién thién ta thiy khing dinh trong A, B, C diing.
Dip dn diingla D. a

GIAT BAI TAP 1.7. Tix d6 thi ham s6, cic khing dinh A,B,D dting, C sai.
Ddp dn diing 12 C. a
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GIAI BAI TAP 1.8. Vi ham phin thitc don gidn, ham sb ddng bién trén ting khodng x4c dinh
khi va chikhi 2m + 1 > O haym > —%.
DdpdndinglaD. m]

GIAIBAITAP 1.9. Tudxeukxenxacdmh—— & ( +oo) haym > —1. Titd6 loai A,B,C.
Ddp dn diing la D.

GIAIRAITAP 1.10. Tacy’ = —32° + 6z — 2m. Hamsonghlchblentrén (—oo,O)kh]vac}n
khi —322 + 6z — 2m < 0 Vz € (—o0;0) haym > bz — 32* 6z — 3z°

3 Vz < 0. Himbéachaiy = )
déng bién trén (—oc; 0), ta dugcm > 0. :
Ddpdn diing ia C. a

GIATBAITAP 111, Tacéy = 3z% + 6z + (m —1). Viyl&hambackhxba,ydongbxentren
{—o0;0) Khiva chikhiy’ > 0Vz < 0haym > (1 — 6z — 32%) Vz < 0. T tinh chét ham béc 2,
ham g(z) = 1 — 6z — 322 dat GTLN bang g(—1) = 4. Vaym > (ma)é)g(x) =4

o

Ddpdn ding ia B. ]

GIATBAITAP 1.12. Taciy’ = 3z% — dmz ~m.
Pitu kign cin tinh ddng bién: 35” —4mz—m >0 Vz € (1;2).

Ddp dn dinglaD. O
GIAT BAI TAP 1.13. Dip dn diing Ia D, , o
GIAI BAITAP 1.14. Ddp dn diing 14 C. ]

GIAI BAI TAP 1.15. TXD 1aR. Titdiéu kién cin chiaham ddngbién, 4’ = m—cosz > 0¥z € R.
Dodo,m> 1. Vay, ckuconlalhanphuclnganBvaC Khim =1, g/ =1-cosz>0wénRva

trén méi doan hitu han y (:c) = 0 c6 hitu han nghiém. Do d6, y ddng bién trén moi khoang

hitu han. Vi thé, y dbng bién trén Rkhim = =1.
Ddp én ding la B. ) g

GIAI BAI TAP 1.16. Ta c6y' = 2cos 2z — m. Ham sé nghich bién kéo theo
2cos2z ~m < O0Ve e R e m > 2c082z ¥z € R & m > max(2cos2z) =2

Ddp én diingla B.
O

GIAI BAITAP 1.17. Tacdy' = 32 +12z4+m. Néu A’ = 36—3m < O,ha.msonghlchblentren
R.Khi A’ > 0 m < 12, him sb ddng bién trén khodng c6 d6 dai 16n nhit (1;1,:52) vGiz1; T2
12 hai nghiém clla ¢ = 0. Do d6, |21 — 22| = 2 & (21 — 22)% = 4 hay (21 + z2) — 4172 = 4.
Sit dung dinh y Viet: 2, +z2 = —4, 217 = - Thé vao tadutge 4° —4% =4 Vaym=9.

Ddp én diingla D. ]
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GIAIBAITAP 1,18, Tacé y' = 3z + 18z — m.

Ham b c6 khodng ngh;ch bién nén A’ =81 - 3m > 0.

Kihiduz, = ~6 — 1/9+ 3 ,:Cg = -6+ \/9+ Ia hai nghiém ctia ' = 0. Ham sé nghich
bién trén khoéng 16n nhit (), z2). DE thay —6 € (21;7,). Khoang nay chita nhidu nhit 3 sé
nguyén khiva chikhi —5 < z; < —4 < -2 < 23 < —1. Thay cong thic z;, z; ta dugc

1< ,/9+% <2&-24<m<~15.
DapandunglaD

Chit y: Loi gidi theo phong cdch truyen thang nhu trén chr ché nhung kha phic tap. Néu
diing phuong phap loai tri c6 thé| lap lugn don gidn nhu sau: Voi —m Ion, ham 6 luén ddng
bzen trén R nén logi A. Thit tric tiép m = —15, ham sb tr thanhy = £° + 92% + 15z — 1.

y = 3a: + 18z + 15 = 0 ta dugcz; = —5,22 = —1. N2 vy m = —15 théa man. Loai C. Thit

truc nep m = 0 khéng théa mdn, logi B,
DBdp én dhing la D. 0
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CHUYEN DE 1.2 -
Cuc tri cia ham so

A. TOM TAT LY THUYET
1. Dinh nghia cuc tri clia ham s6
Cho ham s6 f(z) x4c dinh trén khoang (a; b) va zo € (a;5). Ta néi:

a) Ham sb f dat ctic dai tai zo néu tdn tai sé & > 0 sao cho f(z)} < f(z) Viimoiz €
(w0 — by zo + h) VA T # 7. f(zo) goi l2 gid tr cuc dai clia ham sb.

b) Ham sé f dat cuc tiéu tai zo néu tdn tai s » > 0 sao cho f(z) > f(zo) vimoiz €
(zo — B3 xp + h) VA # 0. f(2o) goi lagid tri cuc tifu ctia ham sb.
2. Diéu kién 4 d€ him sb c6 cwc tri
Dinh ¥ 1: Gia sit ham sb f ¢4 dao ham tén khodng I = (z¢ — k;zo + k) hodic I \ {zo}.

a) Néu f’(z) > 0 trén khodng (zo — h; 2o) va F'(z) < 0 trén khodng (zo; 7o + k) thizo 12
di€m cyc dai cfia ham sb f(z).

b) Néu f'(z) < 0 trén khodng (z¢ — h; 2o) v f'(z) > 0 trén khodng (zo; 7o + &) thi zo 12 I
difm cuc tidu ciia ham b f(z).
Dinh I 2: Gid sttham s6 f c6 dao hiam cAp hai trén khoing I = (g — k; o + k) V6ih > 0.
@) Néu f'(zo) = 0, f(zg) < 0thi zo 12 difm cifc dai clia ham s #(z).
b) Néu f’(zp) = 0, f”(zq) > 0 thi zg 12 difm cuyc tiéu clia ham sb f(z).
B. CAC DANG BAI TAP
|D¢ng1:'ﬁm ctte trj cia ham sf")|
Phwong phap giai: D€ im cyc tri clia ham sb y = f(z) talam nhu saw
o Tim t8p xdc dinh.
e Tinh . Tim céc di€ém ma tai dé dao ham ¥’ = 0 hoic y’ khéng xac dinh.

e Lip bang bién thién va k&t luan.

stz 41

ViDU 1.8, Hamsby = —

. Khdng dinh ndo sau ddy 1 khéng dinh diing?

-

A. Ham sb dat cyc dai taiz = —2, dat cuc tiéis taiz = 0.
B. Ham sb dat cuc dai taiz = -2 vaz = 0.
C. Ham sd dat cuic tidu taiz = -2 vaz = 0.

D. Ham sb dat cyc tiéu tai z = —2, dat cyc dgi taiz = 0.
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GM’ITXDD R.

-

+ 4z
= =-2,

Tacoy (+1)2,y 0e2l+dir=0ez z=0.

y' khongxac dinh taiz = 1.

Bang xét déu
z | —oo -2 -1 0 +o00
v + 0 - - 0 +

Tit bang xét diu suy ra ham s8 dat cyc daitai z = —2va dat cuctiéu taiz = 0.
Vay dap dn la A. ]

Nhén xét: Vi ham s6 lién tuc khéc khong trén mot khodng s& c6 diu xdc dinh trén khoang
d6, nén dé xét déu ¢/ trén titng khodng, ta cé thé thit tryc tiép diu clia ' tai mot diém nim
trong khoéng d6. Tuy nhién, ddu clia i’ khi qua titng diém t3i han clia ham sb, c6 thé khéng
d8i diu.

VIDU 1.9. Ham s6y = x — sinz + 2016 ¢6 bao nhiéu diém cuc tri2

AD B.1 c2 D.vé sé

GIAL TXD:D =R.
Tacdy' (z) =1~ coszVr € R.Phuongtiinhy =0« 1 —cosz =0 5 = k2, k € Z.
Xét tai mbi ¢ = k2, k & Z, dao him y/(z) mang diu duong khi z qua k2x. Do d6, z = k2r

khéng 1a di€m cyc trj clia ham 8.
Vay dap anlaA. m)

Chit y: Ciu nay hoc sinh dé chon nham phutong dn D, khi quén khéng kiém tra diéu kién 4u
tai cdc diém 15i han
Phudng phap giai 2: D& tim cuc tri chahim séy = f(z) talam nhi sau

e Tim tép xac dinh.

e Tinhy'. Tim cic difm z; (i = 1,2,...,n) ma tai d6 dao ham ¢ = 0.

o Tinh f"(z) va f'(=;).

e Dya vao déu ciia f(z;) suy ra tinh chit cuc tri clia diém z;.
viDU 1.10 (DéMinh;tpa THPTQG 2017). Cho ham séy = z° — 3z + 2. Gid tri cuc dai yeo
cida ham sé 14

Ayep=4 Byep=1 Cycp=0 D.ycp = -1
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GIAL TXD:D =R.
Tacdy =322 -3, =02 32° —3=0& 3=+l
¥ = 6z.Suyray”(1) = 6 > 0,3"(—1) = —6 < Onénz = —1 13 diém cuc dai ciia ham sé.
yp=p(=1) =4
Vay dap dn la A. O
VIDU 1.11. Cho ham séy = z* + 45® + 1. Tim khdng dinh diing
A. y dat cuc tri tgi diémz = £V2 vaz = 0.
B. ydatcuctibutaiz =0,
C. ydatcucdaitaiz =0,
D. y dat cuc dai taiz = 0 va cyc tiéu tqia:v= +v/2.
GIAL TXD:D =R.
Tacéy —4a:3+8x,y’ 04 +8z=082=0.

y" = 122% +8, ”(0) =8> 0nénz = 01a diém cyc tiéu clia ham sb.
Vay dap én w]

Nhan xét: Chiing ta thudng sit dung Quy tic 2 khi tim diém cuc tii clia céc ham béic ba va
béc bén. Céc ham sb nay cé dao ham cip mét trén toan truc s6 va dé dang tinh dudc cic dao
ham cAp hai.

Khi gip bai toan chita tham s6, chiing ta xét cdc diém cuc tri theo cdc phuong phép trén.
ViDU 1.12. Hamsby = 2 — 32° + max dat cuc tidi tai © = 2 khi
Am=0 Bm+#£0 Cm>0 D.m <0

GIAL Tacoy/ =3z% — 6z +m,y’ =6z~ 6.
a:-.2ladlemcucneucuahamsokluvacthluy(2) 0,y (2) >0 m=0.
Vay dap an la A O

VIiDU 1.13. Ham sby = mz® + 32* + 12z dat cuc dai tai x = 2 khi

Am=-3 Bm=-2 Cm=20 D.m= -1

GIAL Tacoy' = 3ma® +6z +12,y" = bmz +6.
z = 212 difm cyc dai clia ham 56 khi va chikhiy'(2) = 0,7(2) < 0 & 12m+24 = 0,12m+6 <
0&m=-2

Viy déép dn 1 B. O
ViDU 1.14. Ham sb nao sau ddy chi ¢6 cuc daz ma khéng c6 cuc tiéu ?

Ay=-—z°+3z%+2 =;;—:

C.yzz—;? Dy=—1;~—4-2: +1
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GIAL Ham phan thic dang béac nhit trén bic nhét khéng ¢6 cuo tri do ¢’ ludn giit nguyen
diu, DépdnA, y = —32% + 3 = 0 c6 hai nghi¢m phén biét, ham s6 ¢6 ¢a cuc dai va euc tidu.
Vay dap énlaD.

ViDU 1.15. Ham séy = 2|z| + cos 2z — 2016 6 bao nhidu diém cyc tri?

A0 B.1 cz D.vdsh

GIAI TXD: D = R. Him s6 khong c6 dao ham taiz = 0.

Tacéy/(z) = 2 - 2sin2z Yz > 0vay/(z) = -2 — 2sin 2z Vz < 0.
Phucngmnhy'=0@x=Z—+k1r,keNhozf1ca:=—-E-f-k?r,kGZ,kSO-

Xét tai z = 0. Viy/(z) d3i déu tir 4m sang duong khi z qua 0 nén z = 0 1 mét diém cyc tiéu
cfxahémg’i.

Xét tai mbi diém td1 han z, # 0.Xhi d6, dao hamy' (a:) ludn mang d4u duongkhiz quaz, > ¢

va mang diu &m néu khi qua r, < 0. Do 6, ham s6 khéng c6 diém cyc tri ndo khic 0.
Vay dap an la B.

Dang 2: Phwong trinh duding thing di qua hai diém cuc tri

Phuong phap gidi: Bi todn vé phudng trinh dung thing di qua hai diém cuic tri thudng xét
di v6i ham s6 bac ba va ham phén thife.

o Xétham bicbay = f(z) = az® + bz® 4 c¢ + d. Diing phudng phap chia da thic, ta viét
dudc y = ¢ (z)q(z) + Az + B trong dé ¢(z) 1a thudng, Az + B 1 phin du khi chia y(z)
cho y/(z). Tai cac diém cic triy’ = 0, do d6 phudng trinh duding thing di qua hai diém
cuc tri c6 phuang trinh y = Az + B. Ngoai ra, d5 thi ham béc ba ¢d tam dbi xing 13
diém udn clta db thi ham sb. Piém ubn ciing chinh 1 trung diém doan thing ndi hai
diém cuc tri clia d3 thi ham s (néu tén tai cuc tri).

o Xét ham phin thitcy = %E—;—%, trong d6 u(z), v(z) 1 cdc da thitc bic hai va bic nhét. Tai
cic diém ce ti ¢ = 0 & v'v — v'u = 0. Do dé, dudng thing di qua hai diém cuc tri cé

wz) _ v(z)

phl!dngt.ﬁnhy: m = ‘U'(I).

» -~ of .2
ViDU 1.16. Dudng thing di qua hai diém cue tri ciia dé thi him sby = 3211 c6héss

T z+1
goc la:
Ak=-1 Bk=2 Ck=6 DEk=4

u(z)
(@)’

dothtzamany =0 & w'v — v'u = 0, do d6 toa d6 hai diém cutc trj thda min phuong trinh
_ ulz) _ wi(z)

W(@) - (@)
Vay ddp anlaB. ]

GIAI Ham sb dang phan thitc béc hai trén bac nhity = Cac diém cyc tri ¢6 hoanh

Puding thing di qua hai difm cuc trila y = 4z +1,hé sbgbck=4.
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. . N 2z% — — RSN oo .
VIiDU 1.17. Biétrangham soy = -Tztm=3 dat cuc tri tai cdc diém ), z,. Gid tri clia

z+3
bidis thite p = [TE) 12|
Ty — T2
AP=2 B.P=¢6 CP=4 DP=3
GIAL k = —(I;) i (z2) 12 hé sb géc cha dudng thing qua hai diém cyc tri (21; f(z1)) va
1— %3
(z2; f(22)) clia ham sb. Dudng thingnaylay =4z — 7,do d6 P = |k| = 4.
VaydapanlaC. a

|Dang3"ﬁmtham $6 m dé ham sb ¢6 » cuic tri thda man didu kién cho trdc

Phlidng phap gidi: Bai toan v& 55 cuc tri xét vdi ham s6 bac ba va bac bon triing phuadng.
Ham s6 ¢ 7 cyc tri khi va chi khi phuong tanh 3’ = 0 ¢4 » nghiém phén biét.

Cic didu kién trong bai todn cuc tri c6 thé chia thanh hai nhém:

« Diéukién lién quan dén biéu thuc dai 56.
Xéthambécbay = f(z) = az® + ba® +cx +d = ¥ = 3az? + 2bz + c. Didu kién duta vé
tinh chit nghiém clia tam thiic bic hai /. Ta st dung dinh Iy Viét.
e Diéukién lién quan dén yéu t hinh hoc.
Chiing ta luu ¥ unh chét dic biét clia céc diém cyc trj clia ham béc bén tring phuong.
Xethamsoy ac® + b2’ +ca # 0.Tacdy = 4az + 2bz. Ham s6 ludn ¢d cuc tri tai
difm z = 0, diém cutc tri A(0; ¢) clia @b thi ham s ném trén truc tung.
Khi ab < 0, dd thi ham s c6 thém hai dim cuc tri B(zq; yo), C{—2o; ¥o) d6i xing nhau
qua truc tung Oy. AABC cin tai A. Cac tinh chat dic biét ctia AABC thudng dudc xét
dén Ja:
~ AABC vubng & AB.AC = 0.
- AABC déu« AB = BC.
— AABC cd dién tich § cho trudc.

VIDU 1.18. Ham sby = z° — mz® — z + 1 ¢6 hai diém cuc tri ., %, théa man diéu kién
3(zy + z2) = 2°khi:

Am=-1 B.m=20 Cm=1 Dm=2
GIAL = 377 —2mz — 1. A’ = m® + 3 > 0nény = 0 ¢6 hai nghiém phan biét, ham s6 cd
 hai diém cyc tr 71, 22 R
Theo dinh 1§ Viét, z, + o, = —SE.DO @63(z1 +z2) =2 m=1
VaydapanlaC, K]
ViDU 1.19. Tim tham s6m déham sby = z° ~ 3z + mz — 1 ¢6 hai diém cuc tri 21,2, théa
man diéu kién =5 + z3 = 3?

Am=1 Bm=-1 Cm= D.m=g

Wi
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GIAL y = 327 ~ 6z +m. A’ = 9 — 3m. Ham s8 ¢6 hai cyc iri & 3’ = 0 ¢6 hai nghiém phan
bigte9-3m >0 m<3.
Theo dinh Iy Viet, z; +:c2—-2 z112=— Do dé

(Y]

2
3—1‘1+22 (1‘1+$2) '—23:152@4——37"}‘-391’71-5

VaydapdnlaD. O
VIDU 1.20. Tim tham sém déham séy = 4z° + mz?® — 3z 6 hai didm cuyc triz,, z, théamdn

diéu kién z, 4 4z, = 02

9 3 1
A_m—:h—2~ B‘m—:t-z- C.m—:!:E Dm=2¢Q

GIAL  =127% —2mz —~3. A =m? 4+ 36 > 0.
Nhan thiy didu kién d6i véi hai didm cyc tri khé biéu dién lai qua dinh ly Viet, vi thé ta tinh

truc t1ep nghiém va thay vio phudng trinh ¥ = 0. Ta ¢6 2120 = —Z,xl = —4x9. Suyra
Tp = :ch. Thay véo phudng trinh 3 = 0ta cé

ALy _2m -
y(4)’16 g 3=0=sm=
(YR 2m . =2
y(4) 16+ 3 3—-0=>m—-2
Vayddp édnlaA. , O

VIDU 1.2). Tim tdt cd tham sbm d€ d6 thi hdm sby = z* — 62* + 3(m + 2)z ~ m — 6 ¢6 hai
diém cuc tri véi hodnh d9 cling ddu?

A-2<m<?2 . B.-2<mg2 C-2<m<?2 D-1<m«3
GIAL ¢ —3m ~12$+3(m+2)—-0®n: et (m+2) =0 ¢
D6 thi ham sb cé hai diém cuon'icohaldlemcmtnvdlhoanh d5 ciing diu < phuong trinh
' = 06 hai nghiém phan biét thda min z,.z, > 0. Diéu kién 12

L
{A =4-(m+2)>0 & -2<m<.

Ty xe=m+2>0
Vay dap én la C. a
Vi DU 1.22 (DPé Mink hoa THPTQG 2017). Tim tét cd cdc gid tri thue ciia tham s6m sao cho

a6 thi ham sby = z* + 2mz?® + 1 ¢6 ba diém cuc tri tao thanh mot tam gidc vudng can.

1 1
A.m=—% Bm=-1 C.m=—3+\/§ Dm=1
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GIAL ¢ =43° + 4mz =0 & z = 0,22 = —m. Ham 56 c6 3 diém cuc tri &> m < 0.

Toa df 3 diém cuc tri1a 4(0; 1), B(v—m; 1 —m?),C(-v—m;1 — m?).

Suyra AB = (v=m; —m?), 4C = (—v—m; —m3).

AABCvudngcan« ABAC=m*—m?’=0em=0,m=+1.

Kéthdp difukiénm < O tadugem = —1.

Vay dap én la B, m|

vipy 1.23. Tim tét cd cdc gid tri cia tham sém thi d6 thi ham sdy = z* +2(1—m?)2® +m+1
c6 ba diém cuc tri tao thanh tam gidc cé di¢n tich bang 4v/2:

Am=x=1 Bm=%V3 C. Khéngtontgim  D.Ddpdnkhdc

GIL y = 42° +4(1 - m®)z = 0 & z = 0,2% = m? — 1. Ham sb ¢6 3 diém cuc tri khi vi chi
khim?-1>0s |m|>1.
Toa d6 3 diém cyc tri1a A(0;m + 1), B(vVm? - ,m + 1~ (m? — 1))),C(—Vm? — L,m +1 -
(m?-1)%.
Khoang céch tit A dén dudng thing BC :y =m+ 1 — (m? — 1) d = jya ~ y5| = (m? — 1)%
BC =2Vm? ~1SuyraSasc =4vV2 o m? - Di=4Zem?’—-1=2om= V3.
Vay ddip én i B.
VfDI_I 1.24. Chohamsby = z° — 3maz® — 9z + m + 4. Tim diéu kign ciam d&ham s di cho
6 hai diém cyc tri 4% xing nhau qua dubng thang z — 8y — 49 = 07

Am=-1 Bm=1 . C-l<m<©p Dm=0
1—849 khi véi chikhi AB L d va trung diém M cia AB nim
trén d. Trung diém clia AB 12 diém ubn clia db thi hAm sb: y(z) = 6z - 6m =0 z =m.
Ta dugc toa dd M(m; ~2m® ~ 8m +4).Diém M cd & m —8(—2m° —8n +4) - 49 =0 &

18m3 +65m -8l =0 m=1.
Vay dap dnla B, a

GIAL AB dbixtingquad:y =

Chii y: Trong 101 gidi trén ta thdy diéu kién trung diém hai diém cuc tri thudc d diing dé thu
dugcm = 1. Ddy chi la diéu kién cdn. Do d6 logi cd A,C va D. Do chi cé mét ddp dn diing
nén chon B. Trong mot s6 tinh hudng khdc, c6 thé kiém tra didu kién dwdng thdng qua hai
diém cuc tri vubng goc véi d trude nhi sau: Viy' = 3z% — 6mz — 9. Chia da thicy cho y/,

ta dugc y(z) = y'(z)> S ™ - 2(m? + 3)z + 4. Ta dugc phudng trink qua hai didn cuc mi la

= ~2(m? -+ 3)z + 4. Trtéc hét, AB L d & —2(m® + 3)% = -1 & m = x1. Trong trudng hop
cu thé nay, cdch lam sau déi hon. Tuy nhién, cén két hop linh hoat ditng diéu kién nao truéc
trong ting tink hubng cu thé,
C. BAI TAP TU LUYEN

BAI'TAP 1.19. Gid s& ham sb f(z) dat cyc tidu tai diém z,. Tim ménh dé diing trong céc
ménh dé sau.
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A fl{zg) = 0.
B. f'(xo) khong ton tai.
C. f'{zo) = 0 hodic f(zo) khong tdn tai.
D. f(zo) =0.
BAITAP 1.20. Cho ham séy = f(z) c6 dao ham tai diém zo. Chon ménh dé diing!
A. Néuham s6 dat cuc tri tai =g thi f(zo) = 0.
B. Néu f'(zo) = 0 thi ham s dat cuic tri tai zo.
C. Néuham sb dat cutc trj tai zo thi f(z) d6i dbu khi qua zo.
D. Né&u ham s6 dat cuc txi tai zo thi f'(z) = 0.
BAITAP 1.21. Cho ham sé y = az® + bz® + cx + d, @ # 0. Chon khéng dinh SAL
A Néuhamsb ¢6 cu tri thi him sb ¢6 hai diém cic tr.
B. Ham sb c6 cuc tri khi va chi khi phuong trinh i = 0 ¢6 hai nghiém phan biét.
C. D4 thiham s6 Iuon cét truc hoanh.
D. Ham s6 ¢6 cutc trj khi va chi khi phudng trinh ¢ = 0 ¢ nghiém.
BAITAP 1.22, Cho him s§y = az* + bz? + ¢ (a # 0). Chon khéng dinh SAL:
A. Ham s6 luén ludn cé cuc tri.
B. DA thi ham s6 nhin truc tung lam truc dbi xitng.
C. Phuong trinh ¢’ = 0 ludn c6 nghiém.
D. Db thi ham sé ludn cit truc hoanh.
BAITAP 1.23. Ham sé béc ba ¢6 thé ¢6 bao nhiéu cyc tri?
A2 B.Ohodc2 C.0hodc1lhodc2 D.1hoéc?2
BAI TAP 1.24. Ham s6 bac bén tring phudng ¢6 thé ¢6 bao nhiéu cuc tri2
A0 B.0hodc3 C.0hodc1hoic3 D.1hodc3
BAITAP 1.25. Cho hiam sé y = 2® — 3z + 2. Khéng dinh nio sau dy sai?
A.Ham sb dat cuc dai taiz = ~1 B.Hémsédatcuctié'utah:lA

C. Ham s khéng ¢6 cuc tri D. Ham s6 ¢6 2 diém cuc tri
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BAI'TAP 1.26. D4 thi ham sé y = z* — 2% + 12 c6 miy didm cyc uj:
A4 B.3 C.2 D.1
BAITAP 1.27. Ham s8 y = (2 — z)3(z + 1)° ¢4 bao nhiéu di#m cuc tri:

A7 B.5 C.3 D.1
BAITAP 1.28. Cho ham sby = 3z° — 42 — mz — m? phu thudc tham s6 m. Ham sb dat cuc
tri tai 2 difm z;, z;. Khi d6 tdng z; + z5 cogidtrila
1 1 8
Aa"g B-? C-'§ Dql
BAITAP 1.29. D thihamsby =z + 14
y = az + bthi tich a.b béing:

- z T ¢6 hai diém cuc tri nim twén dudng thing

A0 B.2 C.4 D. -2
BAITAP 1.30. Cho ham séy = z* — 32% + 4.Tim diéu kién clia tham s6 m d€ dudng thing di
qua hai diém cuc tri ctia him s6 tiép xtc véi dudng ton (z ~ m + 1)% + (y +3m)? =5

Am=-1 B.m=-11hodcm = -1

Cm=11 Dom=-~11
BAI TAP 1.31. Tim tht c cic gi4 tri clia tham 8 m sao cho diém 0(0; 0) niim trén dudng
thing di qua hai diém cyc tri clia dd thihdm sb y = z° — 3ma® +m - 22

Am<O0 Bm>2

Cm=2 D.m=0hodacm=2
BAITAP 1.32. Tim tét ca céc gid tri ciia tham s6 m thi dudng thing d : y = z +m di qua trung
di#m ctia doan thing néi hai diém cuc tri clia 46 thi him s y = z® ~ 622 + 927

Am=0 Bm=1 Cm=2 Dm=3
BAITAP 1.33. Goi 4, B l4n lugt 14 2 dim cyc tri cfia dd thi ham sé y = 2 — 32 + 2. Xhi d6
dién tich tam gidc ABC, véi C(1; 1) co gia tri bang bao nhiéu?

Al B.2 C.3 D.4
BAITAP 1.34. Khodng cich tit didm cuc dai clia d6 thi ham s6 y = 2® — 32% + 1 dén dudng

phan gidc goc phan t thii hai trong hé truc Ozy Ix:

Al B.g C.2 D.v3
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A . . 2 -2x+4 . ... s % 5 . .
BAITAP 1.35, D6 thihimsby = T =22+ 2 06 hai diém cyc tri nim trén dudng thing d ¢

z
phuong tiinhy = ex + bthigidtrictaT = a +2bla:
A -1 B.0 C.1 D. -2

BAI'TAP 1.36. D3 thi ham s6 y = z° — 32 + mz + m c6 dudng thing di qua hai diém cyc tri
song song voi dudng thing d : y = 2c — L khi:

1 2 _
A_m—E B.m—§ C.m=6 D.m=

S IRVH]

o,

BAI TAP 1.37. D& thi ham s6 y = 2° — 32% + mz + 2 ¢6 duding thdng di qua hai diém cyc tri

tao véi véi duding thing d : = + 4y —~ 5 = 0 mt géc o = 46°khi:

1 .
Am:—% B.m=% Cm=x; D. Dép én khic
BAITAP 1.38. Timm dé ham s6y = 2® — mz? + 3z — 2 dat cyc ti€u tai z = 22
15 4 4 15
A.Tn——'z Bm—1—5 C.m-——"ﬁ D.m_—4—

BAITAP 1.39. Didu kién cliam dé ham b y = 28 + 3z° + mz + m — 2 ¢6 hai diém cuc tri la:
Am>3 B.m<3
C.mcR D.Khéngtén taim
BAI TAP 1.40. Tim tit cA cdc gi4 tri thite clia tham s6 m dé @8 thiham s y = z* — (m —
2)22? +m? ¢6 3 difm cue tri?
Am>2 B.m<2 Cm=2 Dm#2

BAITAP 1.41. Tim tham s6 m dé 46 thiham s y = z* + (2m — 1)z® + m + 1 ¢é diing 1 diém
cuc tri? -
1

A.m<5 B.m<

C.m>% b.mz

B2 =
N =

BAITAP 1.42. Tirdang diéu dd thi ham sb y = |2? — 4| c6 miy cuc tiéu?
A2 B.0 c.1 D.3
BAITAP 1.43. Dj thi ham s8 y = Jez* + 52> + df c6 t6i da bao nhiéu diém cyc wi?
A5 . B C.7 . D.3
BAITAP 1.44. D& thiham s y = —z* + 2(m ~ 1)z + 3 ¢6 cuc dai ma khang ¢6 cuc tiéu khi:

Am<l1 Bm<l Cm>1 Dm>1
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BAITAP 1.45. D4 thi ham sb nio sau ddy chi c6 1 didm cyc tri?
Ay=3z"~42%+2 By=(m?+4)z*+9z% -1

Cy=—-z*+2c%-3 D.y=—a*+(m®+ 1)z +2

BAITAP 1.46. S6 diém cuctricliahdmy = cosz —z 12

A.vdsh B.2 C1 D.0
-~ -~ 2 - )
BAITAP 1.47. Haimsb y = TAmEtd ) ence cuc trj khi:
z+m
Am=0 Bm=1
C.meR D. Khéng tén taim

P sz 1 . s s e R s a1
BAITAP 1.48. Chohamséy = 513 — mg? ~ z + 2. Goi 3y, 72 12 cdc diém cuc tri cfia ham sb.

1.5

Gi4 tri nhé nhit ciia bidu thitc A = — -+ — bing:
A

A2 B.4 C.3 D.1

BAI'TAP 1.49. Tim tit ci cdc gid tri ciam d€ ham sé y = 2° — 3mz? +3(m2 — 1)z — m® +m
¢6 cic didm cuc dai, cuc tifu théa min z2p = zcr?
Am=0 B.m=0hodcm =3

C.m=-3 . D.m=-3hodcm =0

BAITAP 1.50. Tim tit ca cdc gid tri thuc ciam dé dd thihim sb y = 2% +2° ~(m? —2m)z+12
6 céc didm cuce dai, cyc tidu nim vA hai phia clia truc tung?

A0<m<2 B.0O<m<2 Cm>2 D.m<0
BAITAP 1.51. Cho him sby = z® — 3z + 1. Phét bidu nio sau diy diing?
A. Hai diém cyc tri cita d6 thi ham sb ndm & géc phin tu thit nht.
B. Hai diém cuc trj clia d thi ham sb ném vé hai phia clia truc hoanh.
C. Hai diém cuc txj ciia d8 thi him s nam vé ciing mét phia cfia truc hoanh.
B. Hai diém cuc tri cta do thi him sé nim vé ciing mét phia cfia truc tung,

BAITAP 1.52. Tim tit ¢i céc gid tri ciam thi dd thiham s6 y = z* + 2(m — 2)z® + m? —5m+5
c6 ba diém citc tri tao thanh mét tam gidc vudng can?

Am=-~2 B.m==%l1 Cm=-~-1 Dm=1
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. - . 1 4 .
BAI TAP 1.53. Tim tham 6 m d€ dd thihamsb y = 4—x‘ — (3m + 1)z? + 2m + 2 c6 ba diém
cuc tri tao thanh mét tam gidc c6 trong tim I gbc 02

2 2. . 1
A,mz-g : B.m—;ghO@Cm—‘—g
C.m=—§hogcm=§ D.m=§

BAITAP 1.54. Tim tham s6 m d€ @3 thiham s8 ¥ = 2° — 22? + m + 2 ¢6 ba diém cutc tri tao
thanh mot tam gidc c6 trong tam la gbe 02

3 4 3
m=_3 = =2 Dm==
Am Y B.m 3 C.m 3 m 1

BAI'TAP 1.55. Tim tham 6 m dé d8 thi ham sb y = z* — 2mz? + m® + m c6 ba difm cuc tri
tao thanh mét tam gidc cé mét géc bing 120°2

1
Am=0 B. m= %
1 1
C.m=—-—=hodcm=0 Dm=-—=
7o 73
D. LOT GIAI VA DAP AN
GIAI BAITAP 1.19. Didp dn diingla C. a
GIAI BAITAP 1.20. D& thiy A,B,C saiva D dting.
Ddp dn dung la D. ]
GIAI BAITAP 1.21, Dap 4n D sai vi khi y = 2° khong ¢6 cic tri mic dity’ = 322 = 0¢6
nghiém.
Ddp dn diing la D. a

GIAI BAI TAP 1,22, Dap 4n D sai vi ching han, d3 thiy = z* + 1 Juén niim tén truc hoénh,
Céc d4p 4n A,B,C diing tit tinh chét ctia ham bic bbn triing phucng.
Ddp dn dungla D. . a

GIAI BAI TAP 1.23. Néu dao ham g’ = 0 ¢4 nghiém kép hay v5 nghiém thi ham sé don diéu
nén sb cyc tri bing 0. Ngudc lai, néu g’ = 0 ¢6 hai nghiém phan biét, ham sé c6 2 diém cuc
tri

DZ'ip dndinglaB. a
GIAI RAITAP 1.24. DdpdndiinglaD, a

GIAI BAITAP 1.25, Déthyy = 30> -3 =0 & = = —1,z = 1, Do d6 ham sb ¢6 hai diém
cuctrirz = —1;z = 1. Suyra dap an C sai.
Pip dn ding 1a C. o

GIAI BAITAP 1.26. Viy' = 4z° — 2z ¢6 3 nghiém phén bidt nén dd thi ham sb ¢6 3 cuc ti.
Daép dn diing 12 B. D
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GIAI BAITAP 1.27.
¥(@) =52 -2)*z+1)°2 - o) + (2 -2)°3(z + 1)} (z + 1)’ = (2 — 2)*{= + 1)*(1 - 8z)

Phuong trinh ¥ = 0¢6 3 nghiém zy = -1,z2 = %,372 =2 Xéttaiz; = —1 (hodcz, = 2)

dé thiy y'(z) cung d4u vdi 1 — 8z nén ludén mang diu dudng (3m) khi qua z; (qua z2). Do
d6, ham s6 khong dat cuc tri tai 21, 2. Xét tai z3, 3" (z) ddi diu tit dudng sang am khi z qua

23 = =, Do d6, hiun s6 chi c6 mot didm cye tri tai 2.

Ddp an dungla D. a
GIAI BAI TAP 1.28. Ta viét ham bjc 3 c6 tim déi xting I c6 hodnh dé 12 nghiém cta y"(z) =
18z — 8 = 0. Ta dugc hoanh dé z; = g Vi tam d6i xitng 1a trung diém doan thing néi hai

difmcyc trinénz, + 22 = 2z; = %

Ddp dn dingla C. 0
i 2 3 £ . 2 — z x S .

GIAIBAITAP 1.29. Viétlaiy = L_zll St dung phuong trinh duting thing qua cuc tri

chia &6 thi ham phén thitc, ta dudcy = (—I-Zf%‘),l—) =2z+1.

Bdp dn ding la B, a

GIAIBAITAP1.30. y = 32" — 62z = 0 = z = 0,z = 2. Tt dé, dugc 2 diém cyc tri cla
&b thi ham sb A(0;4), B(2;0). Tit d6, AB ¢6 phudng trinh 2z + y — 4 = 0. Dudng tron tim
. - . _|2m-1)-3m -4 _ _

I(m — 1;—3m), b4n kinh v5 nén d(I, AB) = e - Vie|-m-6=5"Ta
dugem € {-11,-1}.
Ddp dn dung la B. a
GIAIBAITAP 1.31. Xéty' = 32% — 6mz = 0 & z = 0,z = 2m. D4 thi ham §6 ¢6 cuc trikhiva
chi khi 2m # 0 hay m # 0. Khi d6, toa d¢ 2 diém cyc trila 4(0;m — 2), B(2m; —4m® + m — 2).
Ta dugc AB (2m; —4m?) # §va OA(0;m — 2). D thiy AB di qua O khi va chi khi O4,

. 0 m—
cung Phudng hay 5 = T Ta dudgcm =2.
Ddp dn diingla C. a

GIAIBAITAP1.32 i = 32 =122+ 9 = 0 = z = 1,z = 3. Ta dudc hai diém cuc ui
A(1;4), B(3;0). Trung diém doan ndi AB 13 M(2;2). Thay vao phuong trinh clia 4, ta dugc
2=2+mhaym =0.

Ddp dn diing la A. a
GIATBAITAP1.33 Tacdy = 3z> — 6z = 0 = z = 0,z = 2. Toa dd hai diém cyc i
A(0;2), B(2; -2). Tit d6, AB = (2; —4) v AB cé vecto phdp tuyén 7/(2;1). Ta dudc AB = 2v5
va phuong trinh tdng quét 2z + y — 2 = 0. Dién tich S clla tam gidic ABC1a

1 1 21+1-2]
§=5AB-d(C,AB) = 2.2\/5. ¥ 1.

Ddp dan diing la A. O
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GIAIBAITAP1.34. Tacé y = 32° — 6z = 0 = & = 0,z = 2. Ta dugc hai diém cuc tri
A(0; 1), B(2; —3). Diém cuc dai 14 A(0; 1). Dudng phan gidc géc phin tu th hai trong hé Ozy
c6 phuong trinh z + y = 0. Do d6, khoang cdch cin tinh d = o+y_ £

V2 2
Ddp dn diingla B. a

GIAI BAI TAP 1.35. Sl dung tinh chit ham phan thitc don giin, phudng trinh dudng thing
ndi bai difm cuc rildy = 22 — 2. D0 d4, T = 2+ 2(~2) = 2.
Ddpdn dunglaD. . a

GIAT BAI TAP 1.36. Tacé y/(z) = 3z® — 6z + m. Chia da thic y cho ¢ ta dugc

¥(2) = ¥(2) (§ - %) + (2;" 2) o+ 2

Ta dugc phuong trinh duding thing qua haj diém cuctrilay = (L??m - 2) T+ 4—377—1
| s o : 2
Pudng thing nay song song véid : y = 2z — 1ta dudc Tm —-2=2&8&m=86.
Ddpdndingla C. ' m]

GIAIBAITAP 1.37, Tac6 y/ = 32* — 6z + m. Db thi ham s6 c6 hai cutc tri khi v chikhi A’ =
9 —3m > 0 < m < 3. Chia da thiic y cho 3’ ta dudc: y(z) = ¥'(=z} (-g- -l) + (2—m—2):c+

3 3
(m N z ;g2 . N 2m
3-+2).Tadm_10 dudng thing qua hai diém cyc tri c6 phudng trinh y = T—Z z+

(% +2). DPuding thing hé sb géc & nay tao vdid : y = —-ix— gmét g6c 45° khi va chi khi

—

k4=
1S k=-2k=Thintu P 2=20m=3 -
1—k£ =1lak= 3,k_5.Thu’neu 3 2_5§m—10>3(1031).
4
2
Nu—m—z—.—g@m——(thoaman)
Ddp dndungla B. ' [}

GIAIBAITAP1.38. Tac6 y = 322 — 2mz + 3. Him sb dat cyc tifu tai z = 2,= ¢/(2)
) 15

3.2 —4m+3=0=>m=z.

Pdp dn dung la D. [}

GIAIBAITAP139 Tachdy = 3z% 4 6z +m. Hamsococuctnkhwach.lkhly = 0 c6 hai

nghiém pha.nblethayA' =36~3m>0<m<3.
Dadp én dingla B. A a

GIATRAITAP 1.40. Ta c6 3/ = 32% — 2(m — 2)?z = 0 c6 3 nghiém phan biét khi va chi khi
m#2
Ddp dn diinglaD. [}
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GIAI BAI TAP 1.4]. V6iham bic bén triing phuong; 43 thi ham sb ¢6 dfing 1 diém cyc trj khi
va chikhiy’ = 4z° + 2(2m - 1)z = 0 c6 duy nhit nghiém hay 2m — 1 > 0.
Ddp én dung la D. a

GIAI BAI TAP 1.42. V& phic hoa d thi ham s& hodc Jap bang bién thién, ta thiy ham s c6
hai cic tifu z = 0,2 = 4.
Ddp dn ding la A. O

GIAI BAI'TAP 1.43. Ham bic 4 tring phudng c6 nhiéu nhét 3 difm cuc tri. D5 thi ham sb
y = Jaz® + ba? + ¢ nhén dugc tif dd thi y = az? + bz? + ¢ bing cach gitta nguyén dd thi ham
56 nfim phia trén truc hoanh va liy dbi xing qua truc hoénh phin dd thi phiz dudi. Do dé,
ngoai 3 diém cuc tri théng thatiing, c6 thém tbi da 4 diém cuc tri 1a cdc giao diém clia dd thi
hidm sby = az? + bx? + ¢ vdi truc hoanh. Viy 43 thi ham s6 c6 da cho c6 thi da 7 diém cuc tri.
Ddp dn dungla C. a

GIAITBAITAP 1.44. Tac6y' = —4z° + 4{m — 1)z. Vi hé s6 cao nhét 4m, d8 thj ham triing
phuong chi ¢é cuc dai ma khéng c6 cutc tiéu khi va chi khi 3’ = 0 c6 duy nhit nghiém «
4z(m — 1 — 2*) = 0 ¢6 duy nhit nghiém haym — 1 < 0.

Dap dn diing la A. o

GIAI BAI TAP 1.45. Dbi v6i ham sb bac bén trimg phuong, 48 thi ham sé chi ¢6 mot diém -
culc tri khi va chikhiy' = 0 chi c6 mét nghiém. Thi triic tiép.

Ddp dn ding la B. a
GIAIBAITAP 1.46. TXD:R.Tacéy = —sinz—1=0& = —% +2km, k € Z. Ham s6 ¢6 vo
56 diém t6i han. Tai cdc diém t6i han nay, dao ham ¢’ = —sinz — 1 ludn am khi qua céc didm
tdi han, do dé, cic diém td4i han khéng 14 cic diém cuc tri.

Dadp dn dung la D. a
{7 BAI TAP 1.47. Déthiyy = .Dod6,y’ = 1~ ———— = 0ludn c6 hai nghié
GIAI BAI T/ € thay y I+I+m odd,y' =1 Grmy 0ludn ¢ hai nghiém

phén biét véi moi m.
Ddp dn diing la C. [}

GIAI BAITAP 1.48. Tacéy' = z* —2mz — 1 = 0 ludn c6 hai nghiém trai ddu z,, 7, théa man:
(€1 + 22)* —2mzy,  4m?+2

Ty + To = 2m, 2122 = —1. Do dé, A = za) = T Dé théiyA dat GTNN
bing 2 khim =0,
Ddp dn diingla A a

GIAI BAITAP 1.49. Ta thit truc tifp, véim = 0, hamsb dangy =23 -3z = ¢/ =322 =1 =0
c6hainghiém z; = -1 < z; = 1. Himsé dat citc daitaiz = —1, cuc tiutaiz = 1. Vaym = 0
thda man yéu ciu.

Thitvdim = 3,4 = 32° — 182424 = 0 = £, = 2,7, = 4. Ham s dat cuc daitaiz = 2, cuc
tidu tai z = 4. Viy m = 3 thda min yéu ciu.

Dap dn dungla B. a
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GIAI BAI'TAP 1:50. ' = —32® 4 2z — m® + 2m. Db thi ham s8 ¢6 cuc dai, cyc tiéu nim hai
phia tryc tung khi va chi khi céc diém cyc dai, cyc tiéu cfia dd thi ham sb c6 hoanh dé trai
déu hay ¢ = 0 ¢6 hai nghiém trai diu. Ta dugc (—1)(—m? + 2m) <0 0 <m < 2.

Ddpdn diingla A a
GIATBAITAP 1.51. Tinh tryc tiép ' = 32° ~ 3 = 0 » z = +1. Ta dugc hai didm cyc tri
A{-1;3), B(l —1). Do dé, A, C, D sai va B ding.

DdpandinglaB. ]

GIATIRAITAP1.52. Tacéy =4a¥ +4m -2z =0 =z =0,z = +2—mviim < 2.
Ta dugc ba diém cyc tri A(0;m? — 5m + 5), B(~v2 —m; 1 — m),C{(v2 —m;1 — m). Do d6,
AB = AC = /(2= m)? + (m—4m + 4)?, BC = 2v/2—m. Vi AABC cin tai A nén tam gidc
ABC vudng can khi vi chi khi BAC = 90° hay BC? = 24B? & 4(2~m) = 2(2 —m)® + 2(2 —
mPe2=(2-m)+(2-m)’ Giditadugc2—m =lLhaym = L.

Ddp andiinglaD. [}

GIAIBAITAP 1.53, Tachy =z —2(3m+ 1)z=0=>z=0,z=:i:\/6m+2vfiim>—%.Da
thi ham sb cobacuetnA(O 2m + 2), B(~v6m + 2; ~9m® — 6m + 1), C(—/86m + 2; —9m? —
6m + 1). Do dé, gocOlatrongtﬁmcuatmnglacABCkhlvachlkhlmA +zp +z¢c = 0 luén

1
dingviys +yp+vo = —18m?* —6m +4 = Oﬁm-—g m——§

Ddp dndinglaC. a
GIAIRAITAP1.54. Tacdy' = 42° —4z = 0 = z = 0,z = 1. Ta dudc ba diém cuc tri
A(0;m+2), B(-1;m+1),C(1;m+1). Gbc O la trong tim clia AABC khivachikhiz s +z5 +
xc=O,yA+ye+yc=0®m+2+(m+1)+(m+1)=0@m.—.-§

Ddp dn diing 1a C. ) [}

GIAIBAn;ipz.ss. Tacdy = 4a® —4mz =0z =0c= +y/m véim > 0. Khi d§, dd
thi ham s6 ¢6 ba diém cuc trf A(0; m? + m), B(—vm;m), B(vm; m). Ta dudc AB = AC =
Vm+mt BC = 2¢/m. Vitam gidc ABC c4n tai A nén tam gidc ABC ¢ mét géc bing 120° khi
va chi khi BAC = 120°. Sit dung dinh i hAm cosin, ta dugc
= _ AB®+AC?- BC? 1

s BAC = —— s =3

Am+mY)—4m 1 s " 1
5l + ) ——§®2(m+m)—-4m——(m+m)@m—s—\/g.
Ddp dn diingla D. O
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CHUYENDE13 ~— ; )
Gia tri 16n nhat, gia tri nhé nhat cua ham so

A.TOM TAT LY THUYET
1. Dinh nghia gi4 tri 16n nhat, gid tri nho nhit cfia ham sé
Cho ham s§ f xac dinh trén tap D.

» 56 M goila gia tri 16n nhit clia ham s6 y = f(z) trén tép D néu f(z) < M vdimgiz
thude D va tdn tai z, thudc D sao cho f(zg) = M.

» S6m goi 12 gia tri nhd nhét clia ham sé y = f(z) tén tip D néu f(z) > m vdimoi z
thudc D va ton tai 2y thude D sao cho f(zg) = m.
 2.Dinhl§
Ham s6 lién tuc trén doan [e; b] thi dat gia tri 16n nht vA gia tri nhé nhét trén doan dé.
B. CAC DANG BAI TAP
[D_ang 1: Tim GTLN, GTNN cita hiam s f(z) trén doan {a;—(ﬂ
Phuong phép gidi: DE tim GTLN, GTNN cha ham sb f(z) trén doan [a; b] ta lam nhu sau

e Tinh 3. Tim cac difm z;, 23,. . . , % thudc khoing (a: b) ma tai d6 dao ham ¢ = 0 hodc
¥’ khéng xdc dinh.

¢ Tinh f(a), f(z1), F(@2) . -, Fl@a): F(B).

o Tim 56 16n nhit M va s6 nhd nhit trong céc s6 trén. Ta cé
M = wax{f(a), f(z1), flz2},. .., flza}s f(B)} = Hmax f)
m = win{f(e), f(z1), f(z2), ..., f(zn), f(B)} = ftlg;ibfllf(ml

- ~ . ’ 2
Vi DU 1.25 (D& Mink hoa THPTQG 2017). Tim gid iri nhé nhdt ciia him séy = 13' trén

- —
doan [2;4):

19
A 1[121141]13; =6 B. x{gglly =-2 C. l(lzlai;lly =-3 D. x{lZuAIlly =3
. ..2__2,._ .
GUL Tacéy = i@»__‘l_}gi.w € [2:4).
¥=0222-22-3=0@z=-1,z=3Tacdz =3 € (%4).
. 1
Tinh y(2) = 7, y(3) = 6, y(4) = 39—. Suyrasminy =6.
Vdy ddp an la A. Q
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Dang 2: Tira GTLN, GTNN ciia ham s6 £(z) trén khoang (a; b)
Phitong phap gidi: D& im GTLN, GTNN ctia ham sb f(z) trén khodng (e; b) talam nhu sau

« Tinhy'. Tim cac didm =y, 5, . . , T, thudc khodng (¢; b)) mA tai d6 dao ham y’ = 0 hodc
¥’ khong xic dinh.

« L3p béng bién thién.

« Dya vio bing bién thién, suy ra gi trj 16n nhit va gi4 tri nhd nhit cha ham sb trén

khoang dé.
VI DU 1.26. Tim gid tri idn nhét ctia ham sé = ZtL enm:
v 1.40, &t L Y \/xTﬁ .
A.mgxy:l B.mgxy:—l C.mg.xy=2 D.mgxy=\/§
GIAL Tacéy’=—1:——{T,VxeR.y'=0@m=1.
(z2+1)2
Béng bién thién )
T —00 1 +co
Y + 0 -
V2
-1 1

Véy dép én 1 D. O

VfDI_I 1.27 (DéMinh hoa THPTQG 2017). Cho mét tém nhom hinh vudng canh 12cm. Nguoi
ta cdt & bbn géc ciia tém nhom dé bbn hinh vuéng bing nhau, mdi hinh vudng cé canh béng
z (cm) réi gép tém nhom lgi nhitu hinh vé dudi diy A& dugc mot cdi hop khong nép. Timz dé
hép nhén duoe ¢6 thé tich 16n nhir

Azx=6 B.rx=3 Cr=2 ' Dz=4
GIAL Sau khi cit vi ghép hinh vudng ta thu duge hinh hp chit nhat c6 ddy 13 hinh vuéng
canh 12 - 2z {cm) va chiéu cao z (cm).
Thé tich ctia hdp 1a
¥ = (12 — 22)% = 4(z® — 1222 4+ 36z), = € (0;6).

Tacd “
y' = 4(3z° — 24z 4+ 36) = 0 & z = 2 hodc z = 6 (loai).
Laicé
¥(0) =0,y(2) =128,y(6) = 0
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Bang bién thién
z 0 2 8
Y + 0 -
128
0 ]
Vay dép inlaC. a

| Dang 3: St dung bt ding thitc fim GTLN, GTNN |
Phuong phap gidi: SE dung tinh chét bat ding thiic, cac bt ding thic cd ban.

VIDVU 1.28. Gid tri idn nhét ciia ham sby = cos* = + sin® z trén R 1a:

A2 B.v2 C1 D.o

GIAL Vi [sinz| € 1,|cosz| < 1néntacé udc higng cos*s < cos’z vasin®z < sinz. Cong
céc vé bét ding thic cling chidu, thu dugc y = cos* z + sin® z < cos?  + sin? z = 1. Diu ding
thitc ¢6 thé xdy ra, ching han khi cos z = +1 » 2 = kr, k € Z. Do dé, gid tril6n nhatchay la
1

Vay ddip dn 1. C. o

VIDVY 1.29. Tim gid tri lén nhét cia ham séy = 12cosz — Ssinz trén R:

AT B.13 C17 D. 12
: T . 12 5 .
GIAL Goiyplagdcsaochosing = 13 vacsy = —el—g.Taco

y = 13(sinpcosz + cospsin z) = 13sin(z + ).

Suyra-13 <y < 13.
Vay dép én la B. ]

Chii y: Trong vi du trén ta sit dung bét ddng thiic co bdn ciia bidu thitc bdc nhét chita
sinz,cosz: néuy = asinz + beosz thimaxy = a2 + b2, miny = —+/a? + b2,
VIDVY 1.30. Vi moi gid tri thuc cliam, tich ciia gid tri lon nhét va gid tri nhé nhét cia ham
z4+m? -1

Sé? =
¥ z? 41

trén R bang:

A0 . B.1 C -1 D -=
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GIAL Xét trudng hop dic bigtm = 1,y = ———. Theo b4t ding thic Cauchy: z° + 1 >

2lz| = — . Du bing x3y rakhl:c —1vag = L Do d6, gid tri nhé nhét, 16n

L
2- 7241 1 1 1_ 2 N
nhét 1an lugt 12 -3 Tich sbla -I

Viy dap éanla D. a
Chu y: I}'ong vi du trén, néu truc tidp tinh dao ham, khdo sdt ham s6 ¢6 chita tham sém cé
thékhd mar thoi gian, trong khi khong tén dung dugc thong tin quan trong duo'c dn trong dé
bai I tich s6 ctia GTLN va GTNN khong phu thubc vaom. Co the lam truc nep chdt ché theo
kigl rt tugn bding cdch khdo sdt ham sé hodc phuong phép mién gid i,
C. BAI'TAP TU LUYEN

BAITAP 1.56. Cho ham s8¢ = f(z) ¢ bang bién thién nhu sau:

x -0 -1 2 +00
Y - - i} +
+oo +00 +00

Tim khing dinh SAI trong cdc khing dinh sau:
A. Db thi ham sb cé it nhit mot tiém cén.
B. Ham s6 khéng ¢6 gid tri nhé nhét.

C. Ham s6 dat cuc tifu bang 1.
D. Ham s6 dat gi4 tri nhd nhét bing —1.

BAI TAP 1.57. Cho ham séy = f{z) cé dd thi nhu hinh vé. 'Iim khang dinh SAI trong cdc
khing dinh sau:

A.Dd thi ham s5 c6 hai difm cuc dai.
B. D4 thi ham s ¢6 mét diém cutc tidu.
C. Ham sb dat gié trj 16n nhét.

D. D4 thi ham sb ¢6 tim dbi xtng.
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2
~ N Py . 2 2 s A e 2 a
BAITAP 1.58. Tim gi4 tri nhé nhétcliahdms6y = L;fli- trén doan [0; 2):
2 4
= 2 D. miny = —
MBS PERTs GEpTR D

BAITAP 1.59. Tim gié tri 16n nhét cia ham sb y = v/z? + 1 —  trén [0; +00).

A0 B.1 C.2 D. Péap dn khac
BAITAP 1.60. Gid trilén nhit clahamsby = /16 - 22 — z Ja:

A5 B.5v2 C.4 D.4v2
BAI'TAP 1.61. Gi4 tri nhé nhit cia ham s§ y = 2z° + 3z + 1 trén doan [~1;1] &

A2 B. 6 C.1 D. -2
BAITAP 1.62. Gi4 tri nhd nhit cliz hium s6 y = 4 5in 2z — 6cos®  + 3 -

A =7 , B.1

C. -5 D. khéng c6 gia tri nhd nhét
BAI'TAP 1.63, Téng gi4 tri 10n nhit va gid tri nhd nhit clia ham sb y = cos 2z + sinz la:

’ 8 7
A.—§ B.0 C.—-8~ D.-1

BAITAP 1.64. Himsby = 2% + 13 dat gia tri nhd nhét trén (0; o) tai:
1

A.x—2 Bx=3 Cz=2 . Dz=1

BAI TAP 1.65. Tdng gid tri 1gn nhét va gié trj nhd nhit clia hdm sé y = —z* + 822 + 3 rén
doan [-1;3]1a:

A 25 B. 22 C.16 D. 13
D. LOI GIAI VA DAP AN
GIA’IB[H TAP 1.56. D& théy db thi ham sb ¢6 tiém can ditng = = 1, nén A diing, Ham sb dat

cuc neu viycr = —1, nén C ding. Hon nif2, ham s6 dat gid tri nhé nhitbing -1, tic D dung
Ddp dn diing 12 B.

GIA.IBAITAPI 57. D& thiy khing dinh A, B va C diing.
Ddp dn diing la D. a

GIAIBAITAP1.58. Tacby=z -2+ —— =y’ =1~

4
z+1 (z+1)%
Dodé,y' =0 z =1,z = —3(L). Ta dudc mét diém tdihan z = 1.
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' 4 2 . 2
Tinh truc tiép y(0) = 2,y(2) = 3,¥(1) = 3. Vayminy = 7.

Didp dn dungla A. a
» ~ - x ~ £ yea ~ 2
.59. 6y = ———= —1 < 0Vz > 0. Him 56 lién tuc trén [0; o0). Da d6,
GIAIBAITAPIS‘ Tacd y Wt T U [0; 00)
ham sb nghich bién trén [0; 00). Vay ex(ls‘a;xm)y(a:) =y(0)=1.
Ddp dn dungla B. a

GIAI BAITAP 1.60. Ta ¢6 (/16 - 2% — )2 < 2((16 — 22) + (~2)?) = 32 = y < 4V2 Diu

ding thitc x4y ra khi v/16 — 22 = —z, ching hanz = —2v2.
Ddp dn diing la D. a

GIATBAITAP 1.61. Ham s lign tuc trén [-1;1]. St dungy’ =622 +62 =08 2 =0,z = -1,
han ché thuée (=1; 1) ta duge z = 0. So sanh true tiép ¥(—1) = 2,3(0) = 1,y(1) = 6. Do dé6,

max = 1.
z€]-1;1)

Ddp dn diing la C. 0

GIAI BAI TAP 1.62, Tac6y = 4sin 2z — 3 cos 2z 13 ham bac nhét clia sin 27, cos 2r nén miny =

Dap dn dung la B. ’ a

GIAIBAIT@P 1.63. Ticos2z = 1 — 2sin®z, viétlaiy = 1 + sing — 2sin® . Déatsinz = ¢,¢ €
[~1:1]. Khdo sdt g(t) = 1 + t — 2t trén [-1;1] ta dugc lmii_J%!g(t) =g(-1) = -2 lmlauc1I 9(t) =

g G) - g Tong gid txi 16n nhit va nhd nhiti —2 + g = —g.

Ddp dn diingla C. O
GIAI BAI TAP 1,64, Thit tryc tiép.

Ddp dn diing lé C. a

GIAI BAITAP 1.65. Dé thiy ¢ = ~42% -+ 16z = 0 & z € {0; —2;2}. Do d6, c6 hai diém téi
hanz = 0,z = 2 trong (—1;3). Ta ¢6 y{(—1) = 10,%(0) = 3,%(2) = 19, y(3) = —6. Viy tdng clia
GTLN va GTNN Ja —6 + 19 = 13.

Ddp dn dungla D. _ ]
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CHUYEN DE 1.4
Puong tiém can

A. TOMTAT 1Y THUYET
1. Dinh nglua cdc dudng tiém cin

Duting thing z = z, }a tiém cin dlmg clia db thi him s6 y = f(z) néu c6 mat trong cic
didu kién

hm f(x) = +o0, 1im+f(z)=—oo lim_ f(z) = +o0, lim f(z) = —cc.

r—)zo AT, Tz Tz

Duding thing y = y, 12 tiém cén ngang clia dd thihamsb y = f (3:) néu cé mét trong cic
diéu kién

::—Izl-{-laof(z) =.yu. zlruiloo f(.b) = Yo

2, Cac du¥ng tiém cin ciia ham phin thitc

D4 thi ham phian thitc y = z—j__z,c # 0¢6 tiém can dingz = -—g- vatiém cdn ngangy = e
B. CAC DANG BAI TAP
ngng]:’ﬁmcécddBngﬁémc@ncﬁadSthﬂ

o Ta thuding xét tiém can ding = = ¢ dbi vdi nhitg ham sb ¢é dang f(x) = ue) véi

. u(z)’
v{zy) = 0.

o DEtim tiém cin ngang ta cin xét gidi han khiz - oc.
Vi DU 1.31 (P& Minh hoa THPTQG 2017). Cho ham sby = f(z) ¢6 lm fa) = 1va
x o0

Jm fz)=-1. Khdng dinh ndo sau ddy la khdng dinh diing?

A D6 thiham sb da cho khong cé tigm cén ngang.

B. D6 thi ham s6 di cho c6 diing 1 tiém cdn ngang.

C. D6 thi ham s6 da cho c6 diing hai tiém cdn ngang la cdc dudng thangy = 1 vay = —1.

D. D3 thi ham sb da cho c6 diing hai tiém cdn ngang la cdc dudng thingz = 1 vaz = -1,
GIAL D& bai xét hai gidi han khi z — oo, titc 13 xét tiém cin ngang ciia db thi ham s6. D8 thi

cd hai tiém c@n ngangy = 1khiz —» +covay = ~1khiz = —cc.
Vay dap én la C. (]

VIDU 1.32, D4 thi hamséy = 2: __: €0 cdc dudng tigm cén la:

Az=11=~2 Bzrz=-1lLy=1 Crx=1y=2 Dx=1y=-2
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! 6 tap xdc dinh R \ {1}, ta kiém tra dugc

. e - 2
GIAL Hamsby = lz

-z
2r—1 o2z—-1 . 2-1
im =00, - km = lim 3 =-2
z—=l 1 -2 z—oc ]l —F z_boo;_l
VaydéapanlaD, D
ViDVY 1.33. Cho hamséy = f(z) c6 bidng bién thién nhu sau:
z -0 -1 2 +c0
Y - - 0 *
+0o +o0 400
Y \ ._1 \ 4 /
Tim khdng dinh SAI trong cdc khdng dinh sau:
A Dé thi ham s6 khong c6 tiém cin ngang.
B. D6 thi ham sb ¢6 tiém cdn ditngz = 1. -
C. D6 thi hiim 56 ¢6 tiém cdn ngangy = —1.
D. Hani 56 c6 mét gid tri cyc tri la - 1.
GIAI Ham sb khong xéc dinh taiz = -1, tacé Iirix+ y = cododb r = —~114tiém cin diing
=

clia dd thi ham s6, B diing. )
Mitkhic, lim y = co nén d thi him s6 khong c6 tiém cin ngang, A ding, C sai.
I—00
Ham s6 dat cuc tiéu tai diém = = 2, gid tri cuc triy = —~1 nén D diing.
Vay dép én 13 C. - 0

Dang 2: Tim diéu kién tham sb m d€ théa méan tinh chit vé tiém can

Vi DU 1.34 (Dé Minh hoa THPTQG 2017).. Tim tét cd cdc gid tri thuc ciia tham s6 m sao cho

Xy 7 . 2 r+1 . RN N
do thi cua ham s6y = ——— ¢6 hai tiém cdgn ngang.
o V= Tt e Gl ngang
A Khéngtontaim.  B.m <0 Cm=0- Dm>0

GIAI Ham sb ¢6 tiém can ngang nghia 13 ta cin xét gidi han khi z — oo, Didu kién dé biéu
thitc dudi diu cin ¢ nghia la mz® + 1 > 0, Yz, do dém > 0.

. =1 . 1 - 1 P S
Khi m > 0, dé kiém tra dugc zBlr{Prx y= ﬁ' :Rg; y= —ﬁ b6 thi ham s6 ¢6 hai dudng
tiém cgm.

Vay dap an i D. m|
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Chit y: Khi tinh gidi hanz — oo cia ham sé dang phdn thitc hodc chita cén thifc, néu béc cia
« § 1 56 ma khéng Idn hon bdc cia z & mdu thi gidi han hitu han v dé thi ham sé cé tiém
cdn ngang.

VIDU 1.35. Tim tdt cd cdc gid tri thuc ciia tham sé m sao cho dé thi cila ham s6

z+1 P a s N .
y—x3_322+mchzcomgttzgmcgmdung.
AmeR B.m <0hodcm >4
C.m < 0 hodcm > 4 D.m <0 hodem 2 4.
2 . AR . . - 1 v
GIAL Ta dung phutong phap loai trit bang thit tryc tiép. Vdim = 0,y = x+3 =, dd thi ham

$6'c6 hai tiém c4n ditng = = 0 vi z = 3. Viy m = 0 khdng thda man yéu ciu. Do dé, chi con
* chon B hoic D.

T+1 -1
Thitvéim =4, rutgony_ eyl P2
r=2.Vaym= ‘4 théa man. DodoloalB

Viy ddp dn 12 D. o

Dé thi ham s6 chi cé mot tiém cin ding

Nhén xét: Mot lén nita chiing ta luu y dén sy khdc biét khi lam bai trdc nghiém bing phuong -
phdp logi trit. D€ logi b6 phuong dn sai chi cdn tim ra mot déc diém khdng phiz hop ciia
phuong én db, ching han chon mot vai gid tri déc biét va thiz tric tiép, trong khi mudn khdng
dinh ddp dn ding phdi khdo sdt khd vdt vd. Tét nhién khéng phdi lilc nao ciing lam dugc
béng cdch logi trit (chéng han néu trong cdc dép dn cb ddp dn khdc); hodc ngay cd khi lam
duoc bing phutdng phdp logi trie thi ciing chuta thé ddm bdo dé 1a cach t4i uu. Do vdy, cdn
lew y vén dung linh hogt phudng phép logi trit va phuong phdp ruc nep kiéu tu lugn trong
nhi ung tinh hubng cu thé,

C. BAI TAP TU LUYEN

BAITAP 1.66. D4 thi hamsby = :ln-::i c6 cac duing tiém c4n 13:
Ar=1lr=2 Bz=-1,y=1 Cr=-1Ly=-1 Dz=-19y=1

BAITAP 1.67. Cho ham s8 y = f(z) ¢6 bang bién thién nhu sau:

T —00 0 ' 1 +o00
y - - ‘ Q. +

1 +c0 +co
y \ _ \ | /
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Tim khéng dinh SAI trong céc khing dinh sau:
A. Db thiham s c6 tiém cinngangy = 1.
B. D& thi ham sb c6 tiém cén ding z = 0.
C. D6 thj ham s6 khong c6 tiém cin ngang.
D. D3 thi ham s5 c6 mdt cyc tri.

BAI TAP 1.68. Duding thing z = 112 dudng tiém cén ditng ciia dd thi ham sb ndo trong cic

hémst")duﬁidﬁy?
2z+ 1 z-1 C1+a: D z—1
Tz+1 2241 1-x TNVEr 1

BAI'TAP 1.69. Dudng thing z = —1 KHONG 12 dudng tiém cén ding clia db thi him s6 nao
trong cdc ham s6 dudi day?

2z+1 B l+z c 3z+2 - D z-1
Tr+l V-2 "a2—1 Y+l
BAI'TAP 1.70. D3 thi ham s6 nio trong cdc ham sb dudi day khéng ¢6 tiém can ding?
2r+1 z—1 142 z—1
A B. C. D.
z2—1 2z +1 vi—z VZ+1

BAITAP 1.71. Dubdng thing y = —2 KHONG l2 dufing tiém cin ngang clia 4 thi ham s6 ndo
trong cic ham s6 duéi day?
2z +1 2z +1 22+ 9z

B, —m— C.—— D.e” -2

A
I~z 2 -1 z—1

BAI TAP 1.72. Dubing thing y = 2 12 duding tiém can ngang cita dd thi him s6 no trong cdc
him sb dudi day?

2z +1 l—-2 1+z 222 +1
A. .  ———— 5
z31 BZ:::—I C\/4x2+1 D -2
i Iy % N in a - 2 s £ I2+4Z—3 N
BAI'TAP 1,73. SO dudng tiém cédn ctia do thiham sé y = —?—:l—la?
A3 B.2 C.1 D.0

x2 ~ 2max +m2 — 1

BAITAP 1.74. Tim m d& d4 thi himsby = — ¢6 tiém can ditng?
m=1 }
Am#1l Bm=1 C.[ D.m#1,3
m=3
BAITAP 1.75. Tim m d€ @ thi ham sy = ———— " c6 hai tiém can ditng?
¢ ?2+2c-m § ’
Am> -1 B.{"’>‘l C.VmeR D.m<1
m#3
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D. LOI GIAI VA DAP AN
GIA'IBAIT@PI.GG. Tap xdcdinh z # -1, lj’rgly =oconénz = —11latiém cén diing cta dd
thi.

2
T—2 . 1_; o S pra N 2 X :
m = lim —% =1, nény = 11atiém cin ngang cua do thi.
g0 14T z—nxs1+l
r
Dap dn dung la D. a

GIAT BAI TAP 1.67. Him sb khong x4c dinh tai ¢ = 0, lim y = conén = = 0 latiém cén ding
cla db thi.

Em y = 1, nén d3 thi nhan y = 113m tiém cn ngang.

& —_—

D. diing do diém (1; —1) 14 diém cyc tri duy nhét cia ham sé.

Dap dndung la C. a
GIAT BAI TAP 1.68. Cac ham sb dugc xét déu c6 dang phan thiic, tap xdc dinh clia ham sé
1+z .

laz #1.

-z

Hon nita l_i,m1 +i = oo nén z = 1]a tiém can ding.
x - bl

Ddp én diing la C, a

GIAI BAI TAP 1.69. Tip x4c dinh cla cicham sélinlugtlaz # ~1,z > 2,z # 41,7 # -1
Hon nita

2z +1 . 3z+2_oo lim z-1 —
z-1 4+ 1 =9 z—)n_ll z2—1 ' zo-1 vz+1 -
nénz = —11 tiém cin ding clia ba dd thi nay.
o ltz fa e o Ao 15 $3 v nEen T
}:E»nl mkhongcoynghlanen:c——l khéng la tiém cdn ddang.
Ddpdndingla B, a

GIA BAI TAP 1.70. Tap xéc dinh clia céc ham sd lin lugt iz # 1,2 # 2, < LR

Honnta - 9 +1 1 L
T + . z— lim +z

= k) h = 1
e ;_,T%h-;-l g z1- fT— =

m
z-1g32—1

ba dd thi hay ¢4 tiém cin ding.
Trong D. ham s6 ¢6 tip xéc dinh 1a R nén khong c6 tiém cén diing.

Ddp andinglaD. ' a
s A . 2 i
GIATBAITAP 171 Tacé tm ¥ = 9, lim -2Xh —9  lm (e —2)=0.
z—to0 1 —~ 2 x40 g2 - ] z——o6
nén ba dd thi niy c6 tiém cén ngang,
' 2
Mt khdc lim T—% = oo ntén d6 thi khong c6 tiém cin ngang.
=00 -
Dép dn diing la C.
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Trong bai nay bing cich nhim bic clia = & tif va miu sb ta d dang loai bd hai ddp dn A. va

B., nhan dép an C. Ta kiém tra.thém gi6i han Lm e va can ghi nhd tinh chét cfia ham sé
=00

mir a

GIAI BAITAP 1.72. Taco

litn Zotl = 2.
z~ec T+ 1
Didp dn dung la A.
. A 2 D P N 1 )
Ta kiém tra dugc tiém cin ngang ciia hai ham sb tiép theo lin hugtlay = -5y =%, con
2 4 =
him sé 2: _+21 khong ¢6 tiém cin ngang do bac & tif cao hon bic § mau. a

GIAI BAI TAP 1.73. Tap x4c dinh: z # +1. Tacé

22 +4z -3 = co. lim 2 +4z-3
21 g?—1  a--1 z2-1 =

nén z = %1 12 hai dudng tiém can ditng clia dé thi.

2 _ 144_3 N
lim Z t‘m 3o lim, te 15’ = 1nény = 11atiém cin ngang clia dd thi.
r=00 2% -1 T—00 1—;‘2‘ :
Ddp én dung la A. O

GIAI BAITAP 1.74. Tap xéc dinh: z # 2. D& ham sb c6 tiém c4n ding, didu kién 14

2 _ 2 _

limz 2mzr+m 1=oo
z—2 z~32

Pidulitn 32’ —dm + m? ~1#£0=>m#1,m#3.

Ddp dn dung la D. -

GIAI BAITAP 1.75, Tap x4c dinh: z* + 2z — m # 0. D& ham s6 c6 hai tiém c4n dung, diéu
kién 1 phuong trinh ¢* + 2z — m = 0 ¢6 hainghiém = # 1.

Didukignla A’ =1+m>0vam 3. _

Vidy ddp én 1 B, ' |
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CHUYEN PE 1.5

D0 thi ham so
A.TOM TAT LY THUYET
1. Dinh nghia diém uén

Néuham s y = f(z) c6 dao ham cép hai trén mdt khodng chia diém zo, f*(ze) = 0
va f"{x) d6i dhu khi = di qua diém =z thi U (xo; f(zo)) goi 1a didm ubn clia dd thi ham sé
y = flz).
2.D0 thi ham phén thirc
Xét ham phan thicy = % *

+2,c¢0,ad~bc:,£0.

Tap xac dinh B\ {—d}.

c

D4 thi ham s6 c6 mét tiém cin dimg > = —— va mot tiém cin ngangy = %
4
Giao difm hai dudng tiém cin (_E; a—) 12 tam d6i xdng clia db thi.
c cC
Céc dang d thi:
ad —bc < 0 ad-bc>0
y Yy
T
0
0]
z

3.Dd thi ham bac ba
Xétham sby = ez® + 622 + cz + d, 2 £ 0.
Tap xac dinh: R.
D& thi ham 56 luén c6 mot di€m ubn cé hoanh dé z = — —bz, va nhin diém udn lam tam d6i

x(tng. N&u dé thi ham s6 ¢6 cute dai, cuc tiéu thi diém uén 1a trung diém cha doan thing ndi
hai difm cuc tri d6. D8 thi ham sb bic ba khéng cé tiém cin.
Céac dang db thi:
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a>0 ea<0
/\ y wyﬂ
N z +————
i |
y" = 0 ¢6 2 nghiém phén biét
Y Yy

y' = 0c6 nghiém kép

o' = 0vd nghiém

/o

4. Db thi ham bic bon triing phuang
Xéthamsby = ax? + bz + ¢, 2 # 0.
Tap xdc dinh: R.

D6 thi ham s6 nhan truc tung am tryc déi xiing.
Db thi ham sb cé thé khéng cé hoic ¢b hai didm ubn.

Dd thi ham bac bén khdng cé tiém cn.
Cac dang 46 thi:

v’ =0c¢6 1 nghiém

a>0 a<0
v Yy
\,0\\// 17 o iz
¥ = 0¢6 3 nghiém phan biét
Yy Yy
x 0 x
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B. CAC DANG BAI TAP

LDgng 1: Doc hiéu bang bién thién va db thi ham sb

Phuong phdp giai: Tit bang bién thién, hifu dugc tinh don diéu va cic diém cyc tri clia ham
86.

Vi DU 1.36 (Dé Mink hoa THPTQG 2017). Cho ham séy = f(x) xdc dinh, lién tuc trénR va
cé bdng bién thién:

z —co 0 1 +co
Y + - 0 +
0 +o0
~00 -1

Khing dinh nao sau day la kh(fng dinh diing?
A. Ham s6 ¢6 diing mot cyc iri.
B. Ham s6 ¢6 gid tri cuc tiéu béng 1.
C. Ham sé cd gid tri lon nhdt béng0 va gid tri nhé nhat béng —1.
D. Ham sé dat cuc dai tai = = 0 v dat cuc tiéu taix = 1.

GIAI Tirbang bién thign ta thdy him s& c6 hai diém cyc tri, do 44 [A.] sai.
Difm dat cuc tiéu 12 = = 1, gid tri cuc tifu bing —1, do d4 [B.] sai.
Vi lim y = —oco, lim y = +oco nén ham sb khéng c6 gid tri 14n nhét va gid tri nhd nhit,

LD 00 =40
[C.] sai. ‘
Ham sb dat cytc dai tai z = 0, dat cyc tifu taiz = 1.
Vaydap aniap. !

Vi DU 1.37 (Dé Minh hoa THPTQG 2017). Puingcong trong hinh bén 1 d6 thi cia mot ham
56 trong bén ham s6 duc liét ké & bon phuong dn A, B,C, D dudi day. Hoi ham sé dé 1 ham
so nao?
Ay=-z*+z-1 Y
By = —x®+3z+1

Cy=z'-z+1

Dy=23-3z+1 / 0 \/
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GIAI Titdé thita thiy ,lim_y = +oo do déloai phuong dn [A] va [B.].

Diy la dang dé thi ham sb béc 3, loai dap 4n [C.].
Vay dap én la D, a

Vi DUy 1.38. Ham 56 ndo sau ddy cé d6 thi nhu hinh vé

Ay=—z*+422-3
By=z*+22-3
Cy=5z"~22-3

Dy=a'+22%-3

GIAL Vi 111}1 y = +oo do dé ta loai ddp 4n A. Trong B, dd thi ham s6 khéng di qua diém
w00

(£1;0). Trong C, ¥ = 20z® — 42% = 0 c6 3 nghiém ph#n biét, do d6 dd thi cé 3 difm cuc tri.
Dép an Csai.
V@y ddp dnla D. a

LDgng 2: Tim diém udn, tim dbi xiing clia 48 thi ham sb
Phurong phap gidi: T bang bién thién, hidu dudc tinh don diéu va cdc diém cuc tri clia ham
s0.

3
VIDU 1.39. Toa d diém ubn cia dd thi ham séy = "% — 222 + 6z ~ 5 la:

13
A2 B2 —
(=3)
C. Khing cé diém udn D. (2; g)
GIAL y'=:z:2—4:2:+6,y”=2w—4.y”=0®:c=2,y=y(2)=g
Vay ddp dn la D. _ ; a
C. BAITAP TU LUYEN
BAI TAP 1.76, Ham sb n3o sau ddy ¢6 dé thi nhu hinh vé
_x+2 Yo
Y= rrL
_T+2
Tr-1 1
C.y=1+2 .
1—-2 z
2—-z Y\ 1
Dy=
Y= e
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BAITAP 1.77. $6 diém ubn cla db thi haim sby = z* - 32% + 2 1&:

AD B.1 C.2 D.3
BAITAP 1.78. Cho ham sy = az® + bz + c + d ¢6 dd thi nhut hinh v&, Tinh £ 56 g )
A-1 v
l .
B.1 i !
- > T
C.-3 0 2
D.3
BAITAP 1.79. Tim dbi xitng ctia dd thi ham sby = = i Ia:
A (1;-3) B.{-3;1)
C.{1;1) D. Khdng cé tam déi xiing
BAITAP 1.80. Trong cic him s6 sau déy, db thi ham sé nao khéng c6 tim dbi xing
2
y= fjf B.y= 1:3*2x2+_4 Cy=—234+2s2—u+1 Dy= z*+32° -4

BAITAP 1.81. Cho ham sb c6 bang bién thién nhu sau, Tim didu kién cita m d€ dudng thing
y = m cit dd thi ham s6 d6 tai ba diém phan biét?

z -0 -1 2 +oo
y - 0 + ] -
1 3
—4 +00
A-4<m<l B.—4d<m«<3 C.-4<m<1 D-4<m<1

BAI TAP 1.82. Cho ham s6 ¢6 d3 thi nhu hinh vé. Tim diéu kién clia m d€ dudng thing
¥ = 3m + 1 cat dd thi ham sd 46 tai hai diém phan biér?
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A.m:'—%hoacm= 1
1
. —= <1
B 3 <rrlz
C.mm < —§h05;10m> 1 2

D. Khdng ton tai m

s A 1
BAITAP 1.83, Déthihémst")y=m+f—_l

1. Tiép xiic véi dudng thingy = 2.
2. Khong cét dubng thingy = ~2.
3. Cit dudng thing y = 4 tai hai diém phin bigt.
4. Ct duding thing y = 1 tai hai diém phan biét.
'BAI'TAP 1.84. Phuong trinh z* — 222 — 3 — m = 0 c6 4 nghiém phén biét khi va chi khi:
Am< -4 B -4<m< -3 C.m>4 D.3«<m<4

BAITAP 1.85. Cho ham séy = f(z) ¢6 dé thi (C). D8 thi ham sé y = | f(z}| dutde suy ra tit (C)
bing cach:

A. Giitlai phin dé thi phia trén oﬁ.ﬁ lay ddi xitng phin con Jai qua Oy.
B. Giitlai phin db thi phia trén Oz, liy d6i xting phin cdn lai qua Oz.
C. Giit lai phin d3 thi phia trén Oz, vi ldy déi xiing qua Oy.
D. Giit lai phin dé thi phia trén Oz, va liy dbi xing qua Ox.

D. LI GIAI VA DAP AN '

GIAI BAI TAP 1.76. Titdd thi, » = 113 tiém cin diing, ta loai ddp dn A va D.
y = 1latiém cén ngang nén loai ddp an C.

Dap dn diing 1é B. O
GIAIBAITAP 1.77. 3 = 423 — 6z,1” = 122° — 6.4" = 0 ¢6 hai nghiém phén bidt = = :t\/ii
nén db thi c6 2 difm ubn.

Ddp dn diing 12 C. 8]
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GIAI BAI TAP 1.78. Ham sb c6 dang bic ba, xét hambécbay = az® + b2l + ez +d = ¢ =
6az? + 2b. Do d6 hoanh d6 diémubnlaz = - %

T > . ~ 2 A N b
Hai diem cuc trila (2; 1) va (0; —3), toa do diém udn 1a U(1; —1), suy ra —3% =1l¢& o= -3.
Ddp dndungiaC. ]

GIAI BAI TAP 1.79. Ham phén thitc c6 tim dbi xitng 13 giao didm hai dudng tiém cin, trong
bailaz = 1 viy = 1, Vay tim dbi ximg1a (1;1).
PdpdndunglaC. O

GIAI BAI TAP 1.80. Him phin thitc c6 taim déi xiing 12 giao diém hal dudng tiém cin, ham
béc ba c6 tam ddi xiing 13 di€m uén. NhuvayloaiA, B, C.
Vay dap én la D. a

GIAI BAI TAP 1.81. Dubng thing y=m cét dé thi him sb tai 3 diém phan biét thi diéu kién
ca.nvadula~4 <m<l
DdpandunglaD. . a

GIAI BAI TAP 1.82. Dubing thingy = 3m + 1 cit d3 thi ham 8 tai 2 didm phén biét thi didu
Kién la

1

3m+1=4 m=1
| »|
3m+1=0 m=—-§

Ddp dn dingla A. ‘ a

GIAI BAI TAP 1.83. Tip xédc dinh: R \ {1}.

Y=l-—_ =0 [“0
sl TYe
(@-1) =2
Bang bién thién
z | -o0 0 1 2 +00
¥ + 0 - - 0 +
-1 +00 4o
-0 -0

Ttt béng bién thién ta thy dd thi ham s6 khong cit dudng thingy = m vdi -1 < m < 3, loai
- AD.

Db thi cit duting thdng y = —2 v y = 4 tai hai diém phén biét.

Ddp dn dingla C. a
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GIAI BAI TAP 1.84. S5 nghiém clia phuong trinh bing sb giao di€m clia.dd thi him sb y =
x4 — 2z* ~ 3va dudng thing y = m.

z=0
y'=4w3-4w=0¢>[
z ==l
Bang bién thién
z | —co -1 0 1 +00
y ~ 0 + 0 - 0 +

4

o0 -3 +
Y \_4/ \_4/

o0

Tit bang bién thién, didu kidn1a —4 < m < ~3.
Ddp dn ding 14 B, o

Y RATTA . _Jflz} Khif(z) 20
GIAI BAI TAP 1.85. Tacd %f(a:)l—{_f(z) Khi f(z) <0."
Do d6 phin dé thi phia trén Oz giit nguyén. (z; —f(z)) 46i xing (z; f(z)) qua truc Oz nén
phén dd thi phia dudi truc Oz dudc 1y d6i ximg qua truc O2.
Ddp dn diing la B. _ a
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CHUYEN DE 1.6 — X )
Ti€p tuyén, tuwong giao do thi ham so

A.TOM TAT LY THUYET
1. Tuong giao giita hai dudng cong
Phuong trinh hoanh d5 giao diém clia hai dudng cong (C1) : v = f(x) vA(C2) 1y = g{z) 1a
flz) = g(=).
2. Phutdng trinh tiép tuyén cita dd thi ham sb tai mét diém
Phuong trinh tiép tuyén clia d6 thiham sb (C) : y = f(z) tai difm M (zo, f(z0)) 12

&y = f'(@u)x — zo) + F(zo).

3. Diéu kign dé hai duiing cong tiép xiic

Pidu kién cin va dt d€ hai dudng cong (C1) : ¥ = f(z) va (C2) : ¥ = g(z) tiép xic la hé
phuong trinh

' {f (z) = 9(2)
f'(@) = g'(z})

c6 nghiém. - :
Chii y: Sau khi dua phudng trinh f(z) = g(z) vé dang phuang irink da thitc, réu phuong
trinh 6 nghiém boi tai diém zq thiz, chinh ld hodnh df tiép diém, hai dudng cong tiép xiic.
B. CAC DANG BAI TAP
| Dang 1: Tuong giao giita hai dudng cong |
Phuong phap gii: DE tim giao diém clia (G1) : y = f(z) va(C,) : ¥ = g(z), taxét

« Phudng trinh hoanh d4 giao diém f(z) = g(z), gidi dugc nghiém zg.

* Thé vio mét trong hai phudng trinh, ta dugc toa d6 giao diém (zo; f(zo)).

« $6 giao diém bang sb nghiém phén biét chia phueng trinh hoinh d6 giao diém.
Vi DU 1.40 (Dé Minh hoa THPTQG 2017). Biét réing dusng thdngy = —2z+2 cdt 46 thi ham
56y = 2° + z + 2 1ai dtiém duy nhd; ky hidu (zo; yo) 1 toa d6 cia diém 46. Tim yo.

Ay =4 Byp=0 Cy=2 D.yg=-1
GIAL Phuong trinh hoanh do giao diém clia dudng thing va duding cong 1a;
“2z+2=z*+z+2e 2} +32=0cz=0.

Thay vio phuong trinh duting thingy = 2.
Vay dép an la C. a
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VI DU 1.41. Paraboly = 4z® — 2z + 3 cdt do thi ham séy = x° + 3z + 1 tai bao nhiéu diém

A3 B.2 C.1 D.o

GIAL Phuong trinh hoanh db giao diém chia dudng thing va dudng cong l:

z=1
472 -2 +3=2"+3z+101° -4’ +52-2=0& {
z=2
Suy ra c6 hai giao diém.
Viy ddp an la B. g

Dang 2: Viét phuong trinh tiép tuyén khi biét hé s géc
Phuong phip gidi: Khi biét hé s6 gdc ciia tiép tuyén, ta viét phuong trinh tiép tuyén theo cac
budc sau

o Tinhy'. Tinh dao ham ¢’ (z,) theo toa dd tiép difm M (xo; ).
e Giai phuong trinh ' (o) = k.

e Vi mbi 7, tim dudc, im yo = f(za) va tiép tuyén tuong ng A : y = f'(za)(z — T0) +
f(zo). '

Chil y: HE 56 géc clia dubmg tidp ruyén A c6 thé dutoc cho gidn tiép qua cdc tinh chdt sau:

e A|ld:y=ez+bsuyrahésb géck = a.

N . 1
. AJ_d:y:ax+b,suyraheségock=—Z.

o A taovdidudngthingd:y = az +bgbce, suyra !lk_-&-—lc%| = tana.

e No6iriéng A tao véi truc hoanh géc o, suyra |k| = tanc.

VIDU 1.42. Phuong trinh tidp tuyén cia d6 thi ham séy = 23 — 3z + 2 tai giao diém cia né
Vi fruc tung la:

A3z—y-2=0 By=0

C3z+y—2=0 D9z—-y—18=0wvay=0.

)

GIAL Giao difm ctia db thi ham sb v6i truc tung 13 A(0;2).

Tacdy =322 ~3,7'(0) = -3.

Phucng trinh tiép tuyén tai Alay — 2= —3(z - 0) & 3z +y~2=0.

Vay déap an 1 C. in]
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Vi DU 1.43. Phuong trinh tiép tuyén cia d5 thi ham sy = z° — 3z + 2 song song véi duing
thingy = 9z + 1 ld:

Ay=09z-14 B.y =9z — 14 hodcy = 9z + 18
Cy=9z+18 D.y=9z+ 4.

GIAL Goi phuong trinh dudng tiép tuyén 2y = 92 + ¢.
Dubng théng trén va db thi ham s6 tiép xiic nén hé phuong trinh sau ¢6 nghiém

{:53—3w+2=92+c

322-3=9
2T S ”, > ~ o - A T = 2’ L 14
Giai phudng trinh thi hai, thay vao phuong trinh thit nhat, ta dugc [ .
z=-2,c=18
Phuong trinh tlep tuyénlay = 9z — 14vay = 9z + 18.
Véy dap dn la B. 0

Dang3: viét phuong oinh tiép tuyén di qua mét diém]
Phuong phap gidi: Ta viét phuong trinh tiép tuyén theo cic budc sau

o Goitoa do tiép difm 14 M (zq; yo), phuong trinh tidp tuyén A : y = F/(20)(z —20) + f (o).
o Adiqua A(za;ya) DN Y4 = f'(z0){T4 — To) + f(zo). Tit day gidi ra dugc zo.
» V6i mi zo im dudc, thay vio phitdng trinh A ta duge mét tiép tuyén.
vi by 1.44. Phuong trinh tiép tuyén cia d6 thi ham séy = =° — 3z + 2 qua giao diém cia
ham s6 nay voi truc tung la:
Alr—y—-2=90 By=0
Cl3z+y~2=0 Dy=9z-18=0vay=0.
GIAL Giao diém clia @b thi ham s8 v4i truc tung 12 A(0; 2).
Tacéy' = 3z% -3, phudng trinh tiép tuyény = 3(:&:3 —1)(z — =) + zg — 3z + 2.
Phudng trinh tiép tuyen di qua A, tadudc 2 = 3(z2 ~ 140 — 29} + 23 — 3z + 2 & 20 = 0.

Do d4, phudng trinh tiép uyénlay —2=-3(z-0) & 3z +y—2=0.
Vay ddp dn &

C. BAI TAP TU LUYEN

BAI TAP 1.86. Phuong trinh tiép tuyén vdi &b thi ham sé y = 2 + 22 — 3z + 1 tai diém c6
hoanh dd z = -11a:

Ay=2z+5 B.y=2z+1 Cy=5—4z Dy=1-4x
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BAITAP 1.87. Phuong trinh tiép tuyén véi dbthihamsby = 2® — 22 — 22 + 1 giao diém cfia
ad thi v6i truc tung la: .

A2r+y+1=0 B.~2z+y+1=0 Cy=1 D.y=l—2:1:
BAI'TAP 1.88. Phuong trinh tiép tuyéﬁ véi.df)'thi him s y = 2° + 322 — 9z + 2 tai diém cuc
tiéu la: ]

Ay=-3 B.y=14 Cy=37 Dy=2
BAI TAP 1.89, Phudng trinh tiép tuyén vai 46 thi him s6 y = 2* — 42” + 1 tai diém cuc dai la:

Ay=-3 By=-1 Cy=1 Dy=5

BAI'TAP 1.90. Timn diém M trén d8 thi ham s6 y = 2° + 3z — 3 biét hé s6 géc clia tiép tuyén
tai M lak =6.

A (-1:-8);(151) ' B.(-1;~1):(3;-7)
C.(-1;-1)(1;-5) D. (1;1); (-2 -17)
BAITAP 1.91. Toa db giao difm ciia d thi ham sé y = Z:jgl véi tryuc tung a;
1 1
A (—5, 0) . B. (0' "5)
C.(0;-2) D. b thi khéng cit Oy

"BAI'TAP 1.92. Toa d6 giao diém cfia dé thi ham s y = =3 + 2% — 5z + 3 véi truc hoanh la:
A (0;3) B. (3:0) ' C. (1;0),(-3;0) D.(1;0),(30)
. B 2
BAI TAP 1.93. Toa dd giao diém clia d6 thi ham sby = %—ilé va dudng thang y = 2z la:
Az=-1,3 B.(~1;-2)
~ C. Khéng c6 giao difm D. (—1;—2), (3;6)

BAITAP 1.94. D4 thi ham sé nio sau day khéng cit truc tung?

Ay=u+2 -1 : By=2-u*

2r2 -1 1

C_ = == —
Y r+2 D.y 2+

BAITAP 1.95. D4 thi ham sé ndo sau day khong cit truc hoanh?

Ay=z*+2r-1 By=2-z!
222 -1

4 2
Ly = ot~ 9y 2
72 Dy=2«"-22% +

Cy=
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BAI TAP 1.96. Goi M, N 1a céc giao diém cGa d6 thi ham s y =
y = = — 3. Hoanh d§ trung diém I ciia M N la:
7 7

Ai B—E C.7 D. -7

__17 v dudng thing

BAITAP 1.97. Gid tri i d€ do thlham sby = 2® +32% —2(m+ 1)z — m?® — 2m cht truc hoanh
tai 3 diém 1ap thanh mét capsdcongla:

Am=2 B.Khéng tdn taim

Cm=-1 D.m =12

BAITAP 1.98. Gi4 tri m dé d6 thi ham séy = z® — 32% + (2m + 1)z — m? cit truc hoanh tai 3
diém 13p thanh mot cip sb congla:

Am=1 B.Khéngtdntaim GC.m<1 Dm>1

ac(b® — 4ac) > 0

BAI TAP 1.99. Voi didu kién {ab <0 thi @3 thiham sé y = az* + bz? + ¢ cht trtic
hoanh tai bao nhiéu diém?
A4 B.3 C.2 D.1

BAI TAP 1.100. Tiép tuyen clia 46 thj ham sé y = «° — 3z® + 4 song song v6i dubng thing
y = —3z ¢6 phuong trinh 1a;

Ay=—-3z+2 B.y=-3z45 Cy=-3z+4 D.y=-3z+43

4
BAI TAP 1.101. Céc tiép tuyén cla dd thi ham sb y = % — 3% + % song song v6i dudng

th?mg4::;+y— 1 = 0 ¢6 phudng trinh 1a:
Ay=-—4z+2vay= -4z -8 B.y=4z+2viy=—4z-8

C.1 -'-=—4:r:+2v51y=—4a:+§- D.y=4:c+2véy=4x—g

BAI TAP 1.102. S5 tiép tuyén clia dd thi hAm sé y = Z+

1 43 Ao
- song song véi dudng thing
Sr+y—-2=0Ja

A0 B.1 C.2 D.3
3 e A .2 2 2 2 Y I3 2243 N 2O .. z
BAI TAP 1.103. SO tiép tuyén cia do thi ham so y = ) vuéng goc vdi duong thang
r-2y+1=0l ‘
A0 . B.1 C.2 . D.3
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BAITAP 1.104. Tlep tuyén clia db thj ham sby = —2° + 32% — 3 vudng géc vdi dudng thing
x — 9y + 2 = 0 cd phuang trinh la:

Ay=-9r—8vay=—-9z+10 B.y=—-92—-8vay= -9z +24

Cy=-9z2+10vay= -9z —-30 D.y=-9z—~10vay = -9z + 30
BAITAP 1.105. GiA sit dudng thingy = az + b tiép xtic vdi dé thiham sdy = z° + 22> -z - 2
tai diém A(1;0). Tacé

Aab=5 B.ab=6 C.ab=-36 D. ab =36

BAI TAP 1.106. Cho him sy = 2° + = + 1. Tim khéng dinh SAL:
A. Ham sb luén ddng bién trén R,

B. Trén db thi t8n tai hai diém sao cho tiép tuyén véi dd thi tai hai diém dé vuéng géc véi
nhau.

C. Phuong trinh tiép tuyén tai di€m cé hodnhdé z = 1lay = 4z — 1.
D. Db thi ham s6 cit truc hoanh tai mét diém duy nhat.

BAITAP 1.107. Cho ham s6y = z° — &* + 2z + L. Trong céc tiép tuyén ciia dd thi ham 56, hé
6 g6¢ nho nhat dat dugc 1a:

1 2 4 5

A. 5 B- § C- E D- §
D. LOT GIAI VA PAP AN
GIATBAITAP 1.86. i = 322 +4x — 3 = y(—1) = —4. y(—1) = 5.
Phuong trinh tiép tuyén lay — 5= —4(z + 1) @ dz +y— 1 =0.
DBdp dndingla D. a
GIAIBAITAPIB? Giao diém ctia 45 thi véi truc tung z = 0, y—l ¢
Yy =3%-22— 2=>y(0)...—2
Phuong trinh tiép tuyénlay — 1 = —2(z ~0) &y = 1 — 2z.
Ddp dn diing la D. a
Gl/i[BﬁlT{fPlﬁB. Y =32+6z-9. ¢ =0&z=1z=-3.

=6r+6=> 1/"(1) =12 > Onénz = 1 A didm cuc tidu. y(1) = -
Phl.rdng trinh t1ep tuyénlay = ~3,
Ddp dn ding la A. a
GIAIBAITAP1.89. y =4z° —4z.y' =0 & & = 0; z = 1.
Y =12¢% —4 = y*(0) = —4 < Onén z = 012 diém cyc dai. (0) = 1.
Phudng trinh tiép tuyén lay = 1.
Bdp dn dingla C. a
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PP - 5 r=la3y=1
GIAI BAITAP 1.90. Hé s6 gic cliatiép tuyéntai M:k =6 = 32% + 3 = [ v

z=-1=2>y=-7
Ddp dn dungla B. a

GIAI BAITAP 1.91. Giao difm véitruc tungcéz = 0= y = —%.
Ddp andunglaB. ) . 0

GIAI BAI TAP 1.92. Phutong trinh hoanh db giao diém:

r=1
z3+z2—5x+3=0:[
r=-3

Ddp dn diing 1a C. a

GIAI BAI TAP 1.93. Phuong trinh hoanh dé giao diém
«?+3 ¥ —2c-3=0 r=-lay=-2
EESUEL R P -

z z=3=>y=0

Dép dn dinglaD. "]

GIAT BAI TAP 1.94. = = 0 thujc tap ¥Ac dinh cic ham sé trong A, B, C nén khi thay z = O ta
dugc toa d6 giao diém clia d3 thi cic ham sb véi truc tung.

Himsby =z + é c6 tap xc dinh z # 0 nén dé thi him sb khéng cit Oy.

Ddp én diing la D. a
GIAI BAI TAP 1.95. DA thi ham bic ba Iuén cit truc hoanh.

Phudng trinh 2 — z* = 0 ¢6 nghiém +¥2 nén db thi trong B cét Oz,

Trong C, dd thi cét Ox tai diém (% o).

y=1z1-21% 4+ 2 = (#? ~ 1)* 4+ 1 > 0 nén dd thi ham sb niy khong cit truc hoanh.

Ddp dndunglaD. a
GIAI BAI TAP 1.96. Phuong trinh hoanh d giao diém:

3z -7 22 -Tz+10=0

z#1l

=a:—3¢>{

Hoanh d6 z; = %(:r.M +an) = ; theo dinh I Viet.
Ddp dn dingla A. o
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GIAI BAI TAP 1.97. Phuong trinh hoanh dd giao diém: 2° + 32% — 2(m + 1)z —m? - 2m =0.
Gi4 sit 3 nghiém lap thanh cAp sb cong, theo dinh Iy Viet: z;, + 72 + 73 = -3, suyraz = -11a
mot nghiém.

Suyra-m?+4+4=0=>m = +2.

m =2, tacézd + 32% — 6z — 8 = 0 cd nghiém —4; —1;2.

m = —2,tacéd 2° + 3z% + 2z = 0 c6 nghiém —2; -1;0.

Bdp dn dingla C. W}
GIAI BAI TAP 1.98. Phuong trinh hoanh d§ giao diém: z° — 3z% + (2m + 1)z ~ m® = 0.

Gia sit 3 nghiém 14p thanh cip s6 cong, theo dinh If Viet: ; + 2, + 23 = 3, suyraz =112
mdt nghiém.

Suyra-m?*+2m—-1=0=>m=1

m=11ac6s® —3z% + 3z ~ 1 = 0 cénghiéma= = 1.

Didp dn dungla B. a
GIAI BAI TAP 1.99. Néu ac < 0, suyra b? — dac > 0, miu thuén diéu kién.

Suyraac > 0, b — 4ac > 0. Do d6 phuong trinh az® + bt + ¢ = 0 ¢4 2 nghiém cling ddu ¢y, 5.
Mit khdc, ab < 0, theo dinh Iy Viet § = —g > 0, suy ra c4 hai nghiém déu duong. Do d6
phuong trinh ban diu ¢é nghigm ++/%;, £/%;. )
Ddp dn ding la A. i a
GIAI BAI TAP 1.100. Dudng thing song song vdi dudng thing y = —3z 6 phudng trinh
y=-3u+c

Duding thing nay 12 tip tuyén cfia dd thiy = z° - 322 + 4+ hé sau ¢6 nghiém

3 2
' —3r*+4=-3r+¢ _ e
{332_%:_3 =z=1=¢=0

Ddpdn dungila B. [}

GIAI BAI TAP 1.101. Dudng thing song song vdi dudng thing 4= +y— 1 = 0 cé phuong trinh
dz+y+e=0.

4
Dudng thang nay 1 tiép tuyén cha do thiy = % - 327 + % & hé sau c6 nghiém

4
2 a2, 1, z=1=c¢c=-2
) 3x® + 3= 4r —¢ = [ 0

223—61’=—4 z=—2.—_>c=—§
Ddp dn diing la C. O
GIAI BAI TAP 1.102. Duding thing song song v6i dudng thing 3z +y—2 = 0 ¢6 phudng trinh
3z4+y+e=0.
Dubing thing nay 12 tiép tuyén cha 4 thiy = %_+ll & hé sau cé nghiém

I —

21+ 1
To=-k-c | a=0=c=1
T -1 =
_($—1)2=_3 z=2=c=11
Ddp dn dungla C. 0
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GIAI BAI TAP 1.103. Dudng thing vudng gic véi dudng thing z—2y+1 = 0 cé phuong trinh
2z2+y+c=0.
Duting thing nay 1 tiép tuyén clia d thiy = —z* + 32% — 3 ¢ hé sau cd nghiém

2r+3 ——z—c :r—3=> _ 2
2z -} - =TT Ty
8 __, :’{ T8
2z — 12 T=myTesg3
Viy dép dn 1a C. w

GIAI BAI TAP 1.104. Puiing thing vudng géc voi dudng thing x —9y+2 = 0 cé phuong tinh
9z+y+c=0.
Puding thing nay 1 tiép tuyén clia db thiy = —z° + 3¢ — 3 <> hé sau ¢6 nghiém

{w-a:3+3x2—3=—9:r—c g=—-l=c=8
=

2 = -
—~3z2° + 6x = -9 =3 c—=_24

Ddp én ding Ia B. a

GIAI BAI TAP 1.105. Duding thing y = az + btiép xic v6i dd thiham sdy = 23 + 222 —z -2
tai diém M (1;0), nén M(1;0) 12 ny 1#ém ctia hé

22 +22—g—-2=az+b - a=26
322 +4z—1=aq
Pdp dndinglacC. )

GIAI BAI TAP 1.106. Tip xic dinh R.
¥ = 32% + 1 > 0¥z € R, Khong tdn tai hai diém x,, 2o ma y' (z,).¢/(z2) = —1.

Dap dndingla B. O
AP 2 N, 5.5 , _5 . 1

GIATBAITAP 1.107. y=3z° -2z +2=3 :I.‘—g +§2§.'ymm=§t§n:c=§‘

Ddp dn diing 1 D. a
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CHUONG 2
HAM SO MU VA HAM SO LOGARIT

CHUYENDE 2.1 —
Céc bai tap van dung cac cong thic bién doi

A. TOM TAT LY THUYET
1. Liiy thita

-n r = Ygm

HE

1
ea"=ga..aq;a" =1ja "= —;a"=a
a’l

» V0ia,b>0;x,yc R, tacd

a® . a® a\ =
T,y . Yy, Y z-y, <Y _ wy. T z, Z_ _ (2
aa¥ = o™V, — =a"; (@)’ =a™; a"b* = {(ab)*; —()

2. Logarit

s VOil<as#1vab>0,tacéz =log, b a”™ =b.
e VBi0<a#10,b1,be>0a0eR, tacd

+) log, (b1bs) = log, bl+logabg; 1og,,b2 log, by —log, by;

+) log, b* = erlog, b; log,, b = —log, b;

+) log, b= :2::2; log,a b = ;logab {x#0); log,b= lo__gl;,_a (b#1).
e Pachiét, véi0<a#1;d> 0, € R:

+) log,1=0.

+) log,a =1,

+) log,e" 2 a,
1
+) log, o= -1.

+) '8 = p,
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B. CAC DANG BAI TAP

Dang 1: Déng thitc va bit ding thitc don gidn
Vi dang todn nay ta cin vin dung cdc cong thiic bién déi mét cach chinh xdc. Khi gap bt
déng thitc cin ddc biét chu ¥ xem cd sb clia ham md, 16garit16n hon hay bé hon 1.

Vi DU 2.1 (Dé Minh hoa THPTQG 2017). Cho cic 56 thuc dudng a,b vdia # 1. Khdng dink
nao sau ddy la khdng dinh diing?

A.log,z(ab) = % log, b B.1og,a(ab) = 2 + 2log, b
1
C.log s{ab) = %loga b D.log2(ab) = % +3 log, &
GIAIL Tacé L ) 11
log,z{ab) = 3 log,(ab) = 5(10&; a+log, b) = 3 + 3 log, b.
Vay dap an laD. a

Vi DU 2.2 (Dé Minh hoa THPTQG 2017). Cho cdc sb thuc duonga,b théamanl < a < b.
Khdng dinh nao dudi ddy 1 khéng dinh diing?

Alog,h<1<logyn B 1 <log,b<logya

Clogya <log,b<1 D.logya <1 < log, b

GIAI Ham z v log, z dbng bién trén (0, +00) khi ¢ > 1. Cho nén gid thiét 1 < a < bkéo theo
log, b > log,a=1valog,a <log,b=1.
Vay dép én la D. o

Dang 2: Gi tri ctia ham mii va logarit |

Ta xét bi todn tinh gid tri clia mat bidu thitc 16garit theo gia tri clia mat sb ogarit cho trudc.
Ta thudng viét biéu thiitc 1agarit cin tinh toén dudi dang mot bidu thitc ctia nhing légarit
An

"nguyén t4". Cic bién d8i thudng diing la:

1. log,(z*y") = alog, = + Blog, v;

N T i
- OBaoys O log,(z*y#) ~ alog,z +Blog, ¥’
3. log, b = log, a.1og, b; logah = ]ogl,, — a€ dua vé logarit da cho.

ViDU 2.3 (D& Minh hoa THPTQG 2017). Dita = log, 3, b = logs 3. Hay bidu diénlogg 45 theo
a vab.

: 2ab 2
Alogg 45 = “:b“ B.logg45 = 3—“—-@%‘3—[’
a+ 2ab 202 — 2ab

 logg 45 = 2 229 , _ 20"~ 2ab
Clogg 45 = 3= D.logs 45 = =55
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GIAL Tacd thé viét
_ _logy 5 2 loggh 2
logs 45 = 10g65+2]og;63-10g36 log,6 1+logg2  1+logs2
b, 2 _a+
1+1/a 1+1l/a  ab+b’
Vay dap anla C. ]
z £ < q L
viDU 24. Neulogpq=\/5thzlog ‘/’F’a;/—ﬁ bang
A 1-3v5 B 11+3v5 c'11—2\/5 p -85
2 4 4 4
GIAL Tac a3 s 1
e _ we_ 2 _l=o_—
Iogmﬁ—logm‘/ﬁ 2log\/p—qq 1 2 Tog, VB4
_3 1 o3 .35 3EVE-1) | 11-3V6
=31 -t = 1 VPR 4 e
§(l+logqp) 1+ﬁ
ViydapdnlaD, a
C. BAI TAP TU LUYEN

BAITAP2.1. Cho0 < a # 1,b > 0,c > 0. Khing dinh nio sau day ding?

Alog, b>log, e b>c

C.log{bc) =log,e e b=1

Ba?>a&b>c

D.log,(b+c)=2ab+c=2a

BAITAP 2.2. Choa > 0,b > 0 thda man o? + b* = 7ab. Khiing dinh nao sau day déng?

Ine+Inb
—

C.2(na + Inb) = In(7ab).

A.3ln{a+b) =

B.ln(a+b)=g(lna+lnb).
a+b Ilna+lnbd

D,
In 3 2

BAITAP 2.3 (Dé Minh hoa THPTQG 2017). Cho ham s f(z) = 2°7% . Khéng dinh nao sau

day sai?
A flz)<lex+2’log,7<0
Cflz)<lezlog;2+22<0

BAI TAP 2.4. Khingdinh nio sau day sai
A2VEHL 5 98

/3 2017 /3 2018
c.(l_T) >(1_7) .

B.flx) <1l zln2+2%In7<0

D flz)<lel+zlog,7<0

B. (\/5 _ 1)2016 > (\/i _ 1)2017‘
D. (ﬁ _ 1)2017 > (\/§ _ 1)2016.
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BAITAP 2.5. V3i0 < a # 1. Gid trj cla a'°5*(? bang
A4 B.8 c.2 D.16

BAITAP 2.6. Néu a = log, 3 va b = log, 5 thi log, ¥/360 bang

1 a b 1 a b 1 a b 1 a b
A,§+2+g B.§+6‘+§ C.§+§+§ D.—2-+§+€
BAITAP 2.7. Cho (v2—1)™ < (V2 — 1)*. Khi dé
Am<n B.an<m Cm=n Dm>n
A 1 N
BAITAP 2.8. Néulog3 = a thi -——— b
TAP 2.8. Neu log ot Togg, 100 bang
A.a? B.16a C. % D. 2a
. 32 YA .
BAITAP 2.9. Gié tri biéu thitc log, i%@ bing
16 67 22 62
A.? B'E C‘? D.l—5
N : P S Vo,
BAITAP 2.10. Cho log, b = /3. Xhi d6 gid tri ciia biéu thic log 5 7 bing
V-1 Vv3i-1
AVI-1 B.V3+1 C. D.
V3+2 Vv3-2
BAITAP 2.11. Khing dinh nio sau day sai
A.log_;n.=log%b®a.=b>0. B.log%a>log%b=ba>b>0.
Chz>0ez>1 D.log,z <0 0<z<1
[N 2 1 N s
BAITAP 2.12. Néulogy z = 31083 0 — -logy b thi z bang
A ofp p. o 2 p
a — —_— —_—
BAI TAP 2.13.- Khing dinh nio sau day sai
A.logy ;0.8 < 0. B.log, 5 > 0.
C. logaa, 3 2017 < log,z, 2018. D.logy 4 > log4%
BAITAP 2.14. Néulog, b= —2valog, ¢ = 5 thi log, “e‘f bing
[+
-4 -5 5 2
A'T B.—3— C‘§ D‘§
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BAITAP 2.15. Néu logy; 5 = a, logs 7 = b v log, 3 = ¢ thilog,, 35 biing

: b+3

A~3b—§-2ac B, 3b+ 2ac C.3 + 3ac
c+3 c+2 c+2

BAITAP 2.16. Néu log, 3 = q, log, 5 = b thilog, V135 bing

b

a 1
A.§+b _B.g(a+b) 7 C.a+§

. R 49
BAI'TAP 2.17. Néulogy; 7 = a,log, 5 = bthilog g5 = bing

9 1 9
Al2a+s B.5(122—0) C.12a -

BAI'TAP 2.18. Néulog,q= 5 thilog 5 %’ bing

- 1-—
A 3v5 g 1 +3vE c L 2458
3 4 4
D. LO1 GIAI VA DAP AN
GIAIBAITAP 2.1. :
_ log,(bc) =log,c s bec=ceb=1.
Ddp dn diing la C.

GIAI BAITAP 2.2. Tact

a® + b2 = Tab & (a + b)? =9ab¢:’>]n%b =
Dép dn ciing la D.
GIAT RAITAP 2.3.

2) <12 27 <1 rlog,2+12log,7 < 0. &
2 2

Dip dn diing la D.

GIAIBAITAP 2.4. Vi0 < V3 — 1 < 1nén (V3 — 1)1 < (/3 — 1)218,

Ddp dndungla D,

GIAI RAITAP 2.5. Ta g

QloBazt = ghlogud = fleg d = g =2,

C6 thé thay a = 2 thi ta thu ngay dugc két qua la 2.
Ddp én dung la C.

Ina+Ind

D. 3b + 3ac
c+1

D.3(a +b)

D.12a ~ %

11-35

D-—7

z>0,1+zlog,7<0

2<0,1+zlog,7>0

a
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GIAIBAITAP2.6. Tach

1
log, V360 = %101;2(23.32.5) = §(3+ 2log, 3 + log, 5) = é(3+ 2a+b) = -;- + % + %.

Dadp dn ding 14 D. ]
GIAIBAITAP2.7. Do0 < V2-1< 1nén
(V2-D)" < (V2-1)"em2n
Ddp dn dung la B. a
GIATBAITAP 2.8.
——— =log4081 = log: 3% = élog3 = 2a.
logg, 100 2
DdpadndunglaD. a
GIAI BAITAP2.9. Tacé
log, —aaﬁﬁ = log, ¢**3*3"3 = log, o = %
Dap dn diing ié D. u|
GIAI BAITAP 2.10. Tacé
log &5 % =log (\/Ts\fa:) =1+log%§a’f‘ =1+-;—log3§a=l+% 1\/5
log, Y
1 1 1 3-1
=1+§%logub—1 RV St :;—5—2'
Didp dn diing la D. a
GIAI BAI TAP2.11. Khingdinh 6 Bsaivilogy a > log; b¢»0 < a < b.
Dadp dn diing la B. a
GIAIRAITAP 2,12, Tacé
logy =z = gIog; a~ llogx beslogyz=log; (af.b"¥) @z =0abp73,
z 3 ©3 5 °% 3 z
Ddp dn diing la C. a
GIA] BAI TAP 2.13. Khing dinh & A s2ivi0.3 < 1 nén log, 3 0.8 > logg 4 1 = 0.
Ddp dn dingla A. a
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GIATBAITAP 2.14. Tac6

av'h 1 1 5 5
—_—= =1 -] =1~-1— == ——,
log, 7 1+2 og, b zl0g.c 1 3 3
Ddp dn diing la B. m]
GIAI BAITAP 2.15. Ta ¢b
: 1 1
a=logy; 5= §~log3 3,b=logg 7= 3 logy 7
1 1 1 1
= 1 = =
10g1235 = log1, 5 + 10812 7 = 15 5 + 100 75 = 2log, 2 + logg 3 | 2log; 2 7 logs 3
_ 1 1 _ 3ac+3b ’
T 1Y T e T e
3ecc 3¢ 3b 3 )
Pdp dndungla C. a

GIAI BAITAP 2.16. Tact

log, V135 = %logg(Bs.S) = >(3logy 3 + log, 5) = %(3«1 +b).

S

Dap dn dungla C. ]
s A . 1 o
GIAIBAITAP2.17. Tacba =logys 7= 3 logs 7. Cho nénlogs 7 = 2a. Suy ra
4
1og\a,g§9 = 3(2logs 7 — 3logs 2) = 3 (2.2a— %) =12 - %
Padp dn dungla D. a
GIAI BAI TAP 2.18. Tacé

Elo —1—§ 1 1
3 8P "= 3iog, g

q _ 9,/q
log /7 5 = 16w g

_3 1 -3 (=38 L _3A(VE-1) | 11-3V5
T2l Tia LT VB+1 4 T Ta
2(l-Hog,lp) 1+\/5
Ddp dn dinglaD. ., a
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CHUYENDE 2.2 -
Ham so mi va logarit
A. TOM TAT LY THUYET

1. Khi fim tap xéc dinh clia ham sb cin chii ¥ mét s8 diém sau:
» Thuc chét bai toan tim tdp xdc dinh ciia ham s Ia bai todn gidi bt phuong trinh
hay hé b4t phuong trinh.
o Ham sb log, z xdc dinh khi0 < e # 1 vaz > 0.
o Ham ciin béc chin %/7(z) x4c dinh khi f(z) > 0. Him phan thic f—(lm—)- xéc dinh
khi f(z) # 0.

« Khi phaikét hgp nghlem clia cic bét phudng trinh ta ¢é thé biéu dién cac nghiém
trén cing mgt truc sb dé thu dugc nghiém chung.

e C6 nhitng "meo” d€ loai céc phudng an khong thich hgp nhu: Khoang ngluem
chita nhung phén titla nghxem clla f(x) tronglog, f(z} trong khoéng nghiém cé
nhiing gi4 trj "chdn" hodc dAu mit (clia khodng) 1Am ham s khong xic dinh.

2. Mot s6 luu § khi di tim dao him clia mdt him s (6 chita him mi vi lagarit):

» Cong thic tinh dao ham ctia him mii va légarit: (¢*) = a® Ina va (log, 7)’ = R
+ Cdng thic tinh dao ham, quy tic tinh dao ham cfia ham hgp.

B. CAC DANG BAI TAP

LDgng 1:Tép xac dinh cha hém?é‘

ViDU 2.5 (Dé Minh hoa THPTQG 2017). Tim tdp xde dinh D ciia ham séy = log,(z? -2z —3)
A.D = (—o0; —1] U [3; +o0). ' B.D=[-1,3.
C.D =-(—oo; —1) U (3; +o0). D.D =(-1,3).
GIAI Hamsb y= log,(x? — 2z — 3) xdc dinh khi va chi khi
2} -2 -3> 0 &z € (~o0;—1) U (3; +ca).

Vay dap dn diing Ia. C. 0
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Dang 2: Dao ham

Vi DU 2.6 (D¢ Minh hoa THPTQG 2017). Tinh dao ham ctia ham s6y = 13°.

Ay =213"71, By =13*In13.
13¢
! = 13% Dy=—",
Cy =13% ' Y ni3

GIAIL Cong thiic tdng quét ciia dao him ham s mii1a (¢?)’ = a®Ina v6i0 < a # L.
Viy dép dn diing la B.

2 3 . » N z r+ 1
VIDUY 2.7 (Dé Minh hoa THPTQG 2017). Tinh dao ham cua ham sdy = E—;—

_1-2(z+1)In2 1+2(z +1)In2

Ay YT . By = —
C.y,gl—z(;;-l)ln? D_y,=1+2(:;;1)1n2_
GIAL Tach
s @t 1)'4’(;§§ ) G (m( 4+;)12)4z 4 _1- 2(:54:— D2
Vay dip én diing la A, |

viDu2.8. Hamsby = %z}:’e’ théa man phuong trinh ndo?

Ay —y =e(z+1). _ By —y =e(z—1).
Cy'+y =e*(z+1). Dy’ —y =" (-2 +1).
GIAL Tacé

1 1
Y = ze® + E:rze’, 9" = e® + 2we® + é-:cze’.

Quan sat cac phudng trinh trén ta thay chi ¢6 phuong trinh § A théa man.

Viy ddp dén diing 12 A. a
C. BAITAP TU LUYEN
BAITAP 2.19. Tip xic dinh ciahamséy =In 3x5f 5

A (=00;0)U(2; +00) B.(0;2) C.0:2] D. (2; +o0)

BAITAP 2.20. Tip xéc dinh cliahamsby = vinz + 2 1a:

A. [e%; +o0) B. (0; +o0) C. L—lz; +oo) D.R
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s A ; 10—z
TAP 2.21. ac di Gahamsby = e 22
BAXITAP 2.21. Tap x4c dinh cua ham so y = logy x2—3x+21a'
A (1; +c0) B. (—o0; 10) C.(—o0;1)U(2;10) D.(2;10)

BAITAP 2.22. Tip xic dinh ca ham s6 y = In(—z? + 5z — 6} L&

A.(—o0;2) U (3; +o0}  B. (0; +00) C. (—00;0) D. {2;3)

BAITAP 2.23. Tap xéc dinh clia him sb y = v/—222 + 55 — 2 + In — -l

=2 —

A (1;2] B.[1;2) ' C.[12] D.(1;2)

BAITAP 2.24. Tap xac dinh clia ham sb y = log zzp5(V1 + 427 — 1) la:

N NEUR e

C. —%;—{-oo \ {0} D. (—§;+oo)

BAITAP 2.25. Cho 0 < a # 1. Phét bifu ndo duéi day ding ?
A. Tép xic dinh cfia ham sé y = 2 14 (0; +c0}.
B.Tépgid triclahamsby = log, z 1A R.
C. Tap x4c dinh ciaham sb y = log, z 1A R.

D.Tap gid tri chahamsby = o* AR

BAITAP 2.26. Tap xéc dinh cha ham sby = \/21—_:0 +lz - 1)k
A, [1;+00) B.R\ {2}
C.(1:2) D. (—o0; 1) U (2; +00)

BAI'TAP 2.27. Tap x4c dinh clia him s6 y = logs(logy (= + 1)) 1&:
A (10 B.(-1;0) A C. (—15+40cc) D. (0; +o0)
BAITAP 2.28. Ham clia him s y = In(2? — 2ma + 4) ¢6 tip xic dinh D = R khi:
Am<2 B.2<m<2
Cm=2 D.m >2hodcm < -2

BAITAP 2.29. Pao ham ciiaham sb y = = bing:
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Ay =z z+Inz) - By =z°(lnx+1)
..C'.'y'=:c?'t ’ ) D.y =zlhz
BAITAP 2.30. Dao him ciia ham s8 y = sin(2z) ln*(1 — z) 1a:
. In(1 —
Ay = 2cos(2z) (1 ~ z) — M—ﬁ
. ‘ ' 2si
B.y' = 2cos(2z) In*(1 —z) — sli_(zxfl
" C.y' = 2cos(22) Ia*(1 ~ z) — 25in(22) In(1 ~ 7).
D.y' = 2cos(2z) + 21n(1 — z)
oo o e s & 25 -1,
BAI TAP 2.31. Daoham ciahémsoy = = la:
2 7 2 T 2 - i 2 = 2 —2
= (2F¥ i Ly = (5)f s 5
Ay (5)21n5+511n5 B.¢ (5)2 nz 51111
! — w2yl _ o y®-1 ! — £y Zy=-1
C.y =2(3) - a(3) D.y/ =2(3)* +(3)
BAITAP 2.32. Dao ham cép 2 tai z = 2 clia ham sb y = In(z? + ) la:
13
A. 36 B.-—-gé C.2Iné6 D.-13
BAI'TAP 2.33. Dao ham cfia himsé y = log2(2z + 1) 1i:
. 2log(2z+1) B = 4log(2z + 1)
V= Bz + D2 V= 2z )m2
2log(2z 4+ 1) 2
Ly = 2OBET ) Dy = — = —
Cy 2 +1 V= lz+1)m2
BAITAP 2.34. Dao ham cliahimséy=In(z® +z + 1}la:
1 241
Ay = —————s LY = ——
y In(z?2 +z +1) B.y Z2+z+1
, 2z+1 , 1
VY = ————— Dy =—5—"—
'Cy In(z2 4z +1) Y= rPyz+1
BAITAP 2.35. Daoham taiz = % cliahimsd y = % 1;
A% h B.V3e C.—e¥ D. —V3e
BAITAP 2.36. Dao ham cliaham s y = z°In(z®) tai z = 3 bing:
A.9+4+mn3 B.9+6In3
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BAITAP 2.37. Dao ham clia ham 56 y = ln® 2z 1a:

Ay =8In2z B.y’:%lns(Zx)
C.y = 4In*(2z) D.y = glns (2z)
BAITAP 2.38. Himséy =1In Z :_ 7 thda mén phuong trinh:
Azy+i=¢' Biay —1=—¢'
Cay +1=—e¥ . D.zy —1=¢¥

BAITAP 2.39. Ham s6 y = (z + 1)¢** thda man phutong trinh nao?

Ay -6y +9y=¢". B.y" -6y’ + 9y =0.
C.y" 46y + 9y =0. D.y" +6y' + 9y = 10ze*.

D. LOI GIAI VA DAP AN

GIAI RAI TAP 2.19. Ham sb x4c dinh khi

325f6 >0« 2>2 hodc z<0.
Ddpdndingla A a
GIAI BAI TAP 2.20. Ham s6 x4c dinh khi
hz+2>0e0kha> -2 x>1/
Ddp dn dungla C. a
GIAI BAI TAP 2.21. Ham s6 x4c dinh khi
x—ﬁ_% >0z € (~é0;1) U (2 10).
Ddp dn diing la C. O
GIAI BAI TAP 2.22. Ham sb xac dinh khi
~2* 452 -6> 0z €(23).
DBép dn diing la D. a
GIAI BAI TAP 2.23. Ham sb xé4c dinh khi
~2:*+52-220 lea<o
2 - @827 T Sl<z<2
{“’”1>0 {z<—-1 hoic z>1

Dap dn dung la A. a
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GIAI BAI TAP 2.24. Ham s6 xéc dinh khi

2 1
{3:1:+2>0,3z+2¢1 ﬁ{m> —-3—,::7&—5 @ze(—g;’fm)\{qé,ﬂ}-

V1+422-1>0 z#0
Ddp dn ding la A. u}
GIAI BAI TAP 2.25, 'Phit bi€u A sai vi ham mil ¢6 tp xdc dinh 1A R. Phat biéu C sai vi ham
16garit chi xic dinh vdi z > 0. Phat biéu D sai vi tip gid tri cia ham mii 12 (0; +o00). Chi cé
phét biéu B 12 diing.
Vdy ddp dn dunglaB. a
GIAI BAI TAP 2.26. Ham sb xéc dinh khi

{i:fzg @{;zf sl<z<
DdpdndungliaC. a
GIAI BAI TAP 2.27. Ham sb xé4c dinh khi
logi{z+1)>0&0<z+1<1e-1<z<0.

Ddp dn dungla B. . a
GIAI BAI TAP 2.28. Ham sb c6 tip xdc dinh D = R khi

22 2mz+4>0VzcRe (c-mP4+4-m?>0VzeR®4~-m? >0 m| <2
Ddp dn diungla B. ’ O
GIATBAITAP 2.29. Tacdlny = zInz. Dao him hai vé ta dude

s

y; =lhz+l=y =y(nz+1)=2%(nz+1).
Ddp dn dungla B. ' a
GIAI RAITAP 2.30. Tacé

3 = (sin(2z)) In?(1 ~ 2) + sin{2z) {In?(1 — 2))' = 2cos(22) In?(1 — z) — M(l—_xl

I~z
Véy ddp an diing la A. a
GIAIBAITAP 2.31. Tac
X 2 Loa 2
= ((2YE _5-2) = (2= z —x
Y ((5) 57%) (5) ln5+5 In 5.
Ddp dn dingla A. O

74 Luong Ditc Trong-Nguyén Nhu Thang-Kiéu Trung Thily



sphook.un CHUONG 2. HAM $O M VA HAM 56 LOGARIT

GIAIBAI TAP 2.32. Taco

, 2+l ,,___2::2+2:c+1 13
Y=z ¥ T z%(z + 1)2
Ddp dn diing 4 B, ' a
GIAIBAITAP2.33. Tac

r_ 22logy(2z41)  4logy(2z +1)
T @r+1)l2  (2z+1)ln2°

Dap dn diing la B. a
GIAIBAITAP2.34. Tach
,_(F2+z+1)  2r+1
T o2tz +l  Rhz+l
Ddp dndungla B. [}
GIAY BAITAP 2,35, Tacé
T
¥ = (cos2x) e = _2sin(2z).e%5 % = y’(%) = -2sin §.3m 3 = —3c.

Ddp dn ding Ia D. o

GIAIBAITAP2.36. Tacby = 3z°Inz =y = 3(2zlna + z”é) = 3(2¢lnz + x)
=4/(3) =3(6u3+3) =9+ 18In3.
Ddp dn dingla C. O
GIAT BAITAP 2.37. Tacé
Y = 41n°(22)(In 2z)’ = 41&(2:)% - g 1n*(22).
Ddp dn dungla B. ' . O
GIAI BAITAP 2.38. Tach

1 T 1
(o LA S —~
Y =(~Inz+1) :r.+1=>zy r+1 1+a:+1

Pdpdndingla A ‘ 8]

=-1+e! =y +1=e¢.

GIAI BAITAP 2.39. Tacéy' = (3z +4)e*, o' = (9z + 15)e%®
y" — 6y + 9y = (9 + 15)e% — 6(3z + )€™ + Yz + 1)e** = 0.
Pdp dn diing la B. a
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CHUYEN BE 2.3 —
Tinh don diéu ctia ham mi va ham l6garit

A.TOM TAT LY THUYET
1. Khia > 1, hai haim sb o~ vi log, z ddu ddng bién; khi 0 < a < 1, hai ham sb o valog, =

déu nghich bién.

2. Néu f'(z) > 0 trén khodng  (va chi bing 0 tai hitu han diém) thi ham ddng bién uén
khong I. Nguoc Iai, néu f'(z) < 0 trén khoang 7 (vi chi bing 0 tai hitu han diém) thi
ham nghich bién trén khoang 1.

3. Khidao ham d6i du tit m sang ducng qua r, thi ham sé dat cuc tiéu tai zo. Ngude lai,
khi dao ham d6i du tit dudng sang 4m qua z, thi ham sé dat cuc dai tai «,.

B. CAC DANG BAI TAP

Dang 1: Tinh ddng bién, nghich bién vi cic tri clia ham sé

viDU 2.9. Himséy = me dong bién trén
A. (0; +00). B. (%; +oo) . C. (0;e). D. (& +00).

GIAL Ham sb xac dinh trén (0; +c0)

1-Inx
f’($) = 2
Chonén f'(z) > 0khiz € (0;e).
Vay dép an dving la C. a
VfDI_I 2.10. Hamséy = z* — In(2z + 1). Khdng dinh ndo sau diy diing
1-4In2 1—-4ln2 . 1
A»yCT‘:TI‘?'x:L .B.yCT=——'--4—1—n—-t‘alz='-.
1-4ml2 . 1 In2 .
C.ycgg:,—n taiz =~ D.yccg=-l—ﬁ—5—tqzz:=l.
4 2 4
GIAL Ham sb xdc dinh trén (—%; +oo). Tacé
2 . —
=2 2 _,u+s 1=2(z+1)(2z 1)
“ 2r+1 22+1 22+1

Nény' = Okhivichikhiz = % Déu clia dao ham déi tit 4m sang dudng khi qua % nén % la

diém citc tiéu. Tit cdc suy ludn nay ta suy ngay ra ddp 4n'la B.
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1+4n2
e T

C6 thé suy luan cach khéc nhu sau: Tai z = 1 gia tri cia ham s6 khong bang én hai
dap 4n A va D khéng dting. Tinh todn gid tri him sb tai z = 0.51 ta thiy né 16n hon 1-4ln2
Cho nén c6 thé du doan ddp 4nla B.

Viy ddp dan dung la B. g

iangz: Gi4 tri nhé nhét, gid tri In nhit cfia ham sb .

VIDU 2.11. Gid trilén nhdt ciaham sby = In*z — 2lnz — 2 wrén (0; %) I

Al B.0 C -2 D. Khdng co
GIAL Ditt=Inz. Licdét € [0;3]vay=¢2 — 2t — 2= (t— 1) — 3. Do dd gid trilén nhit1a 1

dat duockhit = 3.
Vay dép dn diing la A, a

VIDU 2.12. Tich cila gid tri Ion nhét va gid tri nhé nhdt cia him sy = /22 + 3—zlnz trén
[1;2] bang

A 4ln2—4v7 B.V/7—4In2 C.4In2 — 37 D.2v/7~41n2
GIAL Tacé z
'y=m—l—luz<0, -LG[].,2]
Diénh gid cudi ciing ¢6 dugcladonz > 0va ﬂia < 1khiz € (1;2). Cho nén gié tri nhd

nhét dat dugc tai z = 2, gid tri 1én nhit dat dugc tai z = 1. Ta thiy y(1)(2) = 2(v7 — 2In2).
Nén tich cAn tim 14 2(v/7 — 21n2),

Vay dép an diing 1 D. g
C. BAITAP TU LUYEN
BAITAP 2.40. Gi tri nhd nhit chahimsé y = (22 + 4= + 1)e*~? tén [—2; 3] &

A 22¢ B.—% c.—e% D.e-67-

BAITAP 2.41. Cho hamsby = —

- a 2 by -~ -
parE Ménh dé nao sau diy ding?
f e:z

Tt

B. Ham s6 dat cuc daitaiz = 0.

Ay

C. Ham sb dat cuc tidu taiz = 0.

D. Him 56 déng bién trén R \ {1}.
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BAI TAP 2.42. Trong cic ménh dé sau, ménh dé ndo ding?

A.Ham 8 y = log, # vdi a > 1 nghich bién trén khodng (0; +0).

B. I'-Iim s y = log, T V10 < a < 111 ham ddng bién trén (0; +00) .

C.Him s§ y = log, z v6i0 < a # 1 c6 tdp xdc dinh 1A R.

D.D3 thihaihimsby =log, cvay =logy = d6i xting nhau qua truc hoanh.
BAITAP 2.43. Ham sé y = = Inz déng bién trén khoang;

A (0;+00) B.(Z:00) C.(0:1) D.(6:2)
BAITAP 2.44. Ham sd f(z) = ze~® xic dinh trén I = [0; +00) . Ménh d& n3o sau ddy ddng?

A max f(z) = %zr;xeirlx fz) = —%-

B.mex f(z) = Z;min f(z) = 0.

C.min f(z) = % khong t3n tai gié tri 1n nhét clia f(z) trén 1.

D max f(z) = % khong tn tai gid tri nhé nhit cla #(z) trén 7
BAI'TAP 2.45. Hamsby = 1%

A. C6 mét cuc tidu B. C6 mdt cuc dai

C. Khong ¢6 cuc tri D. C6 mét cuic dai va mét cuc tidu
BAITAP 2.46. Ham sby = e + ¢~* ¢6 bao nhiéu cyc tri

A0 B.3 C.2 D.1
BAITAP 2.47. Cho ham sy = = — . Khing dinh ndo sau day diing

A, Ham sb dat cyc tiéu taiz = 0 B. Ham s6 khong xdc dinh taiz = 0

C.Ham s6 dat cuc daitaiz = 0 D. Ham s6 khang dat cuc dai taiz = 0
BAI TAP 2.48. Gid tri nhé nhét, gia trj 16n nhit cha f(z) = Z—: trén [~1; 1] theo thit tur 1a:

AOvaZ .~ B.Ovc C.%vée D.1vic
BAITAP 2.49. Gié tri nh nhit clia ham sby = 49" 4 4" = |3

A 2n B.5 C.2 D.4
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BAI'TAP 2.50. Gid tri nhd nhét, gid tri 16n nhét cha ham s6 y = 2! trén [~2; 2] theo thi ty 1a
1, 1., 1., R

A_—Zva4 B.Zva4 C.Zval D.1va4
BAITAP 2.51. Gia tri 16n nhit clia ham sd y = z%" tén [-1;1] I3

A % B.e C.0 D. 2
BAITAP 2.52. Gi4 tri nhé nhit cliahamséy = z? - 41n(1 ~ ) trén [-2;0] 12

Al B.1-4in2 C.0 D.4—41n3
BAI'TAP 2.53. Gi4 tri nhd nhit cliahamsby = ¢%(z — 2)? trén [1; 3} la

Ae B.0 C.e® D.e?

~ ? -~ Pd ”
D. LOI GIAI VA DAP AN

. s . ey . . o i 2 2

GIAI BAI TAP 2.40. Quan sat théy cé hai phuwong &n chifa gi tri am. Ta ¢6 y(—1) = s va

2 . ey 1w o1 2
y(-2) = —%. Tuy nhién -5 < _}337 nén gi4 tri nho nhatséla -
C6 thé khao sit ham sb dé di dén k&t qua nhu cac bai tap trudc.

Ddp dn dingla C. a
GLAIBAITAP2.41. Tach
) ,_e(x+1)-e*  ze*
T (412 T (z+ 1%

Dodéy =0khivachikhiz =0vay déidéutfxémsangduong quaz =0.Dodéz=01a
di#m cuc tiéu ctia ham sb.

Ddp én dung la C. a
GIAI BAITAP2.42. Viy = logy = = —log, z, d6 thi hai ham sb y = log, z va y = log 7 di

xing nhau qua truc hoanh.
Ddp dan dung la D. ]

GIAIBAITAP2.43. Tacty = Inz+1.Nény' > 0khiva chikhilnz +1> 0 3> =,
€
Ddp an dung la B, ]

GIAI BAITAP2.44. Taco f'(z) = ¢~ ~ze™® = (1 — z)e~". Nény' = 0 khivachikhiz = 1.
Hon nita dao ham ddi d4u tit duong sang m qua nghiém z = 1. Suy ra ham s dat gid tri lon
nhittaiz = 1va f(1) = %.Do f(0) = 0va f(z) > 0 véimoiz € [0; +00) nén ham sb f(z) dat
gi tri nhd nhét bing 0.

Pdp an dungla B. o
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| S P . . 1-loz . C s yeyas
GIAI BAI TAP 2.45. Ham s6 xdc dinh khiz > 0. Tacé ¢’ = xz'”. Nény’ = 0 khi va chi khi
z = e. Hon nita dao ham ddi d4u it duong sang dm qua nghiém = = e. Suy ra ham sé dat cuc
daitaiz =e.
Ddp dn diing la B. a

GIATBAITAP 2,46, Tacly' = ¢* — ¢~* = 0 khi va chikhiz = 0. Dao ham d8i ddu quaz = 0
nén ham s6 ¢6 1 cuc .

bdpdndinglaD. a
GIAIBAITAP2.47. Tacby/ = 1 — ¢* = 0 khi va chi khiz = 0. Dao him déi diu tit dudng
sang 4m qua z = 0 nén ham sb dat cyc daitaiz = 0.

Dép én dung la C. a

GIAIBAITAP 2.48. Tach f'(z) = -”‘(—Ie;-?—). Nény =0khivichikhiz=0(o-1<z < 1).
Tacé f(—1) = e, f(0) =0Va f(—1)} = % Cho nén gi tri 1dn nhit 14 e va gid tri nhd nhit 14 0.

Néu quan sat kj ta s& thdy f{—1) = ¢, (0) = 0 cho nén dip 4n diing phai la B.
Ddp dn dung la B. ) (@]

GIAI BAI TAP 2.49. Theo Bét ding thic Cauchy ta ¢6

y=4sin=z+4mex > 2 [4sin? & geos? =2vVE = 4.

z z . 1
DAu bang x3y ra khisin®z = cos’z = 3

Ddp dn diing la D. a

GIAI BAITAP 2.50. Khiz € [~2; 2] thi |x] nhan gid trj tit 0 dén 2. Do d6 gid tri nhd nhitvalén
nhitthitula2® = 1va2? =4,
Ddp dn dung la D. a

GIAIBAI TAP2.51. Tacéy = z%¢® < e v8imgiz € [~1;1] va diu bing xdy ra khiz = 1. Nén

gid tri nhé nhit ciaham sd lae.

Viy ddp dn ding 1d B. . o
4 442222 2T -

422 TP Neny = oxhi

o, 1 -z, l—-x 1-z

vachikhi z = —1. Hon nita dao ham doi dau tit 4m sang dudng qua nghiém z = ~1. Suy ra

ham s6 dat gid trinhé nhttaiz = —1, y(~1) = 1 — 41n 2.

Néu quan st khéo ta s& thiy y(~1) = 1 — 4In 2. Day 13 gid tri nhd nhit trong 4 gié tri da cho.

Vivayddp dnséla B.

Didp dn dung la B. a

lc;mxﬁm;ip 2.53. Tathlyy = e*(z — 2) 2 0vay(2) = 0. Nén gi4 tri nhd nhét clia ham sé

a 0.

Ddp an diingla B. o

GIAIBAITAP2.52 Tacéy' = 2r +
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CHUYENDE24 — :
D0 thi ham so

A. TOM TAT LY THUYET
Mt s6 tuu ¥ khi gip bai todn tim ham sb khi biét dd thi clia né.

1. Quan sat d6 thi di cho xem dd ham dd thi di 1&n hay di xuéng. Khi dd thi di 1&n ham
tudng ing sé ting; con khi dd thi di xubng ham huong ving sé giam.

2. Quan sat xem db thi c6 tiém cdn ngang hay tiém cin diing khéng.

3. Quan sat xem do thi di quan nhiing diém dic biét nio, giao diém véi truc hoanh truc
tung 12 nhimg diém nao.

B. CAC DANG BAI TAP
VviDU 2.13, Khing dinh ndo sau ddy sai
A. DG thi clia hai ham sby = 27 viy ='10g2 T di xitng nhau qua dwong thdngz = y.
B. D6 thi cia ham s6y = log, x ndm phia bén phdi truc tung.
C. D6 thi ham sby = 2% vay = 1072 khong cdt nhau.
D. D6 thi hai ham sby = (-;—)’ vy = — log, = ddi xiing nhau qua dudng thingz =y

GIAL Ta da bit dd thj cac ham sb y = a® va y = log, z d6i xiing qua dudng thingy =z
nén cac khang dinh Ava D dung Iﬂlang dinh B cling diing vi tdp xdc dinh cliay = log, z 13
(0; +c0). Khang dinh C sai vi chiing cét nhau tai (0; 1).

Vay dép dn ding la C. O
VIDU 2.14. D6 thi sau la dd thi ciia ham sé néo
|
Ay=2*
1 T

B.y—- (5) +1

C‘ y= 2—1: 1 \

Dy=3 0 i

GIAL Haihim sy = 2% viy = 3% [ c4c him tidng nén dé thi cia cling i lén néu ta nhin tit
trai sang phai. Do dé cac dép dn A va D la sai. DA thi ham s8 nhéan truc hoanh lam tiém can

ngang nén dap an Phal 12 C (ham 56 & B nhan dudng thing y = 1 1am 1iém cén ngang).
Vay dap dn diingla C.
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Vi DU 2.15. D3 thi sau déy 1a db thi ctia ham'sé ndo?
A

Ay=2"-2
By=z-z%
Cy=2—-z-1
Dy=xz(r—-1) (:r—%) 0 1

GIAZL Vi @b thi ham sd di qua cdc diém (0;0) va (1;0) nén cdc ddp an A va D khéng ding.
Parabol y = = — z* ¢6 b&16m quay 1én trén nén B ciing khong ding.
Vay ddp an dingla C. a
BAITAP 2.54, Phit bidu n3o dudi ddy khéng diing

A. Ham s6 y = ¢“ khéng chin cling Khéng &

B.Hamsby = In(x + v/z2 + 1) laham 1&.

C. D4 thi ctia ham s6 4 = ¢* niim phia bén trdi truc tung.

D.Ham sb y = In(z + vz + 1) khéng chin ciing khéng 1&.
GIAIL Vi db thi him s y = ¢* niim phia trén truc hoanh chit khéng phai ndm bén tréi truc
tung (nhuham y = In 7).
Viy ddp én la C. a
C. BAITAP TU LUYEN
BAI TAP 2.55. Phat bidu ndo dudi déy khéng ding

A. Haiham s y = ¢* vd y = log,, z ¢ cling tap gid tri.

B. Hai d4 thi him sb y = o® vAy = log, = dbi xing nhau qua duding thing y = =.

C. Hai him s y = o® va y = log, = ¢6 cing tinh don diéu.

D. Hai d8 thi hAm s6 y = ¢” viy = log, = ddu cé tiém cin.

BAITAP 2.56. D9 thi sau ddy 1 dd thi clia ham s6 nao?

Ay=2% T
B.y=-2° 0 >
Cy=-27° ~

D.y = hi(—z)
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BAXTAP 2.57. D3 thi sau 1a dd thi clia ham s6 nao

Ay=38-z-1

0 1
B.y= e
Cy=-3+2z+1
Dy=zl+z
BAITAP 2.58. D4 thisau la dd thi clia ham s6 nao
Ay=2°
B.y=Iz >
0 0.5
C.y =1In(3z)
D. y = ln(2z) )
BAI'TAP 2.59. D3 thi sau 12 db thi ctia ham sé nao
. 4
Ay=lng
By=-Inz )
C.y = —In(2x) ol 1 —>
Dy=-~e=
D. LOI GIAI VA DAP AN

GIAI BAI TAP 2.55. Tap gid tri cfia ham y = * 1 (0; +00), trong khi tap gi4 tri cla hamy =
log, zlaR.
Dap dn diingla A. n}

GIAI BAI TAP 2.56. Ta thiy duding cong di xubng khi nhin tit tréi qua phéi. Cho nén ham sb
nghich bién. Ta loai dugc A va C. Phudng 4n D ciing khéng ding vi ham s xéc dinh ca khiz
am va dudng.

Ddp an dinglaB. a

GIAI BAI TAP 2.57. Ta thiy dudng cong di qua hai diém (0;0) va (1;0) nén cac phuong 4n
A, D khéng diing. Phuong 4n B ciing khéng ding vi bé 16m clia d thi quay lén trén.
Pdp andunglaC. a
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GIAI BAI TAP 2.58. Ta thiy dudng cong di qua difm (-;-;O) . Chi ¢6 ham s6 & phuong dn D
¢6 tinh chit nay. )

Pdp dn ding la D. ' a
GIAI BAI TAP 2.59. Dudng cong di qua diém (1;0) va di xudng (ching td ham nghich bién).
Chi ¢é ham 86 & phudng 4n B c6 tinh chét nay.

DPdp dn dung la B. a
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CHUYEN PE 2.5
Phuong trinh mi

A. TOM TAT LY THUYET
L a*=bez=1log,b
2. ' =p o flz) =log, bVéia > 0,a £ 1.
3. &/®) = ¢ & f(g) = g{z) via > Ohoica=1.
4. 6" >0 Va>0,z€R.
B. CAC DANG BAI TAP

Dang 1: Thit tnyc tiép nghiém

Trong dang todn nay ngudi ta cho phudng trinh va mét s6 phuong 4n ciia nghiér. Nhiém vy
clia ta 1a chon ra ding nghiém.

1. C6 thé thi trygc tiép titng phudng in véi s gitip 45 clia mdy tinh. Quan sit khéo d€ loai
ngay di nhitng phudng 4n sai.

2. C6 thé gidi phuong trinh dé tim ra nghiém.

3. Khi gidi phuong trinh chi § phudng phép dua vé cling cd. s6, dit 4n phy dé dua vé
phuong trinh dai sé.

- VIDU 2.16. Phuong trinh 4= =% 425" ~=+1 = 2 ¢4 nghiém la
A..'171=1,.'Ez=2 B..‘I:1=~1,$2=1.

C..’B] =0,$z=1. D.1:1='~1,:ZI2=0.

GIAL Tathdyz = 11a1nghiémva nghiém nay ciing 1a nghiém clia z? — z = 0. Him bic 2 ¢6
1 nghiérm nifa Ia 0. Phuong trinh ¢6 nghiém 0; 1.
Vay dapanlaC. O

ViDU 2.17. Phuong trinh 3%+* + 3>~ = 30

Az=0. B. VB nghiém. Cz=3. D.x =1

GIAIL Cb thé thit tnuc tidp dé thu duge nghiém = 1.

C6 thé ditng phudng phdp loai trit nhut sau. Ta thiy néu = = =z, 12 nghiém thiz = —z, ciing
12 nghiém. Cho nén A va C 13 sai. Mt khdc ham s6 3%+* 4 32~* phan ¢ gid tri 16n hon 30 va
nhé hon 30, Cho nén phuong trinh bao gid ciing ¢6 nghiém. Vi vdy D ciing khong diing.
Nhv v@y dép én la D.
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Vi DU 2.18. Phuong trinh 351555 =15 co nghiém la

Azr=1 - - Bz=2z=-log,5.

Cz=4. D.z =3,z =logz 5.
GIAIL Ta thil cic nghiém chin. RS ring = = 1 khong la nghiém nhung & = 2 lai la nghiém.
Dodé B phal la d¢4p én dung.
Vay ddp an la B. a
[angz: $6 nghiéml

1. Dé tim ra phuong 4n chinh xéc, c4ch "an toan" nht I4 tién hanh gidi phudng trinh,

2. Ham 1& f(z) luén c6 sb 1& nghidm vi f(0) = 0 vi néu z; 13 nghiém thi —z, cing 1 -
nghiém

3. Néu f(z) }aham chan ma z, 12 nghiém thi ~x¢ cling 12 nghlem Do d6 néu f(0) # 0 thi
phudng trinh ¢ s6 chén nghiém. Ngugc lai, phuong trinh c6 s6 1€ nghiém.

4. Chit ¥ tinh ting gidm ciia ham s6 d€ giai phutong trinh: Mgt ham ting hodc gidm s& cé
khong qué 1 nghiém.

5. Néu f lién tuc trén {a; 5] ma f(a) f(b) < 0 thi phuong trinh f(z) = 0 c6 1 nghiém trong
(e; b).

ViDU 2.19. $8 nghiém cita phuong trinh 3% — 3'~% = 2 ¢6 nghiém la
A. Vb nghiém B.3 C.2 D.1.
GIAL Ditt = 3= > 0. Phudng trinh d cho trd thanh
t-%:?.ﬁte—2t—3=0

Do d6 phuong trinh ¢6 1 nghiém duong va 1 nghiém 4m nén phuong trinh ban dauchicé 1
nghiém (ling v6i nghiém duong clia phuong trinh béc hai).
Vay dép dn la D. . a

VIDU 2.20. §6 nghiém ciia phuong trinh 3% = %a: +1ia
A2 B0 c1 D. V6 sé nghigm

1 - PY - 1 A = a Py . -~
GIAL Xétham f(x) =37% — 3¢-1.Ta thiy ham f lién tuc va nghich bién trén R. Hon nita

f(=3)>0,f (3) < 0. Cho nén phudng trinh ¢6 nghigm duy nhét,
Vay dap an la a

VIDU 2.21. 86 nghiém cila phuong rinh2® =4z + 114
A0 B.1 C2 D3
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GIAI Xétham f(z) =2°-4c-1.Ta théy ham f lién tuc trén R. Hon nita f(—2) > 0, £(0) < 0
va f(5) < 6. Cho nén phuong trinh c6 it nhét hai nghiém. Ta lai thayf (z) =2"In2-4=0

c6 diing 1 nghiém. Nén f(z) khong thé c6 qua 2 nghiém. Vay f ¢d diing 2 nghiém.
VaydapénlaC. O

[Dgzng 3: Tinh chit ctia nghiémJ

1. D& xem nghiém clia phudng trinh ¢6 tinh chit n3o trong cdc phuong 4n da cho thi cic
"an toan" nhat 13 gidi phuong trinh.

2. C6 thé udc lugng nghiém hay xét diu cha nghiém d& gitp tim ra dép sé.

VIDY 2.22. Phuong trinh 3% — 4.3% 4 1 = 0 ¢6 hai nghiém z, 7, trong dd z; < z,. Khdng
dinh nao sau ddy dung.

A2r1+3,=0 B.zy + 2z, =1 Cay+oa=-2 D.xjzy=1
GIAL Ditt = 3% > 0. Phuong trinh d cho trd thanh
2 1
3t -4t+1=0<=}t1=1,tz=§

Do d6 phueng trinh €4 nghiém 14 0 va —1. Cho nén phudng 4n B 1& ding.
Vay dap dn la B. a

ViDVY 2.23. Phuong trinh3'+* 4 31~ = 10
A. C6 hai nhiém dm. B. Vb nghiém.
C. Cb hai nghiém duong, D. C6 mdr nghiém dm, mgt nghiém duong.

GIAL Ditt = 3* > 0. Phuong trinh di cho trd thanh

3t+%=10#3t3—10t+3=0®t1=3,t2=

@ -

Do d6 phuong trinh c6 nghiém Ia 1 va 1.
Céch lap Iuan khdc: Ta thay néus = zpla nghxem thiz = —z¢ ciing 14 nghiém. Cho nén A

va C 14 sai. Mt khac ham s6 3'** 4+ 3!~ nhin ¢4 gid trj 16n hon 10 va nhé hon 10. Cho nén
phuong trinh bao gid ciing c6 nghiém. Vi viy B ciing khong ding.
Viy dap dnlaD. -

Dang 4: Bii toén chita tham sb

1. Bai todn cé tham sb trong thi tric nghiém thubng 13 bai todn dé. Cach lam ddn gidn
nhAt 1 ¢6 1ap tham sb rdi khao sit ham sb theo bién z.

2. C6 thé dua vé phuong trinh béc 2 c6 tham sb trong mét sb trudng hop.
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VDU 2.24. Tim m déphuong trinh sau cé diing ba nghigm 4~ — 27 2 + 6 =m
A2<m<3. ’ B.m>3.

Cm=2. D.m=3.

GIAI Tathiy néu r = z, 12 nghiém clia phudng trinh thi z = —2, ciing la nghiém. Do d6 dé
phuong trinh c6 ba nhiém thi né phai c6 1 nghiém dudng, 1 nghiém am vé 1 nhiém béng 0.
Thay z = 0 vao phuong trinh ta thu dugcm = 3.

Nhw vdy dap anla D. a

Vi DU 2.25. Tim m dé phuong trinh sau ¢6 ding ba nghiém 4% — m2°* + 2m = 0 ¢d hai
nghigm,, T, théamdnzy + zo = 3.

Am=4, Bom=2
Cm=1. D.om=3.
GIAL Phuong trinh c6 thé viét dugc duéi dang
22 - 2ms +2m =02 - 2mt+m =0, t=2%

Do @6 theo dinh ly Viet £,¢; = 2%:27% = 2m. Nen 2 = 2% va kéo theom = 4.

Nhu viy ddp dn la A, a
VIDU 2.26. Timm dé phuong trink sau c6 nghiém9* — 3 +m =0

Am> :11- B.m>0.

Cm< % D.m <.

GIAL Dit3* =t > 0. Phuong trinb da cho trd thinh
2~ t=-m,

NN 2 , R o 1 1
Miengidtrictahamt s ¢ ~ tkhit > 01a -7t .Dodé —-m € ——‘—1-,-}-90 .Haym < T
Céch ¥ap luan khéc: Ta thay 9 > 3% khiz > 0. Vivay khim > 0 phuong trinh chic chin v6
nghiém. Suy ra cic dap 4n Ava Blasai. V8im = O,phuungmnhtrd thanh 9° — 3* = 0vané

co nghiém z = 0. Suy ra D cling khéng diing. Vay ta chi con lai ddp én C.
Nhw vy dap dn la C. 0

C. BAI TAP TU LUYEN
- -3z
BAITAP 2.60. Phuong trinh (%) - 24" ~ 3(v2)** = 0.¢6 nghiém 1a

A -1 B.log, 5 C.0o D.log, 3
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BAITAP 2.61. Tich hai nghiém clia phuong trinh 225*+4=%~6 _ 9 92" +4="-3 4 1 _ g3
A9 B. -1 C1 D.9

3z-1
BAITAP 2.62. Phuong trinh 35~¢ = (%) c6 nghiém 1a

A3 B.1 C3 D
BAITAP 2.63. Tich cdc nghiém clia phuong tiinh 6° — 5% + 2% = 3° 14

Ad B.2 C.0 D.1
BAITAP 2.64. 56 nghiém cfia phuong trinh 22%° - 7+° = 1 13

A2 B.1 C.0 D.3
BAITAP 2.65. Phuong trinh e — 3¢% + 2 = ¢ c6 nghiém I

Am':ﬂ,z:l%% B.:n=—2,a:=lx;—2- C. Ddp dn khdc Dzr=0z=1
BAITAP 2.66. Phutong trinh (2 + v/3)° + (2 ~ v3)* = m cd nghiém khi

Am<h Bm<5b Cm>2 Dm>2
BAITAP 2.67. b nghiém clia phutong trinh 22+7 4 22~ = 1513

A2 B.0 . C.1 D.3
BAITAP 2.68. Phuong trnh 2.%0%a - geo’s _ 3 04 nghigm la

Az=(k+mkeZ B.x=§+21m,kez

c.x=§+kn,kez Dr=kmkeZ
BAI TAP 2.69. Tong cac nghiém cila phuong tiinh 3% + 9(§)’+1 -4=01a

A.-1 B.0 C.1 D.2
BAITAP 2.70. Phuong trinh x'984 4 41°¢= = 32 ¢ nghiém 13

Az =100 B.z =10,z =100 C.z=20,z=100 D.z=10
BAITAP 2.71. Tap tit ca céc gia tri clia m d€ phudng trinh 22*~! + m? — m = 0 ¢6 nghiém Ja
Am<0 BO<m<1

Cm>1 D.m <0hodcm >1
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'BAITAP 2.72. Tap tht ¢ cdc gia tri cia m ¢€ phuong trinh 227! +-2m? —m ~3 = 0 ¢é nghiém
&

i 1

A (0;1) B. (—1; %) C. (—-,2-;()) D. (0; +ca)

BAITAP 2.73. Phuong trinh 64.9% — 84.127 + 27.16% = 0 ¢6 nghiém I3
3

Axrx=1z=2 B. V6 nghiém C.2=Tgé,z=z Dz=-1z=-2
BAI TAP 2,74, Phuong trinh 9" +! — 3*°+! — 6 = 0 cé nghiém 2

Az=0 Bz=-lr=0z=1

Cr=-2z=0,z=2 Dz=lz=-1

BAITAP 2.75. Tim m dé phuong trinh 9% — m.3% + 1 = 0 ¢6 diing mét nghiém

Am=%2 Bm=2 Cm=-2 Dm>2

BAI'TAP 2.76. Phuong trinh 4™ % +6™% = 97 % ¢4 nghiém 1A

Az =log @,,g B.:t:=logg\/5~1
2 Bl
2 5—1
C.x=log¢glt, 3 D.z =logy 2

BAI'TAP 2.77. Phuong trinh (V2 — 1)* + (v2 + 1)* — 2v/2 = 0 ¢é tich cdc nghiém 12
A -1 B.1 C.0 D.2

BAITAP 2.78. Phuong trinh 22544 — 5.95+! 11 = 0 ¢6 tdng cdc nghiém 12

A4 B.5 C.—4 D. g
BAITAP 2.79. Phuong trinh 8.3% + 3.2° = 24 4 6 ¢6 tdng cdc nghiém 13 .

A4 B.6 C.2 ' D.3
BAI TAP 2.80. Phuong trinh 47+ — 2742 4 m = 0 ¢6 nghiém khi

Am<0 Bm>1 Cm20 Dm<l1
D. LOI GIAI VA DAP AN
GIAI BAI TAP 2.60. Dt 2= =t > 0. Phuong trinh di cho trd thinh

3 =0wtt+1)(t-3)=0at=3xz=Ilog,3.

Dép dn diingla D. ’ o
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GIAI BAITAP 2.61. Ta thiy néu =, la nghiém clia phwong trinh thi —zg ciing 14 nghiém.
Nhung hiéu nhién ¢ = 114 1 nghiém. Vi viy nghiém kia la —1. Tich hai nghiém khi dé 1a
-1,

Ddp dn diing la B. a
GIAIBAITAP 2.62. Tacé
i _ 32 Tz __ o6 — 6
:’32' = Sﬁ 3% =3 ezr= 7
Ddp dn dung la C. a

GIAI BAI TAP 2.63. Ta thly phuong trinth c6 nghiém = = 0 nén tich cac nghiém clia phuong
trinh [ 0.

Ddp dn dungla C. a
GIAI BAI TAP 2.64. Ta thiy phuong trinh tuong duding véi

22 —Te+5=00z=11

I
o)

Pdp dn ding la A. : a
GIAI BAI TAP 2.65. Dit €% =t > 0. Phuong trinh da cho trd thanh
t"’—3t+2=0©t=1,t=3=be3’=1,e3”=2©z=0,x=%ln2.
Dﬁp dndingla A [
GILAI BAITAP 2.66. Dit (2 + v3)° =t > 0. Phutong trinh d3 cho trd thanh ¢ + % = m, Ham
B 1 P cx i1 N N . ia
50 f(t) =t + n khit € (0;400) c6 mién gia tri 13 [2; +oo). Cho nén phudng trinh cé nghiém
khiva chikhim > 2.
Ddép dn dungla D. ’ . , a
GIAT BAI TAP 2.67. Ta thiy néu x, 12 nghism thi —z, ciing 12 nghiém va ¢ = 0 khong
nghiém. Ham f(z} = 227 + 22~ nhdn ci gi4 tri 16n hon va nhé hon 15 nén phudng tiinh
da cho ludn c6 nghiém. Suy ra phitang trinh ¢6 56 chin nghiém 13 2,4,...Chi ¢ phuong 4n 4
thoa man.
Dap dn ding la A. O
GIATBAITAP2.68. D3t 2°"'% =t > 1. Lkc d6 2°° = = gL~z = ?E
trd thanh

. Phuodng trinh da cho

2t—§=3®2t2—3t-—2=0@t=2.

Tt dé ta cé R n
Quin ’=2¢>sin2:z:=1®cosx=0¢x=5+kw. keZ.

Ddp dn dungla C. a
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GIAI BAI TAP 2.69. Phudng trinh da cho tuong dudng véi

3’-{-3%—4:0@(3’”)2-4.3’+3=0@3’=1,3”=3©z=0,$=1.
Ddp dn ding la C. |}
GIAI BAI TAP 2.70. Phuong trinh da cho tuong dudng véi
41o8F 4 41087 — 39 & 41987 = 16 = 4% ¢ Jogz = 2 ¢ = 100.
Véy ddp dn la A. ]

GIAI BAT TAP2.71, Ham 6 = = 2%71 c6 mién gid tri 1 (0; +00). Do dé phuong trinh cd
nghiém khi va chi khi ‘
m?-m<0e0<m<l

Ddp dn dingla B. ]

GIAI BAITAP 2,72, Ham 56 2 +» 27"~ c6 mién gid tri 14 (0; +00). Do d6 phuong trinh ¢é
nghiém khi va chi khi

3
2m2——m—-3<0®—1<m<§.
DdpdnlaB. a

GIAI BAI TAP 2.73. Thitlaita thdy = = 112 m5t nghiém ciia phuong trinh. Chi ¢6 phucng 4n
Alacé chita nghiém z = 1.
DdpdndunglaA. o

GIAI BAI TAP 2.74. Thit lai ta thay z = 014 modt nghiém ciia phuong trinh; z = 1vaz = 2
khong Ia nghiém. Do d6 dép 4n phaila A.
Ddp dn ding la A. a

GIAI RAI TAP2 75. Datt=3*> 0. Phuong trinh d4 cho c6 thé viét dudidang t? ~mt+1 = 0.
Do ac > 0 nén phudng trinh bac hai c6 hai | nghiém phéan biét thi hai nghiém cing 4m hogc
cung dudng. Da dé phudng trinh da cho c6 duing 1 nghiém khi va chi khi phuong winh béc
hai ¢2 — mt + 1 = 0 c6 nghiém kép dudng. Tit 46 ta tim duge m = 2.

Ddp dn dung la B. a

-1
GIAI BAI TAP 2.76. Chiahaivécho4™% vaditt = (g) > 0. Phuong trinh tr thanh

1+t=tet?—t-1=0at=

\/5"—1#(3>‘;=\/5“—1

2 2 2
1 “VE—1 1 3 3
@—;ﬂlog% 2 o -z \/3—1 log %_,5®x—log4ﬂ 5
log%
Ddpdndungla A a
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GIAI BAI TAP 2.77. Ta thiy néu phuong trinh c6 dang (V2 + 1) + (VZ+ 1)* - 2v2 = 0.
Cho nén néu zo 14 nghiém thi —z, ciing 14 nghiém. Hién nhién z = 0 khong [a nghiém. Do
dé tich cdc nghiém la s6 4m.

Dapandingla A )
GIAI BAITAP 2.78, D4t 2® =t > 0. Phuong trinh d cho w4 thanh

1 1
16t2—10t+1=0¢>¢=%,t= é2‘=3,2’=§®x=—1,x=—3.

8 2
DPap dndungla C. ' a
GIAI BAl TAP 2.79. Phuong trinh di cho tuong dudng vdi
3%.27 ~83° —32°+24=06 (2°-8)(3° -3) =0e&z =3,z =1
Ddp dn dung la A. ]
GIAI BAI TAP 2.80. Phudng trinh d4 cho tudng dudng vii
4027 42 ym=0e (22— 1)l =1-m.

Do dé phudng trinh ¢6 nghiém khi va chikhil — m > O haym _<_‘ 1.
Dép én ding la D. o
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CHUYENDE26 —
Bat phuong mu
A. TOM TAT LY THUYET

1. Néua>1thig®>b> 06 z > log, b.
.NEuO0<a<1thic®2b>04 2z <log,b.

.Néua>1thic*>a¥ & 2>y,

. Néua>b>0thia® > b &z >0.

2

3

4. Néu0<o<lthia®>a’ &<y
. :

6. Neub>a> 0thia® > b © 3 <0.

B. CAC DANG BAI TAP
,;qng 1: B4t phuong trinh cho biét nghiéﬂ

1. C6 thé giai phuong trinh dé tim ra nghigém.

2. Khi giai phuong trinh chit ¥ phudng phép dita vé ciing ca 8, dit &n phy dé dua vé
phuong trinh dai sé.

3. Xét ting phuong an. Chon mét sé diém trén khoing nghiém va thit vao bét phudng
trinh cén xét. Néu tai 2 diém khong théa man thi loai ngay phudng 4n dé. Quan sat
khéo dé loai ngay di nhiing phuong 4n sai.

4, V&i nhitng ham li#n ty¢, nghi#m bt phudng trinh f(xx) < g(x) chi bao gdm cic khodng
(hftu han ho#ic v6 han). Nghiém bét phuong trinh f(x) < ¢(z) chi bao gdm cac doan
{tttc 1a cdc dau miit ¢la doan ciing 14 nghigm),

VIDU 2.27. Nghiém cila bdr phurong irinh 32.4% — 182 +1 <013

1 1
.1 . , — =
Al<e <4 Bw<:c<2

C2<z<4. D-4<z<-L
GIAL Ditt = 2" > 0. B4t phuong trinh di cho tuong dueng véi
32t2—18t+1<0©(16t—1)(2t—1}<0@1—16 <t<-21-@-4<:1:<—1.
C6 thé1am nhu sau: Thay = = 3 vio bit phuong trinh thiy khéng théa min nén 4 va C khéng
ding. Thay = = % vio ciing thiy khong thdéa man. Vi viy B ciing khong ding. Do dé ta chi
con dap an D.
Vay dép én diing la D. 0
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Vi DU 2.28. Nghiém ciia bdt phzto’ngltrinh 3 _ 103 +3<0ia
A [-1:1). B.(-1;0). C.{o; 1). D.(-1;1).
GIAL Datt =3 > 0. Bat phuong trinh di cho tuong duong véi
3t2—10t+3$0®(3t—1)(t—3)$0@%5t$3®—15$5 1.
Cé thé lam nhu sau: Do bit phudng trinh (ng véi ham lién tuc vi iing véi < nén nghiém phii

chifa tit ca c4c ddu miit clia cic khodng. Chi cé nghidm diu tién c6 tinh chit nay.
Vay dép én diing li A. ]

LD_angZ: Tinh chit cha nghiém
Dé nghién citu finh chit cha nghidm, cich "an toan" nhit Ia giai bit phuong trinh. Néu bij
todn hoi sé nghiém nguyén clia bét phuong trinh thi ¢6 thé thit cic gid ui nguyén "bé" rdi
dém s6 lugng cac sb théa man.

VIDU 2.29. $5 cdc nghiém nguyén ciia bét phuong trink (V10 — 3) 55 > (vVio+3)iF @
A1 B.3 C.0 D.2
GIAL Difukién ¢ £ 1, —3. Bit phuong trinh d3 cho niong duong véi

-3 _z+1 8
-1" 2+3  (w+3)(z—1)

(\/ﬁ+3):—:§>(\/1_0+3):‘::‘5®j <0e-3<z<l

C6 3 sb nguyén nim trong khoang (-3; 1).
Vay ddp an ditng 1a B. O

Dang 3: Bét phuong trinh chita tham sé]

Ta thuding cé lap tham s6 vi khao st su bién thién clia ham bién z d€ qua d6 tim ra phuong
an ding. :

ViDU 2.30. Timm d&bdt phuong trinh 2= 4 91-" < m nhdn moiz € (—1;1)] lam nghiém
Am>3 B.m>2v2 Cm>3 D.m>4
GIAL Ditt=z* € [0;1]vaf() =2* + 2. Tacd
Ry =2 -22""hn2=0at= %

Tacé f(0) = f(1) =3, G) = 2V/2. Cho nén gia tri 16n nhit clia £(t) trén [0, 1} }a 3. Cho nén

taphdicém > 3. .
Vay dép én ditng la C. O
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C. BAITAP TU LUYEN
BAI TAP 2.81. Tap nghiém cda bit phuong trinh (2 — V3)® > (2 + V3™ A
A (—2; +00) B. (—0c0; —1) C.(~1;+) D. (—o0; —2)
e 2\VEF _ f2\®
BAI TAP 2.82. Tap nghiém clia bit phuong trinh (5> > (3) la
A (1;2) B.{—00; ~2)U(1;00) C.(1;+00) D. bap dn khéc

BAITAP 2.83. Tap nghiém clia bit phuong trinh2* >3-zl

A (—00;3) B. (1; $00) C. (~;1) D. [1; )
BAI TAP 2.84. Tap nghiém clia b4t phuong trinh 5.4% + 2.25% — 7.10 < 014

A [0;1) B.[1;2] C.{-%-1] D. [-1;0]

R R , . 9 4x 3 Q—x .
BAI TAP 2.85. Tap nghiém cua bit phuong trinh (5) < (§> Ia
2 2 2 2
(-] B [fo) c[Fe=)  p(e]
BAI TAP 2.86. Tap nghiém clia bt phuong trinh 4% - 27 2 < 014
A. (—o0;1) B. (2; +c0) C. (1;4+00) D. (—20;2)

BAITAP 2.87. Ditt = 5% thi bt phuong trinh 5% — 3.55*2 4 32 < 0 trd thanh phuong trinh
nao

AP -5t +32<0 B.£? - 6t4+32<0
Ct?-3t+32<0 D.t?-16t+32<0
. . 1\: i
BAI TAP 2.88. Tap nghiém cia bat phuong trinh (5) +3 (E) >121a
A (—00; 3} B.(-1;0) C. (2;+o0) D.(2;4)
-~ ~ 2—1 _
BAITAP 2.89. Tip nghiém clia bit phuong trinh 3—2# >0la
L1 1
A. {—c0;0| B. {0; 5) C. [2;+00) D. (5’ 2]

BAITAP 2.90. S5 nghiém nguyén clia bit phuang trinh 5'+=* — 51-=" < 2413
Al B.0 C.2 D.3
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a

- ~ " . 1 VzZ+55-6 1 42
BAI TAP 2.91. S0 nghiém nguyén duong ctia bat phudng trinh (:,;) ( 3 ) 1

A6 B.7 C.8 D.9

BAITAP 2.92, Tim m dé bit phuong trinh bit phuong trink 51+%° —51~%" > m ¢4 tip nghiém
chita{z e R:|z| 2 1}

Am<24 Bm<24. Cm>24 D.m =24
D. LOT GIAI VA DAP AN
GIAI BAI TAP 2.81. Bét phuong trinh di cho tuong duong véi

(2—-’_1\7%? >(2+\/§)=+1¢$(2+ \/§)z+2< 1&2+2<0& 2 < ~2.

Ddp dén ding la D. a

GIAT BAI TAP 2.82. Diu kién z < 2. Do cd sb clia ham mi nhd hon 1, b4t phudng trinh di
cho tuong duong véi

‘2z <zeo2-2<stz>0022+2-2>0,2>00 2> 1

Két hgp véi didu kign ta duge = € (1;2).

Ddp an ding la A. a
GIAI BAITAP 2.83. Bét phuong trinh d cho tuong duong véi 2° + ¢ — 3 > 0. Vi ham s6
f(z) = 2* + x — 3ddng bién trén R vi f(1) = 0. Chonén f(z) > Okhivachikhiz > 1.

Bap an dungla B. g
GIAI BAI TAP 2.84. Tatbdy = = 0,z = 113 hai nghiém phuong trinh 5.4° 42.25% — 7.10° = 0.
Ciing thy = = % 12 1 nghiém ciia bt phuong tinh. Cho nén nghiém ciia bit phudng trinh
1a{0;1).

Dapdr diing la A a
.o < A AN 2\*"? 2

GIAI BAI TAP 2.85. Ta viét lai bit phudng trinh dang (5) < (5) . Do ¢d s6 clia ham

mit nhd hdn 1, bt phudng trinh da cho tuong dudng véidz > 2 —2 & 2 > -3

Dap andiingla C. a

GIAI BAY TAP 2.86. Bit phudng trinh dé cho tuong duong véi
(") -2"-2<0& 2"+ )"~ <0 P <2<l
Dép dn diing la A a

GIAI BAI TAP 2.87. Bt phuong trinh da cho tuong duong véi t2 — 75¢ + 32 < 0.
Dap dn dung la A o
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. 2 141
GIAT RAI TAP 2.88. Ta thiy = —11a nghiém cia phuong trinh (%) +3 (%) =12va

hamsd z —» (%) : +3 (%) iﬂv déng bién trén (-1;0). Cho nén ta sé chon ddp 4n B.

Dip dn ding la B. a

GIAT RAI TAP 2.89. Ham s6 f(z) = 3%"% + 3 — 2z nghich bién trén R va f(2) = 0. Cho nén

f(z) 2 0khiz > 2; f(z) < Okhiz < 2. Madtkhdc4® — 2> 0khiz > %véf < 0khiz < % Do
- 46 nghiém clia b4t phuong trinh d3 cho la (-;- 2} .

Ddp dn dungla D. ]

GIAI BAI TAP 2.90. Ditt¢ = 5= > 1. Bt phung trinh dé cho trd thanh

5t—?524@5#—24t—-5<’0@—%5t55@5’255©|w§51.
Dap dn diung la D. a
GIAI B;il_ TAP 2.91. Didukiénz < —6 hodcz > 1. Bit phuong trinh d3 cho tudng duong véi

Vg —b<arre {5020 ={22 0

z? 4 52 ~ 6 < {z + 2)* z < 10.

Két hop.véi didu kién cfta  ta thu dude nghiém 1 < z < 10. C6 tht ¢4 9 s nguyén nim trong
khoang nghiém nay.

Dip dn dungia D. a
GIAIBAITAP2.92. Dit1 = 5 > 5Xhile] > 1. Bt phuong trinh dd cho trd thanh 5~ > m,

Ham (t) = 5t - g ddng bién trén [5; +oo) va £(5) = 24. Do d6 ta tim ditgc m < 24.
Ddp én ding la B. a
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- CHUYEN DE 2.7
Phuong trinh logarit

A. TOM TAT LY THUYET

Cich tiép cén cic dang todn dbi véi phuodng trinh légarit ciing gidng nhu phudng trinh
mit. O déy chd ¥ tim t4p x4c dinh khi gidi phuong trinh. Loai ngay nhiing phuong an khang
thugc tép xac dinh.

B. CAC DANG BAI TAP
LDgng 1: Phuong trinh cho biét nghiéuﬂ

VIDU 2.31. Phuong trink 2'°8s(=*~62+9) _ 32108 (VE)-1 04 papism Ig
CAzr=2 B. z=4
Cz=2,z=4 D. Ddp én khidc

GIAL Ditukiénz > 0,z # 1,z # 3. Phuong trinh dé cho c6 thé viét dudng dang

1
2.2-1
2logu(z”-62+9) _ 373 =1 & logg(x? —6.:;+9) 0orl-6r+9=10@c=2%z=4

Tatnhién tacé thé thita = 2,z = 4va thay chiing 14 nghiém. Nhung ta khong biét dap inc
hay D }a ding.
Vay dap an dung la C. m]

VIDU 2.32, Phudng trinklog, (3°** — 2) = 2z cé nghiém Ig
Az=0 B.z=1log,3
Cz=0,z =log,3 D. Pép dn khic
GIAIL Phuong trinh da cho c6 thé viét dudng dang
33 ~2=3" o ()P -3 +2=0@" -3 -2)=0o 2 =0,z = log, 2.

Tat nhién ta c6 thé thitx = 0,z = log, 2 va thiy chiing 12 nghigém. Nhung ta khéng biét ddp
an¢C hay D I3 ding.
Vay dap dn dungla C. 0

E).ang 2:88 nghiém ]

VIDU 2.33. S6 nghiém ciia phuong trinhlog® « — 3log z = log{z?) — 4 &
Az=1 B.2 C.3 D.4
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GIAL Difukiénz > 0. Phuong trinh da cho c6 thé viét dudng dang
log2 z—-3logz =2logz—4 & ic;g2 z—5logz+4 =0 logz = 1,logz = 4 & z = 10,z = 10000.
Véy dép én diing la B. a

F)gng 3: Tinh chit clia nghiém__[

2
VDY 2.34. Tich cdc nghigm ciia phudng trink log} (4z) + log, % =81

1 1 1 1

GIAL Diéukién z > 0. Ditt = log, z. Phuong trinh da cho c6 thé viét dudng dang

, A
log%(4m)+log2%—8=0® (t+2)2+ (-3 -8=082+6t-T=0et=1t=-7
1

Tit d6 ta thu dudc nghiém ctia phudng trinh ban diuldz = 2,z = o5
Vay dap én diing 1a C. o

];gmg 4: Phuong trinh chita tham sf")J

VIDU 2.35. Phuong rinklogdz + /log2 & + 1 — 2m — 1 = 0 ¢ nghiém trén [1; 3ﬁ] khi
A me|0;2] B.m € (—o0;0]U [g, +oo)

C.m € [0;+c0) Dme (—oo; g]

GIAL Ditt = log? 7. Lic 46 ¢ € [0;3]. Phuong trinh di cho trd thanh
t+vVi+l=2m+1

Ham f(t) = t + Vi+ 1 dong bién trén [0;3). Nén phuong trinh ¢6 nghiém khi va chi khi
,‘f/@) <2m+1< f(3). TWdS ta thu dudem € (0;2]

ay dap an dungla A. o
C. BAITAP TU LUYEN
BAITAP 2.93. Cho phudng trinh

logs, . 7(9 + 122 + 42%) + log,, .5 (21 + 23z + 62%) = 4.

Chon phit bigu diing
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A. Tap xéc dinh clia phuong trinh Ja (~g; +oo);
B. Phuong trinth ¢6 nghiém duy nhét;
C. Phuong trinh cé hai nghiém trdi diu;
D. Phuong trinh ¢6 mot nghism « = %
BAI'TAP 2.94. Nghiém cfia phudng trinh log,(log, z)) + log,(log, ) = 212
A2 B.4 C.8 D.16

BAITAP 2.95, Nghiém clia phuong trinh logy(3z — 2) = 314

11 25 29 .
A. 3 B. 3 C. 3 D.87
S oA 1 2
BAITAP 2.96. S6 itm ci inho—— — + — =11
AITAP 2.96. SO nghi€m ctia phudng trinh 5 Togz + 1T losz 11a
A2 B.1 C.3. D.4

BAITAP 2.97. S6 nghiém clia phuong triinh logs (z* + 4z} + logy (2z — 3) = 014

A3 B.1 C. Vo nghiém D.1
BAITAP 2.98. 56 nghiém clia phuong tiinh log?(52) — log,4(5z) = 312

Al B.2 - C.4 ' D.3
BAITAP 2.99. Tim = d€ phuong trinh logl = + log, = + m = ¢ ¢6 nghiém = € (0;1)

Am<l B.mzi- C.msi . Dm>1
BAY TAP 2.100. Sé nghiém cta phureng trinh log, |z — 2| + log, fz + 5| + logy 8 =0 la

A0 B.3 C.2 D.1
BAITAP 2.101. $6 nghidm clia phuong trinh logy(2? — 6) = logz{z ~ 2) + 112

Al . B.2 C.0 D.3

BAITAP 2.102. 6 nghiém chia phuong trinh 2logy vz + 1 = 2 — logy(z — 2) 12

A2 B.0 C.1 D. Bap s6 khdc

BAITAP 2.103. Phuong tiinh z'°6 = 100022 ¢6 tich cdc nghiém 13

A10 B. 100 C.1 D. 10000
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D. LOI GIAI VA BAP AN
GIAI BAI TAP 2.93. Piukiénz > -g, = # —1. Nén A khong ding. Tit nhién c6 thé thi truc
tiép dé thiy D ciing khéng ding. Ta con hai phuong an B, C. Viét lai phuong trinh da cho

10g3, 4+7(2z + 3)% + logy 1 3(22 + 3)(3z + T) = 4 & 2105, 4.7(27 + 3) + 1 + logy, 5 (3z +7) =4

=

& 2log,,7(22 4 3) + =3 & loggo47(22 + 3) = 1, logg, (22 +3) =

1
logs, +7(2z + 3) 2
5 1 . .
Phuong trinh logg, .7(2x + 3) = 1 v6 nghiém. Phuong trinh logs, 47{2z + 3) = 5 ¢0 nghiém
duy nhitz = — i . Vay phuong trinh c6 nghiém duy nhét,
DPdp én diing la B. o o

GIAI BAI TAP 2.94, Thit truc tiép ta thiy x = 16 14 nghiém,
Pdp dn dinglaD. o

GIAI BAITAP 2.95. Tacé

2
log3(3a:—2);=34:)31—2=33@x= -?32

Pdp dn dingla C. a

GIAI BAITAP 2.96. Didukiénz > 0vaz # 107}, # 105. D3t ¢ = logz. Ta viét lai phuorng
trinh da cho du6i dang o

1 2 .
_— = 2(5 — £) = - - =
st T Tl A )= (-0t e -s6=0

et=2t=38z=log2,r=1log3.
Ddp dn dung la A. o

GIAITBAITAP 2.97, Didukiénz > g Ta viét lai phudng trinh d3 cho dudi dang

logg (2% + 4z) =logz(2z —3) @ 2* + 4z =2r -3 & 22 - 22 + 3 =0.

Phuong trinh cubi cling v8 nghiém.
Bdp dn dungla C. . 0

GIAI BAI TAP 2.98. Didukién z > 0. Ditlogg(52) = t. Ta viét lai phuong trinh dudi dang
3
logz(52) — 3 logs(52) =3 & 22 —t—-6=0.

Phuong tinh cudi cling cé hai nghiém. Nén phuong trinh ban diu cé hai nghiém.
Bdp dn diing la B. 0
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GIAT BAI TAP 2.99. Djtt = log, z thit € (—o0;0). Phuong trinh dé cho trd thanh

2 ) 1\? 1
t‘+t+m=0&1t+) +m—-=0.
72 4
- Do d6 phuong trinh ¢6 nghiém khi va chi khi m — i <0em< % _
Ddp dn diing la C. (]

GIAI BAI TAP 2.100. Didukién x # 2,z # —5. Viét lai phuong trinh d3 cho
logs |z — 2} 4+ logy |z + 5} — log, 8 =0 & |z — 2| + |z + 5] = 8.

Phutong trinh cubi cé hai nghiém nén phudng trinh d& cho cho cé hai nghiém.
Ddp dan dungla C. a-

GIAI BAI TAP 2.101. Didukién s > 6. Viétlai phuong trinh d3 cho
1og3(a:2¥6) =logs(x —2) +log; 3 s —6=3(x - -r=02z=3.

Phuong trinh ¢6 1 nghiém.

Ddpdndingla A ’ a

GIAI BAI TAP 2.102. Diéukién « > 2. Viét lai phudng trinh d3 cho
logo{z + 1) +logy(z — 2) =logz 9 & (z+1)(z—-2) =9 z= _1_-}-‘5&/_5_

Phudng tiinh ¢6 1 nghiém.
Ddp an ding la C. ] (W)

GIAI BAI TAP 2.103. Didu kién > 0. Dit ¢ = log z. Liy l6garit hai vé clia phuong tiinh -

(logx)z:2logx+3¢>tz—-2t—3=0@t=—1,t:3¢>z=1—]6,z=1000.

Do d6 tich hai nghiém 1a 11—0.1000 = 100.
Ddp dn diingla B. ]
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CHUYENDE2.8 ~ v
Bat phuong trinh Iogarit

A.TOM TAT LY THUYET
Céch tiép can cac dang todn dbi véi bat phuong trinh 15garit cfing giéng nhu b4t phuong

tinh mii. § diy chd y tim tap xdc dinh khi gidi phuong trinh. Loai ngay nhiing phuong an
khong thuée tap xac

B. CAC DANG BAI mp
[ngg 1: Bit phwiong trinh cho biét nghi'efgl
ViDU 2.36. Tap nghiém cila bat phuong irinh logy (logs |x — 3]) > 0 12

A (0;2]U [4;6) B.[0;2) U (4; 6] C.(0;2) U (4;6) D.[0;2) U [4;6]

GIAIL V6iz # 3, bt phuong trinh d3 cho fuong duong véi
D<logglz—3[<lelciz-3 <3

Bitphuongtrinh |z — 3] > 1cénghiémlaz > 4,z < 2. Bat phuong trinh |z —3| < 3 ¢6 nghiém
0 < = < 6. Két hdp lai ta dudc tip nghiém clia bat phuang trinh di cho 12 {0; 2) U (4; 6].

C6 thé lam nhu sau: Thay céc gia tri z = 0, 2, 4, 6 vio bt phutong trinh chithiyz = Ovaz = 6
thdamén (z = 2,z = 4 khong thda man). Ta chon nghiém chita 0, 6 v khdng chia 2,4. Chi
co dap én B thda man diéu nay.

Vay dap an dving la B. O
VIDU 2.37. Tip nghiém ctia bit phuong trinklog,(2° — 1).log, (2% — 2) > 2 la

A (0;1log, 3) B. (0; log, %) U (log, 3; +oc0)

C (O; log, g) D. (log, 3; +00)

GIAL Didukiénz > 0. Ditt = log,(2° — 1). Khi d6 log, (2%*! —2) = ¢ + 1. Bit phudng trinh
dicho@thanhi(t+1)> 202 +t-2>0t< -2,t> 1.
Tacé .

t < -2 & logy (27 — 1) <~2@2’<i—®0<x<log2§
t>1elog,(2°-1)>1e2°>3e x> log, 3.
2 . s 5
Ket hgp lai ta thu dugc nghiém (0; log, Z) U (logy 3; +00).

C6 thé 1am nhu sau’ Thay cic gia tri » = log2 > ,log, 3 ta thy vé trédi ctia bt phudng trinh

bang 2. Do d6 bat phudng trinh s& cé c4c khoang nghiém nhén ca hai gid tri nay nhu 14 cdc
ddu mit. Chx c6 dap 4n B ¢6 tinh chat nhu vay.
Vay dép an ding la B. 0O
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Igmg 2: Tinh cht cfia nghiém

1 N
1__*-&52>1la

VIiDU 2.38. $4 nghiém nguyén cia bét phuong trink
: 2-logyx

Al B.2 C3 D.4

GIAL Didukiénz > 0, z # 4. Ditt = log, z. Bit phuong trinh d cho trd thanh
14t 2t —1 1
— >l — = 4.
— @2_t>0®2<t<2®\/i<x<

C6 2 sb nguyén nam trong khodng (v'2; 4).

Vay dép an diingla B. (m|

Dang 3: Bt phuong trinh chita tham s5 l

vi DU 2.39. Tim tham s6m > 1 dé moiz € (%, 1) déu 1a nghiém cia bdt phuong trinh

108, > log, m
Am23 Bi<m<3 C2<m<3 D.m>3
GIAL Ditukién 0 < z # 1, Bit phutong trinh tuong duong vdi

2 _
1 - (log,, )2 — 1 >

0.
log,, log,, 2

log,, z >

Khiz € (%;1) ta cé log,, z < 0. Do d6, vii moi s € (%;1), tadéucé -1 < log,z < 1 &
1 . s A a1z 5 . .
— <z <m Démoiz ¢ (0; %) déu ta nghiém cla bit phudng trinh ta cin didu kién

1 1
(—;1) C (—;m) < m > 3.

3 m ]
Vay dép dn ding la A. o
C. BAITAP TU LUYEN
BAITAP 2.104. Tip nghiém ciia bit phucng trinh logg 4(z — 4) + 1 > 012

C. [vl-%;+oo) -D. (4; +o0)

B e(md) ol

BAITAP 2.105. Tap nghiém clia bt phuong trinh 216 =+ < 32 13

B R

BAITAP 2.106. Tap nghiém ciia b4t phuong trinh log, = < log, 5(12 — ) 12

A (0;12) B. (0;9) C.(9;16) D. (0;16)
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BAITAP 2.107. Tap nghiém clia bt phuong trinh log, z > log,(2z + 1) I

A D B.(1;3) C. (~o0; 1) D. (~%; o)

BAI TAP 2.108. Tap nghidm ciia bt phuong trinh 2 log;(4z — 3) + logy (22 + 3) < 214
A. [§;+oo) . B. (%;+oo) C. (%;3] D. [%;S]
BAI TAP 2.109. Tap nghiém clia bt phuong trinh log; (2 - 3) <012
A. {log; 3;2) B. (2; +0) C. (—c0;2) D. (0;2)
BAITAP 2.110. Tap nghiém ciia bit phuong trinh logy (z* — 62 + 8) + 2logs(z — 4) > 012
A. (4;40¢) B. {~0c0;2) C.¢ D. (0;1)

BAITAP 2.111. Tip nghiém clia bt phuong trinh 2log,(z — 1) <log,(5—z) + 112
A.(1;5) B.[-3;3] C. [3;9] D.(1;3]

BAITAP 2,112, Tip nghiém cfia b4t phuong trinh z + logy = > 113

A. (0; 420} B.(0;2) C. (2; 400} D. (1; +00)
BAITAP 2.113. Tap nghiém ciia bt phuang trinh logy [1og6 ”: If] <0la
AD B. (—4; —3) U (8; +00)
C. (—00; —4) U (8; +00) D. (—o0; —4) U (-3;8)
BAI TAP 2.114. $6 nghiém nguyén thuéc [1; 25] clia bit phueng trinh log, z — log, 4 < g 1a
A 15 B.8 c.o ) D.16
D. LOT GIAI VA DAP AN

GIAT BAI TAP 2.104. Diéukién z > 4. Bit phuong tinh tuong duong vdi

logg4(2 ~4) +10gg 4 0.4 > logy 4 1 > logg 4 0.4(z — 4) 2 logg 1 & 04z—-4)<lez< 12:3

Két hop véi didu kign ta duge = € (4; 173]

Ddp dn dung la A. 0
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GIAI BAI TAP 2.105. Diéu kién = > 0. Liy logarit co sb 2 hai vé& cla phudng trinh va dat
t = log, = ta dudc

1
'Iog‘zw(logzn:+4)§5@t2+4t—550©—5$t51@§-2-S:csz.

Ciing c6 thé thit cdc dAumit J 4, B,C, Dtathiygidtiz = %, z = 2 A nghiém clia phuong
trinh z'°%2 *+* = 32. TNt d6 cé thé dodn nghiém clia bit phudng trinh Ia [315, 2] .
Ddp dn.diing la C. a
GIAI BAITAP 2.106. Didukién0 < = < 12.Tac

log; = < log 5(12 — z) & logz z < 2logz(12 —z) < (12—z)* ©z <9 hoic z>16.

Két hgp vai diéu kién ban diu clia z ta thu dudc nghiém = € (0;9).
Dép an dung la B. a

GIAI BAITAP 2.107. Didukiénz > 0.Tacé
log,z > logy(2z+ )@z >2z2+1 ez < -1

Két hop vai didu kién ban diu clia z ta thiy tp nghiém l2 ring.
Pdp dn dungla A. a

GIAI BAITAP2.108. Didukiénz > ‘-‘i. Tacéd

(43 — 3)? (4z — 3)2
<2
2x+3 ~ « 2z +3

2logs(4s ~ 3) +log; (22 +3) < 2 < logy

Két hop v6i didu kién ban diu clla z ta thiy tip nghiém 12 (‘32 : 3] .
Ddp dn ding la C. a
GIAI BAI TAP 2.109. Diéu kién z > log, 3. Tacd

' logz(2* ~3) <0 & 2°-3>1ez>2
Ddp dn ding la B. O
GIAI BAITAP 2.110. Didukién = > 4. Tacé

logy (&* — 6z + 8) + 2logs(x — 4) > 0 & —logs(z — 2)(z — 4) +logs(z —4)> > 0

-4 Tz~4
4=:>log5w~2>0w$_2

> 1

. s LT
Khiz > 4, taludn co

—4 2 \ N ia
-5 < 1 nén bat phuong trinh vé nghiém.

Ddp dn diing la C. a
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GIAI BAITAP 2.111. Xhi z xhp xi bing 5 nhung nhé hon 5 thi vé phai cla bt phuong trinh
12 56 4m, trong khi d6 vé phdi 1a s§ dudng. Viy cdc phudng &n A4 va C khéng ding. Phuong

in B ciing khong dling vi —3 khong thudc tp xdc dinh.
PdpdndungiaD.

a

GIAI BAI TAP 2.112. Ham vé phai ddng bién trén (0; +oco) vinhdn gid rila 1 tai = = 1. Nén

ta chon phuong én D.
Ddp én ding ia.D.

GIAI BAI TAP 2.113. Bét phudng trinh tugng duong véi

24 2
logszx+f>1<:>1;:: > 6z €(—4;-3)U(8;+00).

Ddp dn dingla B,
GIATBAITAP 2,114. Didukiénz > 0, # 1, Datt = log, z. Bt phttong trinh v thanh

i-Le
T

Bo| GO

1
©2t2—3t—-250@—§5352©1—165x516.

C6 tat ca 15 nghiém nguyén do nghigm phai khéc 1.
Dip dn ding la A.

a
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CHUONG3————— -
NGUYEN HAM-TICH PHAN

CHUYEN DE 3.1 4
‘7 Nguyén ham, tich phan cac ham co ban

A. TOM TAT LY THOYET

1. Ham F(z) dudc goi 14 nguyén hiam cha ham sb f(z) trén K néu F'(z) = f(z) véi moi
ze K.

o Néu F(z}, G(c) cling 1A nguyen ham cla f(z) én K thi G(z) = F(z) + C véi moi
z € K, wong d6 C la hiing s

e Néu F(z) Ia mét nguyén ham cua f(z) trén K thi moi nguyén ham cia f(z) déu
c6 dang F(x) + C véi C la hing s6. Ki hidu

b b
f J(@)s = F(z) +C; / J(z)dz = Pla)| = F(®) - F(o)

2. Tinh chét clia nguyén ham, tich phan

[t £ ng@) s =m [ st n [ i

b b b
/ fmf(z) £ ng(z)ldz = m/ f(z)dx + n/ g(s)dx

| ] " fletde = / *fa)dz v / " faddz; j ’ ey = - /,, " )
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3. Bang nguyén ham céc ham cd bin

13
?adu:=ux+C . /0da:=0
- ZoFT ¢ wy 1 {az+ 0T
/w de=awit® /(a_z+b)dz.-a.+ba+1 +c
xZ 1 ax
/-azda:za_.-;-c ‘ /a”*”dzc:—.a +C
Ine a lna
] 1 1
/;dm=}.n}a:|+C /M+bi'c—;.ln]ax+bi+c
1
/cosxdz:sina:+C /cos(a:c+b)dm=;.sin(az+b)+C
1
fsinzd:z;=—cosa:+0 /sin(ax+b)dw=—;.cos(ax+b)+0
1 1 1
/mdm=tanx+0 /mdm—z.tm(a2+b)+0
1 1 1
= —cot —— ——.cot| c
]smzrdx cotz +C fsm,_(m”) = cot(az +1) +
Chuy:

Y =% xL" - - {'/_1T="‘ =z"%lne=1
B. CAC DANG BAI TAP
ViDU 3.1. Trong cdc khdng dinh sau, khéng dinh néo sai?

A / 0dz = C (C 1 héing s).

B./i-dm=lnia:|+C(C 12 hiing s6)

a 1 a+l . sy b £
C./:z: =s31" +C (C la hdng s0).

D./d:n =z + C (C.1a hdng s6)

GIAL Do/:c‘l=ln|:r|+Cnénkh5ngdjnh6phudngénClésai.
Vay dép an dung la C. : a
-’ b - d b .
VIDU 3.2. Tinhgidtricial = / f(zx)dz biét rdng/ flz)dz =6 w‘z/ Fflx}dr = 4, trong
a a d
déa<d<b
Al=2 B.I=10 Cl=-2 D I=24
GIAL Tacé )
b d b
I =/ f(x)dm=/ f(:c)d:r+/ f(z)dz = 6+4 =10,
e a d
Vay dép dn diing 12 B. O
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ViDy 3.3. Ham 56 F(z) = In|2sinz — 3cosz) Id nguyén ham ctia ham s6 néo?
2¢cosz + 3sinz 2cosz — 3sinz
A.f(:z;)—. 2sinx — 3cosz B. flz) = 2sinz — 3cos

C f(z)= D. f(z) =
GIAl LAy dao ham F(z) ta nhan dugc

(2sinz —3cosz)’  2cosz +3sing
2sinz —3cosz  2sinz —3cosz’

2sinz ~ 3cosz 2cosr 4+ 3sinz

F(z)=

V@y dép én diing la A.

Nhin xét: Trong vi du ndy ta sit dung cong thitc dao hdm ham hop
(@) =u'(@)f (u(z))-

Céng thiic nay con duwoc sit dung cho dang bai nhu vi du sau:

., vz .
VIDU3.4. Chog(z) = / cos tdt. Pao ham cia ham sé g(z) la
0

) i . cos(v/x)
A sm(ﬁ) B.cos (2\/33) C.2+/zsin(/x) D.
GIAL Dat
2 vE
F(z)= / costdt = gz) = / costdt = F(/x).
o 0
14y dao ham hai vé ta dugc
P ; _
¢'(z) = (VZ)F'(Vg) = 2\/5-003\/5‘
Véy dap dn diing la D.
zﬁ
ViDU3.5. Cho / F(&)dt = = cos(wz). Tinh gid tri cia f(4)
" Je

Al B. c2 D,

[T
NS

GIAI Dit ,
F(z) = : o [ = .
(=) /0 f(t)dt = F(z*) /; f(t)dt = z cos(nx)
LAy dao ham hai vé ta dugc
(z2) F'(z?) = z’. cos(mrz} + z.[cos(nz)|’ = cos(nz) — wz sin(rz).

Dodé
2z f(2?) = cos(nz) ~ nrsin(nz).

Cho z = 2tadudc4f(4) = 1 nén f(4) =

!
- I ” -~ 4‘
Vay dap an dungla D,
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Vi DU 3.6 (D€ Minh hoa THPTQG 2017). Tim nguyén ham cia f(z) = V3z — 1
A./f(:r)dx - %(22 S WES14C B. /f(u:)du: = %(295 —WEm—1+C

1

C./f(n:)dz:—%\/—2u:—1+c D./f(:v)d;c: SVEET1+C

GIAL Taco
1 (2c—)+2 g 1
= —_— 172 = — ——— = —, - 3/2=~— —_ 2z ~ 1,

ff(a:)dx /(23: 1)V4dx 3 1Tz 3 2z - 1) 3(2:1: 1)v2z 1
Vay ddp én diing 1o B. ]
Vi DU 8.7. Ham s ndo sau ddy 1d nguyén ham cia f(z) = sin3z

1

A —%cos 3z B. —3cos 3z C.3cosz D. 300531

GIAL Tacé

/sinS:cda: = —%cos&c +C

Do d6 —= cos 3z 12 Mot nguyén ham clia f(z) = sin 3z

Vay ddp an diing la A. O
ViDU3.8. Tim ham sb F(z) biét F(z) 1a mét nguyén ham clia hdm séy = - Sagvar©) =1

A F(z) = —tanzx B.F(r)=—tanc +1

C F{z) =tanz+1 D F(z)=tanz -1
GIAL Do F(z) languyén ham cha ~ oz nén F(z) c6 dang

Ftu):f(dgo:Tm) i = ~tanr + C

Khiz = 0thi F(0) = C = 1, do d6 F(z) = — tenz + 1. :
Vay dép dn diing 14 B. O
viDU 3.9, Cho f(z) = 4Tm + sin® 2. Timm dé nguyén ham F(z)-cia f(z) théa man F(0) = 1
wr ()=

A.m:—%1 B.m=% Cm=—% Dm=§

Chuing mink. Do F(m} 12 nguyén ham cha f(z) = % + sin® 2 nén F{z) c6 dang

4 4 1—cos B
F(i‘)=/(ﬁ+sinzm)dx=/(_m+ﬂ)&=<@+E)1_sln21+c
i n 2 T2 4
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Thaylénlugts = 0viz = % ta dugc

{F(0)=C=1 {c=1

3 a1 T = 3
F(3)=m+3-g+c=§ ~lm=-3
Vay ddp an dingla déip dn C. a

ViDU 3.10. Tim ho nguyén ham ciia ham s f(z) = cosz cos 3z
sin 3z

Asinz + +C B.2sin4z +sin2z + C
sind4z  sin2z sindz sin2z
C’8+4+C D.—8———4 +C
GIAL Tach
cos(3x — x) + cos(3z + &) €082z + cosdx
coszcos 3z = =

2 2
Do d6 nguyén ham cfia f(z) = cosz cos 3z 13

/ cos & cos 3zdz = ( cos 2z -; 00542) d = sm421: + sm84:c +C.

Vay dap én dﬁnglfl dap an C. a

Nhén xét: Diém méu chét cia bai todn ndy lé chuyén tit biéu thitc tich hai him lugng gidc
thdnh tong. Cong thilc dude si dung & day 1a

cos(e — B) + cos(a + B)
5 .

cosacos B =

. . 0 5.3 _
VIDU 3.11. Gidsitringl = f 22" +5c-1

——dz = aln§ + b udia,b la cde sb nguyén. Kni &6
-1 -

gidtriciaa+bla
A 25 B.35 C. 45 D. 55

GIAL Khi chia da thitc 222 + 5z — 1 cho z — 2 ta nhin dudc két qua
2% +5z—1=(z—2)(2z+9)+17
Suyra
1]
0332 452 -1 0
/T_*‘_S’_=f 22+9+—17-)=(x2+9x+171n|x—2|)
-1 -2 1 z~2 .
2
=17l - R
1 3+8
Doddéa=17,b=8néna+ b = 25.
Vay ddp an diing la A. a
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. - o 1
) _VIDU3.12. ﬁmnguyenha@/mdz

1 z . 1 r-3
L P R B (55 )+c
Clln( z )+C’ pim ”‘3|+c
3 . 3 T

» ; -3 3
GIAIL Doz—(z—3)=3nenz(z-3)— z(z -~ 3)

T
T T AR U L Y 1
~.fm‘?"/('3(z~'3)' )%= 3lnle =3l g+

+C.
Viydap andinglaD . 0
Nhén xét: P thugn: tign ta"cﬁé’ihé’ ghi nhd cong thifc sau dé téch phén thiic
A 1 ( 11 )
(:r—a)(:r b)"_a—b z—a z-b
VIDU3 13. Tinh1 = / V1 +cos2a:d:n
A \/' B.0 C2 D.2v2
Dk ' - . . T, . 7 R
GIAL Dol +cos2z = 2cos®x, cosz > Okhiz € [0; —2-] vicosz < 0khiz e [5;‘"] nén
por 2 x - Z x
/\/A1+cosz:cda:=f \/Elcos:c]d.-r=f \/f]cosa:ldz+/ V2| cos zldx
6.
/ V3coszdzr — f \/—cos:z:d:c—\/_snn:cl \/_sm:cl
_2\/“.
]

Vay dép dn diinglaD.
Nhén xét: xét: de nch phdncé chwa trituyéeddil = / 1f(x)\dx, ta cdn tim &t cd cdc nghiém cia

(a:) trong Ichoang (e, b) va hvu y réng khi f(z) la ham lién tuc thi khodng gitia hai nghiém
lign tidp ham §(z) khong 461 dau.
. . b
viDU3.14. Biér / {2z — 4)dz = 0, khi d6 gid tri ciab I
¢
Ab'=1 hodch =4 B.b =1 hodch =2

C.b=0hoschb=2 . D.b=0hodch=14
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GIAIL Taco
b 3 b=0
/(27:—4)d:v=(z2~4:c) = -w=0& .
e 0 b=4
Vay dap an dungla D, g
. 2
VIDU3.15. Tinh!I = / 2e*¥dz
0
A1 B.4e* C.et D. 3¢*
GIAL
2
I=¢*| =¢l-1
0
Vay ddp dan diing la A. a
2 ..1‘ N . £ - P 12ﬂ7+3 N 2. 3
VIDU 3.16. Biéra,b la hai 56 nguyén thoa man 22 dr=ch2+b amgidtricuaa
o 2—

AT B2 C.3 D1

GIAL Chia2z +3cho2—ztadugckétqua2r+3=—2(2—z)+7nén

1 1 1
/2’”+3dx=/ (—2+—7—)dx=(~2x—7lnl2~:c|)]0=71n2—2
[} 4

2—-2z 22—z

Dodde=170b=-2

Vay ddp dn diing 13 A. O
. 1 a __
ViDY 3.17. Cho / 7 dy = = > ! vbia,be 7. HGI khdng dinh nao sau ddy diing?
o
Aa=~b Ba<b Ca>b D.a=b

Dodda=3,b=3néna=b.
Vaéy dap dn diing la D, &

x+1

viDU 3.18. Cho/ dz = e. im gid triciiae
1

2

Aa=
a 1—-e

Ba=e Ca=

o
—

}
(e
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GIAL Taco -
" a h
/'7:+1da:=f (1+—§)dm:(zz+ln|z|)|:=a+lnla|—1=e
1 1

T

Chi ¢ motgxamathoa minliec =e. ]
Vay dap an diing la B. ) @

viDU 3.19. Tinh nguyén ham / 22¢ 3% 7%dx

84° 222 3=.7%

AL . 847 . 847 1
A1ns4 lr‘411131117+C C.34°+C D.84%In84 + C

GIAL Tacé 22357 = (22.8.7)% = 84% nén

.
/thffdz ]84°‘dz— 8+

In 84
Vay dip én ding la A. : |
VIDU 8.20. Trong cdc déng thitc sau, déng thilc néo khing ding?
A./(xz—x)dx=%4—%2+0 B./e”dx:%ez"-f‘c
C. fsinxd:_xfcosa:'-l'-c D. /12 12di:c=1n§
GIAL Do

3 2
/(xz—z)dz=%—%+c

nén dang thic & ddp dn A la sai.

Viy éap an dungla A. a
vi DU 3.21. Tinh tich phinI = f m
A.2]n3 B.In3 C.ln2 D.Iné

GIAIL Tacb

/2 d _f‘ dz +/’ dx _/ldz+/2dx'
al+l—z Jl+-z] Sy 1+1-2] J 2-z  J; =z
1 2
. =—1n|2—':r|| 1+1nl:n||1=ln3+1n2

= In6.

Vay dap an diing 1a D. a

116 Luong Ditc Trong-Nguyén Nhu Thing-Kiéu Trung Thily



spbook.vn CHUONG 3. NGUYEN HAM-TiCH PHAN

Vi DU 3.22 (D& Minh hoa THPTQG 2017). Mot t6 dang chay véi van tée 10 mis thi ngudi ldi
dap phanh; 1Y thii diém d, 6 16 chuyén dgng chim dan déu vGi van theu(t) = —5t-+10(m/s),
trong d6t I khodng thoi gian tink bing gzay, k& tix e bédr ddu dap phanh. Hoi 1t lie dap
phanh dén khi ding hén, 6 t6 con di chuyén bao nhiéu mét?

A 02m B.2m C. I0m D.20m

GIAL Goi S(t} 1a quing duding & t6 chuyéﬁ dong cho tdi khi ditng han, Khi dé §(¢) 1a mdt
nguyén ham ciia ¥(2). Tai thdi diém ¢ = 0 thi $(0) = 0 nén

S(t) = /v(u)du—/( 5u+10]du—(-—5—+10 )] -——iz+10t

Tai thtti difm ¢ = T 6 t6 ditng hén thi »(T) = ~5T + 10 = 0 nén T = 2. Do d6 quang duding
t6 di chuy#n trude khi dimg lai 1a
S(T) = —E +107 = 10 (m).

Véy dép dn dingla C. o
C. BAI TAP TU LUYEN
BAI TAP 3.1. Trong c4c khing dinh sau, khing dinh nio sai?

A F(z) =7 +sin z }a mét nguyén ham ctia f(z) = sin 22

B. Néu F(z) va G(z) déu 1a nguyén him clia ham sb f(z) thi / [F(z) — G(z)] d= cb dang

h(z) =Cz+ Dv8iC,DJa cachangso

C. /'u(:r)dl; Vufz) + C.

u

D. Néu / F(t)dt = F(t) + C thi / £ (w(®)) w'(t)dt = F(u(z)) + C.

5 5 5
BAITAP 3.2. Cho biét / fla)ds = 4va ] ¢(2)dz = 5. Tinh / [f() + g(z)dz
2 2 2

A -1 B.9 C.20 D.

Tt

. 9 1] 9
BAITAP 3.3. Tinh f 12£ () + 3g(x)) da bibt / fl2)dz = 37va / ¢(z)ds = 16.
] 0 0
A 122 B.74 C.48 D.53
BAITAP 3.4. Ham s6 F(z) = e 12 nguyén ham ctia ham sé nao

A f(z) = 2z B. f(z) = ** C.fla) =€ D. f(z) = —
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BAI TAP 3.5. Xéc dinh a,b,c d€ ham s F(z) = (az® + bz + ¢) e~* 12 mdt nguyén ham ciia
ham sb f(z) = (z* — 3z + 2)e™*
Aa=1b=1c=-1 Ba=-1,b=1c=1
Ca=-1b=1c=-1 Da=1b=1lc=1
BAITAP 3.6. Tim hiim 6 F(z) biét ring F'(z) = 42% — 32% + 2va F(—1) = 3
AF(x)=z*—2°~22-3 B.F(z)=2-2*—2x+3

C.Fz)=x*—2%+2c+3 D.F(z)=z'+23+22+3

it R P 4
BAITAP 3.7. Tim nguyén ham ctiahamsé f(z) = Vz2 + -

A.g\s/x_5+4ln|x|+(7 B. V2% + 4inlz| + C
civm-Lic DVS-2 ¢
5 2 T2

BAITE.P3;8. Tim nguyén hém/ (x"‘ - % + JE) dz.

. 1 2

A. %z“+2ln|z|—§x/;c3+c B. zz“—21n|x|—§\/x3+c
. - 1 2

C. £z4+2-1n|x\+§\/9:3+0 : D.Zm4—21n|z|+§\/:c3+0

BAITAP 3.9. Nguyén ham clia hdm sb y =3z —1trén (%, +oo) ia

A,lgzz’-“c B.gx/(Sm—1)3+C

'c.g\/(sx—n3 +C D.,/%m2—x+c
BAITAP 3.10. Tinhn énhémf dz
AL 3.10. guy VT
A. 10 B.—2vI~z+C C. 12 +C D.CVI=%
-z —~T

BAITAP 3.11. Ham s6 y = tan® 2z nhin ham sé nao duéi ddy 12 nguyén ham?

A2tan2z +z B.%tank:»z C.tan2z — 2 D. %taﬂ%:-{-x
BAITAP 3.12. Tim nguyén ham cfia ham sé f(z) = cos 5z cos =
in 6 in 4 )
A -L(snbz  sindz) . B.sinbz + C |
2 6 4
C.cosz +C D. % (smsﬁz + s";‘“) +C
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BAITAP 3.13. Tim nguyén ham / (2 +¢%)" da.

ﬁ 3z, L 6z 331_ 1 0%
A.4x+ie +?e +C B.4z+ie qe +C
o 3T = 62 3= _ 6z
C. 4z 3¢ +6€ +C D. 4z 3¢ ¢ +C
N 2.n [0 dz .
BAITAP 3.14. Giasu/ P =InK.Gidtricha K 1a
J1 -
A3 B.8 C.81 D.9
SA p 2 +1 2
BAI'TAP 3.15. Tim nguyén ham F(z) clia ham s f(z) = ( . )
o 1 J:" 1
A F(z)= 3 ~gpt+C B.F(m)—«§+5+2m+c
7"+ 9
—_— z 2
CFz)=3r— +C D.l(” “) +C
:c_ . 3 T
BAITAP 16. Ti —_—
3. mnguyenham/ u+3cu
1 z -3
A.Eln $_3|+c B _1‘+c
Cl|z® -4z +3|+C D.in ::3I+C
PPN . , Vort4
BAITAP 3.17. Tinh tich phdn [ = / S
) 0 T 4+3z+2
A 5In2-3mn3 B.5In2+3In3 C.3ln2-5In3 D.21n5 - 2In3
BAITAP 3.18. Tinh tich phén / = / T
9 1 9 9 1. 9
Alﬂﬁ B‘Zlnﬁ C——lﬂl—s D?lnﬁ
Ay md . 34+32%2+3x-1, . 1
BAITAP 3.19. & faham s f(z) = 2 T T pigt F(1) = =
TAP 3.19. Tim nguyén ham F(z) cia ham so f(x) g v biét F(1) 3
. 2 13
AF@)==« +I+T—6 B. F(x) = 1%
2 2 13 z? g
CAF(I)—?%' +I+1 ? DF(I)——+$+I+1 -6
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BAITAP 3.20. Déng thitc nio ding?

A/ |x—-2|dt—/ Iz = 1ldz B. / !a:—'2|d:c-—/(z 2)dz
C/|a: 2|d1:—/ T —2)dz — /(x 2)dz D/|z 2|dz~—/ z— ‘2d:c+/(:c 2)dz

D. LOI GIAI VA PAP AN

w'(z)

GIAIBAITAP3.1. / ) dz = In |u{z)] + C.
Ddp dn dingla C. (8]

.. 5 5 5
GIAI BAITAP 3.2, / [f(z) + glz)ldz = / f(z)dz +/ g(z)dz = 9.
2 2 2
Pdp dndingla B. a

. R R 9 9 9
GIAI BAI TAP 3.3, / [2f(z) + 3g(z) dz = 2 /0 f@)dz+3 / g(z)dz = 122.
0 1]

Ddp dn dung la A. O
GIAIBAITAP 3.4. F'(z) = (z2).¢* = 2z.e*

Ddp dn dingld A a
GIAI BAITAP 3.5.

Fl(z)=(az® + bz + e)e™™ + (a® + br + ¢){c™®) = [~z + 2 —b)z + b~ ] e~

—a=1 a=-1
=5{2e-b=-3=2¢(b=1 .
b—c=2 c=-1

Ddp dn ding la C. ]
GIAI BAITAP 3.6. F(z) = /(@:3 —32?+2dr=2z*-*+2c+C

F(-1)=C=3= Fz)=2* -2+ 22+ 3.
Ddp dndunglaC. ]

GIAT BAITAP3.7.

ff(v /( 4 ) 5//3 +41n]:r|+C‘~\/_+4ln|'r|+C

Ddp dn dungla A. o
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GIAI BAITAP 3.8.

2 s 2 e
/(23~;+\/5>dr=/(w‘*—;+x1/z)da:*—~%—21n|x|+§\/:c_3+0

4 2372
—Z—Zlnlz‘|+w+0.
Ddp dn dunglaD. O
GIAI BAI TAP 3.9,
1 (3z —1)%2 2
/\/33: —1ldz = /(39: - 1)y = 5(56_3/5)_ +C= 5\/(3x —-1¥ +C.
Didp dn diing la B. O
GIAI BAITAP 3.10.
— p)i/2
/ ,—fz_x =/(1—:c)"1/2d$=—(—1-1/%+0= -2V1-z+C.
Ddp dn dung la B. O
GIAI BAITAP 3.11.
/ta1122mdz=/ (co_si_i; —1) dz=—;-ta.n2:z:—:c+C<
Ddp dn diing la B. 0
GIAI BAITAP3.12.
fcosS:ccosxdx =f cos 6z + cos 4z de = sin 6z + sindxz i
2 12 8
Ddp dn ding la D. ]
GIAIBAI TAP 3.13.
/(2 + e%¥)d = /(4 +4¢% + ) dz = 4z + %c"’ + ée"" +C.
Ddp dn diing la A. [}
GIAI BAITAP 3.14.
5 dz 1 51
/1 e §1n|2::—1||1 =;In9=In3
Ddp dn dingla A. a
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GIAI BAITAP 3.15. ,
N .
F(Z)=/f(x)dz=/(z—:2-9—dz=f(zz+2+:—}§)dx= 2 e-tic

Ddp dn ding la A. ]
GIAI BAITAP3.16.

[m=iwee [ememee - (o - wn)

:%mm-sp%mu-u:%m ::i"
Didp dn diing la B. ]
GIAI BAITAP 3.17. ‘
I= 01(7;1;—(24?@@=/01 (2:3?—x_zi_Q)dz:=(31n|m+1|~2ln|x+2|) :
=5In2—3In3
DapdnlaA. ]
GIAIBAITAP 3.18.

= araema |, (T i) - (o fuwa) |
1

2 2 9
—:{11’13—'?1!’!4—?111%
Ddp dn diing la D. 0
GIAI BAI TAP 3.19.
23 +322 43z -1 2 z? 2
Flz)= | =——————dzr= 1—- —2 _Vdp=2-
(=) f e /(:r+ (I+1)2)dz 2+:t:+g:_f_1+C
5 1 13 22 2 13
F(1) = _— - = e = — —_———,
FFQ)=Cry=3=C=—g=2Ffe=3+et 29 -3
Ddp dn diing la C. ]
GIAI BAI TAP 3.20.
3 . 2 3 2 3
/ i:c—2|d:r=/ |I—2|dm+/ |z—2|dz:/(z—2)dz—/(z—2)d1.
0 0 2 4] 2
Ddp dn diing la C. ]
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CHUYEN DE 3.2 —
Phuong phap d0i bién so

A.TOM TAT LY THUYET
1. Néut = t(z) thidt = ¢'(z)dx.
2. Néup(t) = q(z) thip/(t)dt = ¢'(z)dz.

3. Cong thifc d6i bién sb

/ FIt@) ¢ (@)de = f FO)dt = F(t) +C = Ftx)] + C

b t()
f Fle@l¢ @ = [ sar
@ t(a)

4. Mbt sb phép ddi bién thuding gip

t=ar +b=>dt =adz
e t =3 = dt = ez dz.

o t= Y f(z) =>t" = flz) = nt" tdt = f'{z)d=.

o
ez o
o f=q ::»dt_lnadm.

. t:lnx-=>dt=%.

e t =sinzr => df = coszdz.
e t =cosz = dt = —sinzdz.

e t=tanx => dt =

coslz
1
sin® =

M / ’ Ha)de = / et

o t=cotx=dt=—

B. CAC DANG BAI TAP
viDU 3.23. Cho f f(z)de = F(z)+ C thi
A/f(az+b)dz=2l—aF(aa:+b)+C B./f(a.::+b)dz=a.F(a:c+b)+C

C./f(a.:z-}-b)dx: ! Plaz+8) +C D./f(ax+b)dz=F(az+b)+C

a
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GIAI Djtt=oz+bthiz= t—zénéndx= Tidt.do dé

/f(ax+b)d:v=/f(t).%dt= %F(t)+C= (lIF(a,a:+b)+C.
Viy dép dn dvingla C. a

' 1
VIDU 3.24. Cho f(c) I ham 6 Ié va lién tuc tén R. Khi 46 gid tri clia I = f f(z)dz thod
-1

man

AI>0 BI=0 CI#0 D.I<0
GIAI Ditf= —nthidr= —dt, khiz =—1thit=1vakhixz=1thit=—1.Dodd
1 N -1 1
1= [ ses== [ f-ne= [ s-va
-1 1 -1
Mitkhéc, vi f(z) 1a ham 1é nén f(~t) = ~f(f) Vtnén
1
r=/_ _f(f)dt= —I=I=0.
~1
Vay dip én diing 16 B. a

Nhiin xét: Trong biéu thifc tich phan thi viéc biéu dién theo dx hay dt la nhu nhau, kbt qua la

56 khéng phu thudc vao bién
b b
[t = [ sar

- 3
VIDU 3.25. Tim ho nguyén ham F(z) = / —ds

AF(z)=h|x*-1]+C B.F(x)=%1n|x4—l|+C
C,F(x)=%ln|z°—1|+0 D.F(x)=%1n|a:4—l|+c

GIAL Djitt = z* — 1thidt = 4z%dz. Suyra

dtfa  fdt 1 T,
F(x)—/T— E—zlﬂ]tlﬁ‘C—zlnll -1 +C
Vay dép dn diing la B. o
vi DU 3.26. Tfnh[=/w.e’2+ldw
Al=e"t 40 B.I=%e‘,+C CIl= %3’2“-{-0 DI=2% 4 ¢

124 Lutong Diic Trong-Nguyén Nhu Thang-Kiéu Trung Thiy



spbook.vn CHUGONG 3. NGUYEN HAM-TICH PHAN

GIAI Ditz?+1 = ¢thidt = 2zdx, do d6

I= /z.e"zﬂdz = /e’.ldt = 16’ +C= %e’z"’l +C.

2 2
VAy dép an dung Ia B. a
(DU 3.27. Tinkgidgeril = [ (1—tanz)* ——
VIDU 3.27. Tinhgiatril /U. 1 taxxzz Py
1 1 1 1
== B == = = =
AT 5 I 3 . C. 3 DI i
GIAL D@u:tanxthidt=coslzldz‘vékhiz=o&ﬁ:=0,khiz=%thi::LKhidé
1 AT 1
I=/ (1—t)‘dt=—(1—t) =l.
"] - 5
L 0
Vay ddp an diing1a A. : . ) _ m]

viDU 3.28. Tim nguyén ham / cos = sin? xdz.
3sinz — sin3x 3cosx — cos 3w
Csin*z+C D.sinz.cos? ¢ + C

A +C

GIAI Ditt =sinz = dt = coszdz. Do d6
3 .3 . e
/coszsinzzdz = [tzdt= %+C,= sn‘; z +C = 3sma:125m3:c +C.

Vay dap dn ding la A. n]

N . us
VI DU 3.29 (D& Minh hoa THPTQG 2017). Tinh tich phinl = / cos® z. sin zdz.
0

AI:«%‘* B.I=—n CI=0 D.I=—%

GIAL Ditt = cosz thidt = —sin.:cd:cvékhiz =Qthit=1khiz =nwthit=-1.Suyra
-1 1 4,1
I= —tadt=] t‘*dt:t—l =0.
1 -1 411
Vay dap én dungla C. Q
5
VEDU 3.30. Gid st?a, b 2 hai s6 nguyén thod mdn/ —:TT = alnd + bin5. Tinh gid tri
1 Tyox
cia a® + ab + 3b°
A4 B1 (oN1] D.5
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2 _
GIAL Ditt = 3z Fithic = %,dodéd:r: %dt.Khia:: 1thit = 2vakhiz = 5 thi

t=4,Khidd . . .
s 2
1=/ oz =/ — ,—tdt=f 2
1 TV3z+1 2 t—1t3 , 21
—
Lai cé ,
2 2 _+n-@-n_ 1 1
21 (@-D(+1) (e-D+1) ¢t-1 ¢t+1
Nén

PO B SR W PR In  om3-—1
_/2 (t—lat+l) =(nft~1] - |t+1|)|2— n3 —Ins.

Suyrac=2,b=—1néna®+ab+36° =5.
Vay dap én ding la D. a

1
ViDU 3.31, Tinhtichphanl = / zV1 — zdz.
0

28 9 9 3
A.? B._% an_s' D.%
GIAL Ditt = ¥T=zthiz=1—t*néndr = ~3t3de. Khiz =0thit=1,khiz = 1 thit = 0,
khi d¢ s .
3 o\ 9
— - 3 295 — 3 _ 946 {2 _2 =
I= fl(l - t%)t.3¢7dt /; (3¢ — 3t5) dt (4 7) 0= %
Vay dép én ding la C. , a

Vi DU 3.32. Tinh nguyén ham f zV/2? + 3dz.

Az +3+C B (z2+3)?+C
2 2 2 3
& o D.—V(m3+:‘_?-+c

GIAL Ditt = /22 +3thit? = 22 + 3 nén 2%dt = 2zdz. Do d6

3 2 3
fz\/m’+3dz=/t’dt=%+0=(z +3) +C

3
Vay ddp én diing la D a
viDU 3.33. Tink ﬁ;uyén ham / dz_
zlns
Ahz+C B.n|z|+C Clha(lnz)+C D.in|lnz|+C
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GIAL Ditt=Inzthidi= i‘E,Do dé

f de_ dt =lalf+C=1ln|lnz|+C.
zlnx
Vay dap dn diing la D. 0
C. BAI TAP TU LUYEN
- 0
BAITAP 3.21. Cho f(z)laham sb chinva / f(@)dz = a.Tinh I = / f(z)dz
. -3 1]
Al=-a B.i=2a C.I=0 D.i=a
da ma = f(b). Két

BAI TAP 3.22. Cho ham s f(z) c6 dao ham, lién tuc trén (e, b) théa man f(a)
qué nao sau diy dung?

A / f@)e! g = B. / Fla)e!@dz £ 0

C. / Fz)eFdz >0 D. / Fz)e/Fdr <0

- EH
BAITAP 3.23. Tinh tichphdn ] = / (1 — cosz)"sinzds
0

1 1 1 1
A —— L — . — L —.
n+1 B n—-1 2n D'n.
£ _ CosST

1-cos?z

BAITAP 3.24. Tim ho nguyén ham F(z) cda hamsb f(z)

AF@E)=-22 B.F(z) = == + C
§m sinx

D. F(z) =

C.Fg)= —+C
sing
BAI'TAP 3.25. Tim ho cac nguyén ham ciia tan® z.

B.%tan2:5+1n|cosz|+C

A.tan®z+In|cosz| +C
1
D.—-Z-tan2m+ln|cos::i+C

C.%(ta.nz:r+ln|cos:r:|) +C

- 3
BAITAP 3.26. Tinh tich phn I = / tanzdz.
13

Amﬁ B. mM A AL D.ln}
3 2
BAITAP3.27. Tinh 7 = / LIk
1 3 3 1
127
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H

€

BAI TAP 3.28. Tinh tich phan I = / °°S(:1 %) 4o
. 1

A I'=cosl B.I=1 C.I=sinl D. Két qua khéc

.
BAITAP 3.29. Cho / BT

T e . 2 N
————dz=—.Gidtrictaala
o Sinz +cosx 4

m
A. B. i C.

cal
ol 3
)
=E

D. LOI GIAI VA DAP AN
Q0
GIAI BAITAP3.21. Ditt= —zthil = f ~f(~z)dz = — / flz)de = ~
-3 -3
Pdp én dungla A. a
GIAI BAITAP3.22. Djtt = f(z) = dt = f'(x)dz

f(a)
fi®)

HO)
f f{z)efPdz = etdt=¢!| =e/® el =y
fla)

Ddp dn dingla A. a
GIAIRAITAP 3.23. Ditt =1 — cosz = dt = sinzdr

L n+l 1
I=/ tndt=t = L
0

n+llo n+l
Dép dn dingla A. - a
GIAIBAITAP 3.24, Ditsinz = ¢t = dt = cos zdz
Flz) = ffx)drf CSE dt —%+c=—§}1,—1+c
Ddp dn diing la B. a

GIAIBAI TAP 3.25. Ditt = cosx = dt = —sinzdz
sin°z 1-1? 3 1
/tan zdz = /cosJ /Tdt—Et—2+1n|t|+0—2—m+ln|coszl+c.
Ddp dn diing 1 B. ' v a
GIAI BAI TAP 3.26. Ditt = cosx = dt = —sinxdz
"% sing Fa_ fa
I= dz = — - = =In
o COST 1t 4 t

Ddp dn diing la C. . a

In

V3
Tv
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ul§

"GIAIBAITAP 3.27. Ditt = Inz = dt = —

1 t3 1 1
= 2 = =] = -.

1_/0 $2dt 3]0 3
Bap dn dingla D. d
GIAI BAITAP 3.28. Djtt = Inz = dt = i‘;

I:f' costdt = sint|” = 1.
0 0
DdpdndinglaB. ]
) e : 3 .
GIAIBAITAP3.29. Dit] = .si—dx,JEf 8% 4 Khidé
§ o SInz +coszx o SInZ + cosw .

¢ d(sinz + cos )

I+.7=/d:r:=a,.]—[= -
o s Sinz+cosz

qQ
== In|sinz + cos z| 0 =In|sina + cosal.
a—In|sinag+cosal 7

e

Suyral = 5 .
Ddp dndingla B. ' ]
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CHUYEN DE 3.3 -
Phuong phap tich phan ti'ng phan

A. TOM TAT LY THUYET
1. Cong thiic tich nguyén ham timg phén, tich phan timg phian

b b b
fudv =uy ~ /vdu;/ udy = uv —f vdu
a e a

2. Mot sé dang thudng gip:
u= P(z) {d‘u = P'(z)dz
= .

az+b
d‘U = e°’+bd:r v = il

I= / P(z)e*+tdzx, dét{
a

v = P(x) {du = P'(z)dx

dy = sin{az + b)dz = _cos(az +b)
a
e i tue
=

dv = cos(ez + b)dz v= sin(az +b)
: a

I= /P(x) sin{az + b)dz, dat { =

I= /P(:z;) cos(az + b)dz, dit {

u = In{az + &)
dv = f(z)dz

dx
I= /f(x) In(az + b)dz, dit { = {dﬂ . a{az +b) , rong 46 F(z)

v = F(x)
12 nguyén ham ciia f(x).

B. CAC DANG BAI TAP

viDU 3.34. Tinh / In zdz

Azhhz+z+C B.x~zlnz+C Cazhnx+C Dzlnz—z+C
GIAL Dit
u=ln;r=> du=E
dv = dz 7
v=2=

Theo cong thitc tich phén titng phin thi
' dz
/hl:z:d’x=:c]n:c—-/:c.: =:rlna:—/d:z:=a:ln:z:—9:+C.

Vay ddp dn diing la D. O
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Vi DU 3.35 (Dé Mink hoa THPTQG 2017). Tinh tich phan I = / = inzdz.
. 1

1 . e2-2 e2+1 -1
A.I—-Z- B.I= 3 Cl= 7 DI= n
GIAI Pt
d _d:l.
u=lnz N w==
dv = zdx z?
V=3

Vay dap an dungla C. 0
viDU 3.36. Tim nguyén ham: / ze*dz

7 m‘zez :
Aze*+C B.I=—2—+C Czef+e*+C D.ze* —-e*+C

U=z N du=dz
dv = e“dn~ v=¢€"

Theo cong thic tich phan timg phan thi

GIAL Dat

fmezdz=xc“—fc‘iz=ze”—e:+c.
Vay ddp dn diing 14 D. 0
1
VIDU 3.37. Tink tich phdnI = / se~dz
0

Al=1 B.I=1—§ Cl=- DI=2-1

u=zx du =dz
{dv =e *dx = {v =—eF

Theo cdng thiic tich phan timg phén thi

GIAL Dit

1
* =1—Qe'1=1~—2.
0 ¢

1

1

I=—ze ™| + e Fdr=—e"l-¢%
o 0

Vay ddp én ditng 1o B. a
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VfDU.3.38. Tinh nguyén ham / zcoszdz

A zsinz+cost+C B.zsinz—cosz+C C.zsinz+cosz D.zsinz —cosz

=2 - du = dz
dv = coszdz v=sing

Theo cdng thitc tich phén titng phén thi

© GIAL Dit

/wcoszdw=zsinx—/sinxdz = zsinz +cosz +C.
Vay dép én ding la A. ’ ]
ViDU3.39. Tinh/ = / zsinzdz
0

Al=xw Bl=-w : Cl=-2 D. Bdp dn khdc

U=z - du = dz
dv = sinzdx Y= ~cosT

Theo cong thitc tich phin titng phan thi

GIAI Dt

T

T
I=—:1:cos:t:|r+/ coszdr =7 4-sinz| =T.
0 0 0
Véy ddp dn ding ld A. . ) O

- _
VIDU 3.40. Tinh tich phdnl = / e~ cosrdz.
0

CAl=e+1 . BI=—e"-1 - C.I:——%(e"+1) DI=g-1)
GIAI. Dat - 7 R ‘ ‘
: S u =e* du; = e*dr
dvy = coszdx v, =sinz

Theo cdng thiic tich phan timg phén thi

" I=¢e*sinzx

x o T . .
- / e” sinxde = —J.
¢ 0

7
Pt S
Jua=¢€° ‘ du, = €7dz
* |dug = sinzdz Vg = —COST
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Theo cdng thitc tich phan titng phan thi

. r® m
J=—e“’cosx|o+/ e*cosadr=e" +1+ 1. -
0

L AUV 4
I

DoddI=—(e"+1+1) nénI=--§—(e"+1).
Véy dép én diing la C. 4 , a
e® 7 '
VIDY 3.41. Cho tich phdn/ cos(lnz)dz = p + me™ vim, p la cdc 56 hitu ti. Gid tri ciam
A k
thudc khodng nao?
A-1l<m<0 Bm>1 Cli<m<1 Dm< ~1

GIAL Dit
u; = cos(lnz) N | duy = _de
dv) = dz z

N=a

Theo céng thifc tich phén titng phin thi

e * e~
I= / cos(ln )dz = xcos(lna:)!: +/ sin(lnz)dr = —e™ — 1 + J.
1 1-

S e
J

dvy =dx

{uz = sin{ln 1) - dug = cos(z_ﬂdx
Yy =2

Theo cong thitc tich phan titng phin thi

J=asin(as)|, - / cos(ln z)da = —I.
1
SuyraI:—e"—l—InénI:—%—%e”, dové.yp:—%,m=—%.
- V@yddp dn dingla A. ]
C.BAITAP TU LUYEN
- ,
BAI'TAP 3.30. Tinh gid tri cia tich phan 7 = / (* — 1) Inzdz.
1
2 2 6ln2+2 2In2-6 4ln2 -2
A.Iw§1n2+§ BI= C.I——*-—g—- DI= 9
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2
BAI'TAP 3.31. Tinh gié tri clatichphanI = / (22 — 1) Inzdz
1

A.I=21n2—% B.I=% : C.I=21n2+~;- D.I =22
BAITAP 3.32. Tim nguyén ham / E'Tzzl.n—zdx.
; 2lnz -2
Az - 2222 o B.InJa| + ——— +C
2 2z —2
c.m|z|+h—‘z+—2-+c D.ln]:c[——-z——-f-c

- . c+ 2
BAITAP 3.33. Tim nguyén ham / R
2z - § 2z -3 —2x -5 —2x-3
A%T+C B"@T‘i‘c C.W‘FC D.Tei;_-*-c
33
BAITAP 3.34. Biét o, b2 hai s6 nguyén thda man f (23 + 1)e*de = a + be, tinh ab
. V0
Al B.~-1 - C.-15 D5
-~ ~ 1
BAI TAP 3.35. Tinh tich phan [ = / zedz
"Jo
Al B.2 C.3 D.4

BAITAP 3,36. Tim nguyén ham / 2z cos? zdz

Ax_a:si;Z:r_cosfz_}_C _\B.z_:csi;2:5+cos;2:c+c
C.z+xSi;2$—c°Z2m+C D.a:+25i;2x+c°121+0

D. LO1 GIAI VA PAP AN
- . “ 3
GIAIBAITAP 3.30. Datu =lnz,dv = (2% — 1)dz = du = %dz,v = % -z

z® 2 E g2 2 z° 22 2
I={Z _z)lzf - 2 1)dz=Zimo-[i.- ==z -
(3 x) ”L fl(s ) 3" (9 ’)ll zin%+g
Ddp dn ding 13 A. g
GIATBAITAP3.31. Ditu=Inz,dv = (22 — 1)dz = du = idm,v =2z

2 2 2 2
= (z?— ~[(e-1dz=2m2-{Z —¢)| =2m2-1
I=(z m)ln:t:l1 /; (z —1)dz =2In2 ( 3 x) |1 —?1n2 5

DdpdndunglaA. a
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GIAI BAI TAP 3.32. Diitu = 2Inz, dv — —:—zdx = du= %dx,v = %

[ i mna+ 222 [ Zamma e P22
& T T

I
Ddp dn dinglaC.
~2z
GIAIBAITAP 3.33. Ditu =z + 2,dv = e %Fdw => du = dz,v = — > -
z+2,  (z+2)e® eT® (@ 42e
fezz ”_z—““"/“rr‘“— 2 1 ¢
Dadp dn ding la C.

GIAI BAITAP 3.34. Dty = 2z + 1,dv = ¢*dz = du = 2dz,v = ¢

1 1 1
/(2.1:+1)e‘da:=(27:+1)e’ —/,2e’dm=3e—1—2e‘0=e+l.
0 0

1
0

Ddpdn dungla A
GIAIBAITAP 3.35. Ditu = x,dv = ¢*dz = du = dz,v = ¢*

i

1 1
I=:ce""| —f edr =e—~e*{ =1.
o Jy 0

Ddp dn dingla A.
PR . sin 2z
GIAI BAITAP 3.36. Dt u = z,dv = cos 2zdz = du = dz,v = >
in 2 in 25 ; sin 2 s 27
/Z:ccoszxd:c=/x(l+cos2a:)=a:+zsu; ad _/’51n2 de=x+:r§1;12-r+c0§4 T

Vay ddp dn dung la D
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CHUYEN PE 3.4 :
Tinh dién tich hinh phang

A.TOM TAT LY THUYET
1. Dién tich hinh phing giéi han bdi @3 thi ham s6 y = f(x), Oz va hai dubng thing

r=a,z=>bla

b
5= / \(z)ldz

2. Dién tich hinh phéng gi6i han bdi d5 thi ham s§ cic ham s6 v = f(),¥ = ¢{x) v hai
dudng thingz = a,z =bl2

b
s= [ If{z) - 9(z)ldz

B. CAC DANG BAI TAP

Vi DU 3.42. Viét cong thitc tinh dign tich hinh phdng gidi han béi d6 thi cdc ham s6y =
f(z),y = g(z) vé hai dudng thangz = a,z = b

b b .
AS= / (f(z) — g(z)| dz B.S=f [f (=) — g(x)] d=
b b b
C_S=/ f(x)da:—/ g(z)dz D-5=/ [f(z) - g(z)| dz
GIAL DPdpdndinglaD. m]

VIDU 3.43. Gid sit hinh phdng tao béi cdc dutdng congy = f(z),y = 0,% = a,z = b c6 dién
tich 1& $y, cdn dién tich hinh phdng tao béi dudng congy = |f(z)|,y = 0,z = a,z = b c6 dién
tich 12 S5, con hinh phdng tao bdi duimg congy = —f(z),y = 0,z = a,z = b c6 dién tich 13
S3. Lua chon phudng dn ding

A S =8 B.Sl=—33 CS;)S;; D.Sg)Sl.

GIAL Dién tich hinh phéng gidi han béi cac dudmg {y = f(z),y =0,z =2,z = b} 12

b
Sl=/ | f(z)|d=.

Dién tich hinh phéing giéi han bdi cac dudng {y = |f(z)|,y = 0,2 = o,z = b} Ia

b
Sp= / | (2)ldz.

136 Luong Pic Trong-Nguyén Nhy Theing-Kiéu Trung Thiy




spbook.vn CHUONG 3. NGUYEN HAM-TICH PHAN

Dién tich hinh phéng gi¢i han bdi cic dudng {y = —f(z),y O,z=a,z=5b}1a

So= / |- f@lds = / \f(e)lde.
V@y ddp an ditng la A. a
ViDU 3.44. Tinh dién tich hinh phdng gidi han béi do thi ham séy = 2z* —4z—6, truchoanh
va hai dwdng thdngz = -2,z = —4.
64 148

S0
A 54 B. — C =3 D.?

GIAIL Xét phudng trinh 2z° — 4z — 6 = 0¢d nghiém x = —1 hodc x = 3 déu khéng thudc
khoang [— 2 4]. Do dé dién tich hmh phang cintim 2
—2
(— - 277 - 6:1:) | =
—4

§= / 222 — 4z ~ 6|dz =
Vay dap én ditng la C.

ViDU 3.45. Tinh dién tich hinh phing () gidi han bdi cdc duongy = z*, truc Oz va dudng
ﬂu{ng T=2.

18
3

8 16
A8 B. 3 C. 16 D. 3

GIAL Xét phuong trinh 22 = 0 ¢6 nghiém duy nhit z = 0. Do dé dién tich hinh phing cin
timla
2 2 3.2 8
= 2| dop = Zgp =2 T2 2
S—-./D]a:idm—/;xdz 3|0 3
Vay dép an diingla B. ad

vi DU 3.46 (Dé Minh hoa THPTQG 2017). Tink dign tich hinh phdng gidi han bdi d6 thi
ham sby = <* — z vadb thiy = z ~ z2.
37 9 81

A.l—z- B.Z C'E D. 13

GIAL Xétphuongirinh2® ~z =2 -2 © 2® +z? ~ 2z = 0c6 3 nghiémz = 0,7 = 1 va
z = —2. Do d6 dién tich hinh phing cin im 1
] 1
s=/ ]x3+z2—2z]dz+/ |z* +z* — 22| dz.
-2 1]

S1 Sa
Lai cb
4 3 0
— 3, .9 (2. 2. _8
Sl—/_z(m +z 2z)dx| ( +5 “’)Lz :
4 .3 1 5
= 3.2 (. 2 _ _5
S2 = / (Z+z 2z)d:c| ( + 3 ;)!U L
8 &5 37
Suyra‘stljysz\:.é.f.E_l_z_
Vay dap an dung la A. o
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Vi DU 3.47. Cho hinh phdng (H) gidi han bdi cic duongy = 2* + 2mz® + m®%,z = 0,z = L.
Timm dé dién tich hinh phdng dé b&ng—;-

wWiny

Am=1hodcm=2 B.m =0 hodgcm =

. - 2
C.m=§hoac‘m=1 D.m=0ho_acm=—§

GIAL Viz* + 2mz? + m? = (2? + m)? > 0nén dién tich hinh phing H 1a

1 5 2ma?® 1 2m 1 1
S='/U (?’4+2mx3+m2)d~’5=(?+T+m21)|0=m2+?+g=g.
Dodém2+2—m=0nénm=0hoécm=—§.
Vay dap an dvingla D. ] a

ViDU 3.48. Tinh dién tich hinh phéng gidi han béi cdc dudngy = (z—1) Inz va dudng thing
y=x—~1
e +4de+5 e?~4e+5 e? 4 4e+3 e? ~4e+3
i B—a— C—a D—p— |
GIAI BAI TAP 3.48. Phuong trinh (z — 1)Inz = 2 — 1 ¢6 nghiém z = 1 hoic x = e. Dién tich
hinh phéng cin tim 12

§= e -tz @ -Didz=| [ - Dz - te| = 1

T
Dit
dz
u=lnz du.=—z—
dy = (x — 1)dz = z?
’U=-§-*—I

Theo cong thic tich phan timg phan thi

I=‘/l=(:—1)dex—[=(x—1)dx= (-a;—z—x> Inz

e e — 132 e
1_./1- (g_l)dzq(z 21) 1

e? x? e (e—1)? e?2 5
23_6_(I_z>1_T=G"Z_Z
de -€2 -5
T 1
Dodé s = | = £ -%+5
Vay dép an diingla B a
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C. BAITAP TU LUYEN
BAI'TAP 3.37. Tinh dién tich hinh phing gidi han bdicdc dé thiy =2? +z,0z,2 =0,z = 1
A3 B.2 C.s D. %
BAI'TAP 3.38. Tinh dién tich hinh phing gidihan bdi dé thihamséy = vz.+ 1,0z vaz =3
16 1
A8 B.12 C.I—? D'I—ﬁ
BAI'TAP 3.38. Tinh dién tich hinh phing gidi han bdi dd thiy = —2? + z + 3 v truc hoanh
125 125 125 125
BAI TAP 3.40. Tinh dién tich hinh phing giéi han bdi 45 thi y = * v dudng thing y = 2z.
: 4 3 .5 23
Az B.3 C3 D. =
BAITAP 3.41. Tinh dién tich hinh phing gidi han bdi dd thiy = z* vi dudng thang y = =.
1 1 1
A. § B. "6‘ C- —3' D. 1

BAI TAP 3.42, Tinh dién tich hin_« phing gidi han bdi cdc d6 thiham sé y = (¢ + 1)z va
y=(1+e")z

e € ‘ 3
2- < : .- - L2 -
Az-: B.2 Cj-1 D.c -1

D. LOI GIAI VA DAP AN
GIAI BAI TAP 3.37. ‘

1 1

S'=f lw2+zld$=l~/‘ (® + z)da| = §

0 0 6
Bdp dn dingla D. _ a
GIAT BAI TAP 3.38.

3 3

1
S=f |\/m+1|d:c=/ \/:c+1dx=?6.

-1 -1
bapdndungla C O
GIAI BAITAP 3.39. Phuong trinh —2z° + 2 +3 =0 z = -1 hodcz = g

§ S 125
S:/ |- 22% +z+3|dz = / (~22° + o + 3)dz| = —.
-1 -1 24

Ddpdn dingla A 0
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GIAI BAI TAP 3.40. Phuong trinh 2* = 2z 4 z == Ohodc z = 2.
2 2 4

S= / |z? — 2z|dz = / (2? - 2z)dzl ==

0 o 3

Ddpdnia A 0

GIAI BAI TAP 3.41. Phuong trinh z° = z & z = 0 hodc # = 1. Dién tich hinh phéng cin im
Ia

: 1 1 1
S=/ |z2—2z]d$=lf (z? — z)de] = <.
o 0 6
Ddp dn la B. : -
GIAI BAI TAP 3.42. Phuong trinh (e + 1)z = (1 + ¢%)z ¢ z = O hodcw = L.
1 1 e
S=/ l(e+})$—(1+e’)xldx=‘/ (ex ~ e*x) dx =§-1.
(] : 0 .

Dapdndingla C. a
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CHUYEN DE 3.5
Tinh thé tich khéi tron xoay

A. TOM TAT L¥ THUYET -

1. Thé tich clia vat thé V gidi han bdi hai mit phing v = a,z = b 13-

- f st

v6i 5{z) Ia dién tich thibt dién tao bdi vat thé V va mit phing z = ¢.

2. Thé tich ctia khbi trdn xoay tao thanh khi quay hinh phéng (H) gi6i han bdi db thi
v = f(z),0zvaz =a,z = b, quanh truc Oz Ia

b
Ve f [F(z)Pdz

3. Thé tich cGa khbi tron xoay tao thanh khi quay hinh phing (H) gidi han bdi cdc db thi
y= f(z),y =g(z)vax = a,z = b, quanh truc Oz 1a

b
ven [ 1@ - ole)ds

B. CAC DANG BAI TAP

Vi DU 3.49 (D& Minh hoa THPTQG 2017). Viét céng thilc tink thétich V' cua khéi trn xoay
dugc tao ra khi quay hinh thang cong, gidi han-bdi dé thi ham sby=f (:c) truc Oz va hai
dogn thingz = a,z = b (a < b), xung quanh trucOx.

A.V—1r/ F¥z)dz BV = /fﬁ(z)dz
» cv_w[ floye DV = / If(2)lde
GIAL Pipdn diinglaA. ]

Vi DU 3.50. Tinh thé'tich vét thé tron xoay khi quay hinh phdng gidi han béi cdc dudng
y= 4,3; 0,z =1,z = 4 quanh truc Ox.

AV=6r B.V =d4n CV=12n D.V =8«
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GIAL Thé tich khéi tron xoay can tim 1a

4 2 4 4
V=1r/ (2) dz'=1r'f gdx=—16—7r = 12x.
1 \T 1 2 z I
Vay dap én diing la C. a
VIDU3 51 (Dé Minh hoa THPTQG 2017). Kihiéu (H ) lahinh phanggw: han béi dé thi ham

séy = 2z — 1)e%, truc tung va truc hoanh. Tinh thé tich V ciia kh6i tron xoay thu dudc khi
quay hinh (H) xung quanh truc Oz.

AV=4-2 B.V={4—2er CV=ec-5 D.V=(2-5r

GIAL Xét phuong trinh 2(z — 1}¢® = 0 cé nghiém duy nhét z = 1. Do dé thé tich khéi trdn
¥oay can tinh Ja

V= 'rr‘/‘1 [2(z — 1)e*)* dz = 417/1(2: —-1)%e*=dz.
o o

{u=(x—l)2 {‘ﬁ‘:zf’"‘”
e > = :
dv = e**dz Y= e
2
Theo c6ng thiic tich phén titng phin thi

2% 41 1
V =dn.(z - 1)2.?|n - 41r£ (z — 1)e*dz = 21 ~ 471,

u=x-1 ”=12;
= < .,
dv = ¢®dz -v=f__

Theo cong thitc tich phén titng phén thi
e2z

; 1 1 g2z 1 el 3-.¢2
=05 - [ Fe=5-FL=

4m.(3—e?)

Viy ddp an diingla D. a

DovayV = —2r —

viDU 3.52. Tinh thé'tich khéi tron xoay khi quay hinh phing gidi han bdi cic duongy = /=
vay = z quay xung quanh truc Oz

7
A‘E Bgfj C.0 D.

ol 3
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GIAI Xét phuong trinh vz = ¢ ¢ hai nghiém z = 0 hodc z = 1. Thé tich khéi tron xoay cin
dmia

1 ’ 1 1
vﬂ/ (x—ﬁ)zd:z=7r/ (3:2—2:0\/5+z)dx=1r/ (-2 +2) d
0 0 0

28 2792 2\ ;1
_"(?_ 572 +?) o

T

30
Vay dip én diting 12 B. O
ViDU 3.53. Tink thé’rich khdi tron xoay tao nén khi xoay hinh phdng gii han bdi dé thi cdc
hamséy =tanz,z =0,z = E,y = 0 quanh truc Ox

3
n 7 x- x
A.‘IT(\/§+§) B.\/_—E C.\/§+§ D.ﬂ(\/g—'é')
GIAIL Thé tich khéi tron xoay cin tim 1&
R S Y O Y _ B o
V»ﬂ[o tan' :z:dac—ar_[J (coszaz: 1)de =7 (tanc :c)]u —Tr(\/_ 3).
Vay dép én diing 1a D. m]

ViDU 3.54. Cho hinh phéng (H) gidi han béi cdc dudng thdngy = z, truc hoanh va dudng
thang s = m,m > 0. Thé tich khéi tron xoay tao béi khi quay (H) quanh truc hodnh la 9
(dvtt). Tim gid tri ciiam.

A9 B3 C3 D.3¥3
GIAT BAI TAP 3.54. Thé tich khdi tron xoay tao bdi khi quay (H) quanh truc hoanh Ia

T 3 3
e pm ™
V=7r/ gle=nr—| =—=0n
0 3 0 3

Suyram® = 27 haym = 3. ‘
Vay dap dn diing ia C. : a
C. BAI TAP TU LUYEN
BAI TAP 3.43. Thé tich khéi tron xoay khi quay hinh phing H gidi han béi cac dudng y =
vz — 1, truchoanh, z = 2,z = 5 quanh truc Oz 14
5 5 5 5
A./ VT~ ldz B.7r/ Va — ldz C./(:—l)d:c D.'A'/ (xz—1)d=

2 2 J2 2
BAI TAP 3.44. Tinh thé tich khéi tron xoay tao thanh khi quay hinh phéng gidi han bdi cic
dudngy =z® + 1,y = 0,z = 0,z = 1 quanh truc Ox

23w 137

n T
A'§ B‘§ CAE D.—7—
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BAI TAP 3.45. Tinh thé tich khéi trdn xoay tao nén khi quay quanh truc Oz hinh phéng gidi
hanbéi cac dudngy = (1 — z)%,y =0,z =0vaz =2

A 5w B. % C. % D.3m

BAX TAP 3.46. Tinh thé tich khdi tron xoay khi quay hinh phing (H) gidi han bdi cic duding
y =sinz,y =0,z = 0,z = v xung quanh Oz
72 w2 w2 272
A. 'E‘ B- 7 Cv I Da T
BAI TAP 3.47. Tinh thé tich khéi trén xoay tao nén khi quay hinh phing gidi han béi cic
dutngy = 2% — 4,y = 2z ~ 4,7 = 0,z = 2 quanh truc Oz
16w 167

A, ——15— B. 67 C.—6n D. —1-5--

BAITAP 3.48. Tinh thé tich véit thé tron xoay khi quay hinh phéng (H) gi6i han béi cic dudng
=z1.e"/? z =1,z = 2,y = 0 quanh truc Oz.

A.m(e? +¢) B.r(e?—¢) C. we? D. e

BAI TAP 3.49. Cho hinh phing (#) gidi han bdi cic dudingy = zinz,y = 0, = e. Tinh thé
tich khéi tron xoay tao thanh khi hinh (H) quay quanh true Oz

ﬂ(se -2) m (5e® +2) 7 (5e® —2) 7 (5% + 2)
25 B. 25 C. 27 D. 27
D. LOT GIAI VA DAP AN
GIAT BAI TAP 3.43.

S= ﬁ_/gs(\/;:_l')zdx Y .

Dadp dn diingla D. : ’ a
GIAI BAI TAP 3.44. -
Vo / (z® +1)%dz = %’5

Ddp dn diing la C. . |
GIAIBAITAP3.45. |

o V=nr / [a-=2p)? —w/(l-—- )4d:::—-—,

Ddpdn dingla C. . a
GIAI BAI TAP 3.46. :
V= w/"s'm’xdz =1
" 0 2

Ddp dn diing la B. 4 ' O
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GIAI BAITAP 3.47.
2
.V=7T/ [z'z—4— (2::—4)]2dz= }6_7r
A 15
Dip dn diing la D. v O
GIAI BAI TAP 3.48.
2 ‘ 2
1% =-7;/ (Vz.e"V)dz = w/ we®dz = med.
1 1
"Ddp dn ding 1a C. ]

GIAI BAITAP 3.49. Phuongtiinhzlnz =0 &z = 1

7(5¢% - 2)

Y = ‘ 2 =
v ﬂ"/; (zlnz)*dx 57

Ddp dn diing BC. o

Luong Ditc Trong-Neuyén Nhu Théng-Kiéu Trung Thily 145



On luyén thi tric nghiém THPT Québc gia ndm 2017 mén todn : spbook.vn

CHUONG 4 -
SO PHUC

CHUYEN PE4.1 — —
Tim céc yeu to lién quan dén so phirc

A. TOM TAT LY THUYET
1. Khai niém s6 phitc
o Sb phifc z = a + bi, trong 46 a,b € R, i 12 86 &0 thdamin i2 = —1. Tap céc sé phitcla C.
o Khi z = a + &i thi ta néi phin thite clia z 13 o, phdn do clia z la b.
o S6 phifc z = o + 0.1 12 56 thuc a; 56 phitc z = 0 + bi dudc goi 1a s6 thudn Ao.
o 86 phiic z = o + bi dudc bifu dién bdi diém M (e; b) trén mit phing toa da.
2, Céac phép toan trén tap s6 phitc

Cho hai s6 phitc z = a + bi, w = ¢ + di. Ta dinh nghia c4c phép todn nhut sau:
o Phép ddngnhit: z = wkhivachikhie = ¢,b = d.
e Phépcong, itz w = (at ¢) + (b d)i.
e Phép nhan: 2w = (ac — bd) + (ad + be)i.

_ (ac+bd) + (bc — ad)i
- &+ a2 )

3. Mddun ciia sb phite, s6 phitc lién hop

. Phépchia:Khiw;éOthi%

1. $6 phitclién hgp ciia s6 phiic z = o + bi 1286 phitc z = a ~ &i.
2. V8iz = o + bi, tadit |z| = v/a? -+ b2 va goi |z| 1A médun cha sb phuic .

V4 z
3. |21 20,12 = |2, |22 = 22, |2w| = |2].Jwl, |Ei = ||w_l| [2%] = |2f™.
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3. Cin béc hai cia s6 phitc
1. Khie < 0 thi ¢in bic hai cia e 12 +iv/—a.
2. Khiphuong trinh bac hai: az® +bz+c = 0vdia, b, ¢ € Rma A = b* —dac < 0, thi phudng
trinh béc hai c6 nghiém
-bxiv-A
2= —— .
2a

3. Phudng trinh bac hai a2® + bz + ¢ = 0vdia, b, ¢ € C,a # 0ludn cé hai nghiém phitc va
hai nghiém nay thda man

b
z1t+ 2= —g Ans

slo

Hai hé thé(c trén chinh I3 Dinh Iy Viet.
4. Néu da thadc p(z) vdi hé sb thuc cé nghiém phitc 14 z = a + bi vdi b 5 0 thi p(z) cing ¢6
nghiém z = a — .
B. CAC DANG BAI TAP
Iﬂgmg 1: Tim dang tung minh cha sb ph{itil
Dang toan nay yéu ciu tinh mét s6 phiic khi né dugc & dang mét bidu thite nio dé.

1. Chi ¥ cdc phép toan trén tip sb phiic. Cic hing ding thic vén diing cho tap s phiic.

2. Khi gap lity thita clia z v6i s6 mil lén thit im xem 22, 2%, ... c6 dang don gian hay khéng,
Ciing huu ¥ ring

iﬂk = 1, i4k+l =1, i4k+2 = -1, i4k+3 = —i.

3. Néu tdng c6 dang cip sb céng hodc cAp sb nhén thi van dung céng thic tinh tdng di
biét.

Vi DU 4.1 (D8 Minh hoa THPTQG 2017). Cho sb phitcz =2 + 5i. Tim s6 phitcw = iz + 7.
Aw=17-3i B.w=-3-3 Cw=3+7i Dw=-7-T7

GIAL Tacé
w =32+ 5i) + (2 — 5i) = =5+ 2 +2 - 5i = ~3 — 3.
Vay dép dn diing la B. a
VIDU 4.2, Séphitcz = 1+ (1 +i) + - + (1 +1)* bdng
A—2% 41y | B.(2°+1) C.(2%0 - 1)i D.(—2%¢ +1)i

GIAIL Tacé

. ; 144)100 -1
= 1 99=-—--_—-_( .
z=14+(Q+8)+ -+ (1+7) T+ -1
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Vi(1+1i)? =2inén(1+4)00 =(20)% = 250(1'2)25 = -2% Suyra

_250

z= = (2%° + 1)i.

Véy dép én ding 13 B. _ s

Lang 2: Tim nghiém phdcva b nghiém phitc ciia phiwong trith
Khi s5 phtic cho 6 dang mét phuteng trinh thi ta tim s6 phiic nhu sau:

1. Ta viét s6 phitc dudi dang dai s6 z = z + i sau d thay vio phudng trinh dé thu dugce
hai phuong trinh v&i hai dn 2, .

2. Giai hé phuong trinh n z, y ta tim dugc <, y va tit 6 tim dudc =.

3. V6i phuong trinh chi chua bién z (khong chifa z,z],...) ta ¢6 thé ding céc kj thuat
truyén théng d gi&i phuong trinh. Chii ¥ khdng ding dude ki thuit danh gid bat ding
thitc, tinh don digu clia ham s6. Chti ¥ diing cdng thitc nghiém clia phudng trinh bic 2.

4. Sau khi tim dugc z, ta c6 thé dé dang tinh todn dugc cdc biéu thiic lién quan cha 2.

VIiDU 4.3. Tim s6 phitc z théa méan
(3-20)z — 4(1 ~i) = (2 + i)z

Aw=3+i Buw=1-3i Cw=3-i Dw=-3-i

GIAL Taviét z = a + bi v6i a, b1a cdc s6 thuc. Khi dé
(3-20)2-4(1—%)=(2+i)z e (3-2)(a—bi)—4(1 —¢) = (2 + i) (e + &)
' & (32 — 2b — 4) + (—2a — 36+ 4)i = (2a — b) + (a + 2b)i. ‘
Tirdé tathu dugché3a — 26 —4 = 20— b,—2a—3b+4 =a+ 2b.Suyraa = 3,6 = —1. Do dé
z2=3~-1.
Vay dap dn diing 1a C. O
VIDU 4.4, Tim 56 nghiém phitc ciia phuong rink (z + 22)° = 8i.
Al B2 C.3 D.4

GIAL Tavitz =z + i v6iz,ya che sb thic. Khi d6

© (242 =(z+yi+ 22— 2y7,)3 (3z — yi)? = (22)° — 3(32)2 (i) + 3(32) (i)? — (vi)®
= (82% — 9xp?) + (3° — 272%y)s. .

Do dd .
(z +22)° = 8 & (82 — 9zy%) + (v° — 272%y)i = 8i & 82 — 9zy® = 0,1° - 272%y =8

Hé phudng trinh cudi cling ¢é 3 nghiém 1a (z;4) = (0;2), (:t%g; -1). Nén phuong trinh da '
chocé 3 nghiém.
Vay dip én diing 1 C. a
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Dang 3: Tim s6 phitc, im phén thuc phin do cliasb phﬁc_l'r
Véi dang toén &im phén thyc va'phén Ao ciia sé phic, ta ¢é thé lam nhu sau:

1. Véish phuc da cho bdi mét bidu thiic tudng minh, ta riit gon va viét so phitc dudi dang
a + bi rdi két ludn phan thuc, phin Zo. )

2. Néu s6 phifc cho & dang mdt phuong trinh thita im sb phﬁ’c nhu da trinh béy & trén.
3. Saukhi tim dugc z, ta c6 thé dé dang tinh todn dugc céc biéu thiic lién quan ciia z.

VI DU 4.5 (DéMinh hoa THPTQG 2017). Cho sé phucz = 3 — 2. Tim phdn thuc va phdn do
cuaz.

A. Phén thuc Ja -3 va phan dola-2i . B. Phdn thuc 16 -3 va phén do la —2
C. Phdn thucla 3 va phan—ao la2i D. Phdin thuc 1a 3 va phdn a’b a2

GIAI Tacoz—3+2znenphanthﬂcla3vaphanéola2 :
Vay ddp andinglaD. . O

VIDU 4.6. Cho 56 phiic z théa man (3 + i)z + (2 +1)z — 3 + di = 0. Tim phdn do ciia 7°.
A-10 © B.~20 c1o D.—20

GHAL Viétz =z + yi. Ta cd
(3+i)_2+(2i+1}z—3+4zf=0@(3+i)(a:—yz‘)+(1+2i)(§:+yi)—3+4i=0

& (4r—y— 3)+(3x Jy+4)i=0&4z—y—-3=3z—-2y+4= 0@:(:—2;4/ 5.

Suyra z® = (2 - 8i)* = —21 — 20i. Phén &o clia zla 20. - ) :
VﬁydapandunglaB. .0

Dang 4: Tim mbdun cha sb phic l

V6i dang todn tim médun ciia s phiic, ta c6 thé lam nhu sau:

P

1. V§i s6 phiic d4 cho bdi m6t biéu thiic tudng minh, ta rit gon va viét s6 phiic ducn dang
a -+ bi Y61 tinh modun /a2 + 52 .

2. Néu s6 phiic cho & dang mot phuong trinh thi ta fim s6 phic nhu da trinh bay 3 trén.

3. Luu ¥ mét sb tinh chit cia médun: |2 = |2, ]zl2 = 22, |2w| = |z| ], |i| = ﬂ,
2™ = el v
| =|°

ViDU 4.7 (D& Minh hoa THPTQG 2017). Cho hai sé phitc 2y = 1+i, z, = 2 — 3i. Tim médun
* ctiasé phitczy + za. :

Alzy+2=VvI3  Bla+zm=vE  Clatzn|=1 Do+ 2| =5
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GIAL Tacé .
ntzze (140) +(2~3) =320 = |oy + 22| = V3T F (=2) = VI3.
Vay dép én diing 1 A. a

viDU 4.8 (Dé Minh hoa THPTQG 2017). Kihiguz, 23, z3, 24 I bon nghiém phifc claphuong
trinh 2 — 22 — 12 = 0. Tinh tongT = || + |za| + |z3] + 124).

AT=4 B.T =23 CT=4+2V3 DT=2+2V/3

GIAL Tacé
z4~22—12=0ﬁ23=4,z2=—3@z=:|:\/§i,z=:£:2.

Dod6 T = |V3i| + | - v3il + |2] +| — 2| = 4+ 2v3.
Viy dap an ditng la C. O

C. BAITAP TU LUYEN
BAITAP 4.1. Phin thuc ciia s6 phifc z théaman (1 +9)?(2 — i)z = 8+ i+ (1 + 2i)z 12
A —6 B.-3 C.2 D. -1

2341
i

BAITAP 4.2. Cho sb phiic z théa min hé thidc (i + 3)z +
phicw =z -i.
V26 VB c 2v8 V26

A= B 5 T

= (2 — )z Tim mddun ca sb

BAITAP 4.3. Phuong trinh z° + az + b = 0 véi a,b € R c6 mét nghiém phitc 14 1 + 2i. Tinh gid
tri clia ab

A. 10 B. -10 C.12 D. -12

BAITAP 4.4. Goi z; VA z; 12 hai nghiém cia phuong tiinh 2% — 4z + 5 = 0, Khi d6 phén thuc
clia 22 + 22 bing

A6 B.5 C.4 D.7

BAITAP 4.5. Goi 2, VA 2, 12 hai nghiém ctia phuong tinh 22 + 2z + 10 = 0. Tinh gi4 tri cla
21/ + §z2f?

A 18 B.10 C.20 D. 16
BAITAP 4.6. Cho s6 phic > thda man hé thitc 2z + Z + 4¢ = 9. Tim mé dun clia 2%,

A.25 B.4 C.16 D.g
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"BAI'TAP 4.7. Goi z) vi 2, 1 hai nghiém clta phuong trinh 222 + 4z + 3 = 0. Tinh gid tri clia
lza] + [22} .

A V2 B.3 C.2v3 D.v6

BAITAP 4.8. Phuong trinh (2 +4)z% + az +b = 0v6ia, b € C cé hainghiém a3 +iva 1 — 2.
Khi d6 « bing

A 92 B.15+5¢ C.9+2 D.15 - 5¢

BAITAP 4.9. Goi z) vA z, 13 hai nghiém cia phudng trinh z® — 2iz —4 = 0. Khi d6 médun clia
56 phitc w = (z; — 2)(z, — 2) bing

A4 B.5 C.6 D.7

BAITAP 4.10. Cho s phic z thda man n 2'2_ +% = 2. Tim phan thuc cfa sé phicw = 22 -2
— &

A3 B.1 C.2 D.0

PO P 1R\

BAITAP 4.11. Cho 56 phitc z = (ﬁ) . Tinh 2%
A -1 B.1 C.i D. -1

BAI'TAP 4.12. S8 nghiém phiic ctia phuong trinh 2% + 7 =012
A4 B.3 C.1 D.2

BAITAP 4.13. S5 nghiém phiic ctia phudng trinh 42% + 8{z[* —3 =013
A4 B.3 C.2 D.1

BAITAP 4.14. Tong binh phudng cdc nghigém phiic clia phuong trink 24 + 322+2=0 bing
A6 B. -8 C.—6 - D.8

BAITAP 4.15, Modun chasb phitcz = 1+ (1 —4) + (1 =) +-- - + (1 — i)' bing

A.20 B.2%+1 C.1 D20 —1
D.LOI GIAI VA DAP AN
GIAT BAITAP 4.1. Tacd
(L4052 i) = B+ (14 20)7 o (24 di)z =841+ (14 2i)s 0 2 = 18:2: —2-3
BPdp dn diing la C. a
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GIATBAITAP4.2. Ditz =z +yi.Taco
. 241 - . . ) , .
(1+3)z+ ; =@2-Fe B+iz+y)+1-2=(2~-1i)(z—yi)
& @Br—y+ 1)+ (z+3y—2)i= (22 —y) — (x +2y).
Ttdétacé3z—y+1=27 —yvaz+3y—2=-7—2y.

V26

Suyraz = -1,y = g.Dod6w=z—i=—1—%iv€1}w|= -
Ddp dn dungla A O

GIAI BAY TAP 4.3. Thay z = 1+ 2i vao phuong trinh ta dudc (1 + 2i)? + a(l +24) +5=10.Do
dda+b=3va2e+4=0.Kéotheoa=-~-2vab=35.
Ddp an dungla B. a
GIAI BAI TAP 4.4. Phuong trinh c6 hai nghiém 2 z;, = 2+ 4. Do d6

' Rrd=(2—i+@2+i)7 =6

C6 thé dung Dinh Iy Viet nhu sau: 27 + 25 = (21 + 22)> — 2212, = 4° — 2.5 = 6.
DdpdndinglaA. a

GIAI BAI TAP 4.5. Phuong trinh ¢6 hai nghiém A 23 = —1 % 3i. Do dé
|21f? + |za? = | — 1~ 3i[* + | — 1+ 31> = 20.
Ddp dn dung la C. : o
GIAIBAITAP 4.6. Ditz = z +yi. Tach A '
+Z+4i=0o2Az+yi)+(2-v)+4i=003r=0y=—4oz=3y= -4

Kéo theo z = 3 — 4i. Suyra |2%] = |z* = 25.

Ddp dn diing la A. . S |
GIAI BAI TAP4.7. Phuong trinh ¢ hai nghidm 13z, 5 = _2:‘:7@ Do dé
-2+ V2| |-2~v2 _
ol + ol = | 22V 2‘”_. = V&.
Dadp dn diing la D. : .0

GIAI BAI TAP 4.8. Theo gia thiét ta c6 ‘
Q+DB+iP +aB+i) +b=(2+9)1 - %) +a(l -2} +5=0
> [@+)E+1)? - @+ (1 -2 +alB+1) - (1 -2)] =0
L @+)E+) - QHNI-2%)®
TS T B -(1-2) =
Ddp dn dung la A. a

—(2+i)8+i+1—2)=—-9—2

152 . Luong Prtc Trong-Nguyén Nhut Thdng-Kiéu Trung Thily




spbook.vn CHUONG 4. SO PHUC

GIAI BAI TAP 4.9. Theo dinh Iy Viet ta c6 z; + 22 = 24, 2122 = —4. Do d6
W=2222— 221+ 22} +4=—4—-2(2)+4=—4i=> |w}l=| - 4i| =4
DdpdndiungiaA o
' GIAT BAI TAP 4.10. Ta viét phuong trinh v& dang z + (1 — 20)3 = 2  4i. Dt z = 7 + yi thi
€ +yi) +{(1—2)(c—yi) =2—4i & (2x—2y) —2wi=2—di ez =2,y =1..

Dodéw=(2+4)2—(2+4i)=1+3ivaphinthyucchawlil.

Ddp én diing la B. ) ‘ a
L L4\ 2 ' .

GIAI BAITAP4.11. Tacb z = (1—_1-) =17 Chonén 22 = {20178 = 3 = _;,

Ddp én ding la A. . a

GIAI BAITAP 4.12. Diit z = z + yi. Thay vao phudng trinh ta dugc

(g+yf+@-y) =0 (-1 +2)+ 2wy -y)i=0c® -y’ +z=2zy —y=0.

Hé phudng trinh cubi ciing c6 4 nghiém 1a (z;3) = (0;0), (~1;0); (%, i\/Tg) .
Do d6 c6 4 6 phifc théa man phudng trinh, _ '
Ddp dn ding la A. ) o
GIAI BAI TAP 4.13. Ta thiy vé trai clia phung trinh 12 ham chin cla z va 0 khéng 1a nghiém
" chha phuong trinh. Suy ra phudng trinh ¢é sé chin nghiém (néu z 12 nghiém thi —zo ciing la
nghiém). Tuy nhién § day ta vin chua biét phuong trinh ¢6 2 hay 4 nghigm. Ta phai lam tiép
nhut sau.
Do |2| la s6 thyc nén tit phudng trinh suy ra 2 phai 1a 56 thuc. Suy ra z phai 14 sé thuc hoic
“thudn ao,
Khi z la s0 thuc thi

4zz+8|z|2—3=0®12z’=3@z=:§:%.
Xhi 2 1a s6 thudn 3o thi z = 5. Khidé

—4bz+8b2—3=0®4b2=3@b=i§@z=i§i.

Do dé phuong trinh ¢6 4 nghiém.
Ddp dndingla A ]

GIAIBAITAP 4.14. Tacd
224322 42=022= 1,22 = ~2& 25 = i, 234 = +V2i.

Do dé tdng binh phuong cic nghiém clia phuong trinh 1a —6.
Ddp dn dung la C. ]
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GIAI BAITAP 4.15. Tacé

=0T

Ddp dn dung la B.

O 1=(1=d)® 1 (=201 14210

- — = ~i(20 1) = 2| =20 41,
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CHUYENDE4.2 —— -
Bi€u dién hinh hoc clia s6 phiic

A.TOM TAT LY THUYET
1. S6 phitc z = z + yi s& c6 biu dién 1A (z; y). .

2. Khi cho z bdi mot biéu thitc cu thé nhung "cdng kénh" thi trude hét ta phii rit gon sb
phitc v& dang o + bi, sau d6 két lugn bifu difn cin tim 12 (g; b).

3. Khi cho z bdi mat phuong trinh thi trutdc tién ta gidi phuong trinh dé tim z bing cich
ditz =z + yi.

4. Hai sb phiic 2 va 2 ¢6 biéu difn 1a hai difm d6i xitng nhau qua truc hoanh.
B. CAC DANG BAI TAP
qungI: Biéu dién chia mit 56 phlgi

Vi DU 4.9 (Dé Minh hoa THPTQG 2017). Cho sé phifc z théa man (1 +1i)z = 3 — i . HGi diém
biéu dién ciia z 1a diém néo trong cde diém.

A M(1;2) B.N(~1;2) C P(-1;-2) D.Q(1;-2)

GIAL Tacé

Nén dlem bleu diénclazla (1 —-2).
Nhu vdy dép én la D. a

VIiDU 4.10. Cho z1, 2, 1 hai nghiém ciia phuong trinh 2% — 2z + 5 = 0. Goi A ua B thittuia
diém bidy dién ciia z; va z,. Dién tich tam gidc OAB bdng

Al B.2 C.3 D.4

GIAL Theo cong thifc nghiém clia phuong tiinh tacé z; 2 = 1 £ 2. Do d6 A(1; 2) va B(1; -2).

Tam gidc OAB cb day AB = 4vi chilu cao c6 d6 dai bang 1 nén c6 dién tich 1a 2.
Nhu viy ddp dn la B. O

lggmgz: Tap hop diem !)ié"u dién cha sb phl'i:!

Nhidu bai todn vé s6 phitc y8u cdu tim tip hop difm bifu difn ctia sb phitc z thda man mét
phuong trinh (b4t phuong trinh) cho truée. Ta ¢é thé lam nhu sau:

Budc 1. Viét 2 = = + yi va thay vao phuong trinh d€ duge phudng trinh ctia z va y.

Budc 2. Bién ddi d€ don gidn héa phutong trinh ta sé thu dugc quan hé ctia z vA y ma khéng
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¢6 dan vi 40 ¢ tham gia (thudng néu cé cin thife ta sé binh phudng hai vé)..

Budc 3. Xét ludn tép hop diém 13 dudng cong néo.

Bai toan o ban. Tim tép hop diém biéu dién s6 phiic z théa man |z — (e + bi)| =r véia,br
la cdc so thute ¢ho trudc, r > 0.

Loi gzaz

Taviétz = ¢ + yi. Khidé

s —{a +bi)| =7 & [(z— @) +ily=b)| =7 & (2 = @) + (y = B> =72

Suy ra tap hop diém biéu dién ciia z 1a dudng tron tam I(e; b) ban kinh r.
Chii 3 Tap hop diém bidu dién s6 phiic z thdéa man |z —~ (@ + &)| < r 1a hinh tron tam I(e; b)
bén kinh r. . o .

Bai toan tong quat 1. Cho tru'6c céc sb phiic a,8,7,8 ddéava Y khodng ddng thai bing 0.
Tim tap hgp difm biéu di€n sé'phiic » thbéa man mét trong cdc diéu kién sau :

L |laz+ B =|yz +4[;

2. laz+ 8| = |vZ +8};

3. |aZ+ 8| =|vz +4).
Cdch gidi. Ta viét z = ¢ + yi 10i thay vao phuong trinh, Tinh méddun hai vé rdi sau dé binh
phuong hai vé, riit gon céc biéu thitc dong dang. Két qui thu dugc 14 mét phuong trinh clia

2 va y. Phuadng trinh thu duge chic chin sé 13 duding tron hodc dudng thing.

Phudng trinh thu dugc la duiing thangkhl va chi khie| = lvy|;
Phudng trinh thu dudc 13 duding tron khiva chikhi |aj # |y|.

Bii todn téng quat 2. Cho sb phiic 2 thoa man mét didu kién cho trudc. Khi d6 sé phitc
=az+ f chay trtén duang nao? (o, 4 1a hai s6 phitc cho trutdc v o £ 0).

Cich gigi. Tacd z = T Diing diéu kién da cho clia z ¢€ tim ra mot phuoug trinh clia w.

Tit d6 c6 thé két luan tap hdp didm w.

Trong trudng hop z chay trén 1 dudng théng thiw cung chay trén mét duding thang.

Trong trudng hgp z chay trén duding ttén jz — z| = = (tdm 14 diém cé toa do ungvdl zo vaban

kinh 7} thi w cing chay trén dudng trdn |w — 8 — zg| = r|af (tdm tai diém c6 toa vi ting véi
B + azy va ban kinh 7|af).

viDU 4.11 (DelMinh hoa THPTQG 2017). Cho s6 phiic z théa mén |z| = 4. Biét tdp cdc diém
biéu dien cdc s6 phitcw = (3 + 41)z + 1 12 mt dudmg trén. Tim bdn kinh r cida dudng tron.

Ar=4 B.r=5 C.r=20 Dr=22

GIAL Tach z = 3+4 Chonen[ |—4® |w—i| = 20. Taviétw = u + v thi 20 =

|w —i| = \/u*+ (v - 1)2 o ul 4 (-u - 1)2 = 20%. Suy ra w thugc duongtronbanlqnhr =20.
Néu da biét két qua ctia Bai todn tong quét 2 & trén thi ta cé ngay bén kinh clia dudng tron 1a
43 + 4d| = 20. _
Nhat vy ddp én la C.

(]

156 Ludng Ditc Trong-Nguyén Nhu Thdng-Kiéu Trung Thily




spbookamn CHUONG 4. SO PHUC

VfDU 4.12. Tim biéu dién cda 1dp hop cdc sé phitc z théamaniz| = |z — 3 + 4.
A3z+dy=12 B.6z + 8y = 25 C.3z+4y =13 D.6z+8y =27

GIAL Tavibtz =z +yi. Khid62—3+4i=(z—yi) ~3+ 4= (z—~3)+ (4 - p)i.
Suyra

el =12 -3+4il & VT + i = V& -7 + (4 - 9P

o 4yP = —6r+9+1y* —8y+16 & 62+ 8y = 25.

Theo Bai to4n téng quét 2 thi bi#u dién clia z 5& la mdt dudng thing. Ta cd thé dung “meo”
(dé fim ra d4p 4n nhu sau: ' '
Xét dusng thing § 4. Ta s& chon mét diém thudc dudng thing niy (ma khong thudc 3 duding
thing Kia). Ching han ta chon diém (4;0) va sb phiic tudng ting 1a = 4. Thay vio ta thiy
phutang trinh ban du khéng thda man, Viy dép 4n khéng thé 13 A. _
Xét dutng thing & B. Ta chon diém thudcné 1a (539 va thu dutge s phic z = % Thay sb
phtic niy vao phugng irinh ta thiy né théa man. T dé kétludn dip dn dingla B.

Nhu vidy dap anla B. ) a
C. BAITAP T LUYEN o
BAITAP 4.16. Tim bidu difn ciia tap hop cdc s6 phiic z théa man [iz — (2 + 1) = 2.
AG-1P+(y+2)°%=4 B.z+2y—1=0
C3z+4y—2=0 D.(z—-1)*+(y+2)2 =4

BAI'TAP 4.17. Tim biéu difn ciia tip hop c4c s& phiic z théa ran 2|z — 2+ 3i| = |20 — 1 — 2]
A 20z — 16y —47 =0 B.20z + 16y —47 =0
C.20z+ 16y +47=0 D.20z — 16y +47 =0

BAITAP 4.18. Goi A va B thit ty 12 diém biéu dién céc s6 phitc z = 2+ 5i vaw = —2 + 5i.
Tim ménh d& diing trong cic ménh dé sau

A. Ava B d8i ximg nhau qua gbc toa d§

B. Ava B dbi xitng nhau qua Oz

C. Ava B d6ixiing nhau qua Oy

D. A va B d6i xilmg nhau qua dudng thing z = g.

BATTAP 4.19. Tap hop céc diém trong mit phing phitc biéu difn sé phitc z sao cho 2% 13 56
thuin o. -

A. Truc Oy B. Hai duting thing z = yvaz = —y
C.Dudngthingz =y o D. Truc Oz
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BAITAP 4.20. Cho sé phiic z thda min |z ~ 3 + 4i| = 2. Biét riing tap hdp céc diém biéu dién
céc s6 phifc w = 22 + 1 — £ [A mét dudng trdn. Tim tim I va ban kinh » cha dudng tron.

A I(3—4),r =2 B.I(4;-5),r=4  C.I(E-T),r=4 D.I(7;-9),r =4
BAI TAP 4.21. Ba diém A, B va C in lugt 12 biéu difn 3 6 phitcz; = 1 +4,20 = (1 +4)? v
23 = a — i v8ia € R. Tim o dé tam gidc ABC vudng tai B.

Aa=-3 Ba=-2 Ca=3 D.—4

BAI TAP 4.22. Ba diém A, Bva C lin lugtla bidu difn 3 sé phitc z; = 1+ 56, 2o = 3 —iva
73 = 6. Tam gidc ABC la

A. Vubng nhung khéng vuéng cin B.Vudng cdn

C. Cin nhung khéng déu D.Dbéu
BAITAP 4.23. Cho s6 phifc z thdaman |z — 1 + 41| < 2. Tap hop cdc diém biéu dién clia z 13
A Dudng ron tim I(1; —4) bankinh r =2  B. Hinh tron tam I(1; —4) bankinh 7 = 2
C.Dung ron tim /(~1;4) bin kinhr = 2 D. Hinh tron tim /(—1;4) ban kinh r = 2
D. LOT GIAI VA DAP AN

GIAI BAITAP 4.16. Taviétz = z+yi, Khid6iz— (2+1) = (iz—y) —2~i = —(y+2) +(z— 1)i.
Suy ra

liz—(2+i)|=2¢|-(w+2)+(z-1)i|=2e(z-1)2+ ¥+ 2)° =4
Ddpdn dingla A a
GIAIBAITAP 4.17. Taviftz =2+ yi. Khid6z -2+ 3i=(z - 2) + (y+3)i Va2 — 1 -2z =
(—2z — 1) + (2y + 2)i. Suyra
2z — 2434 = |20 ~ 1 - 22| @ 2|(x — 2} + (v + 3)i| = {{—2x ~ 1} + (2y + 2)i)
G4 —2%+ (¥+3)Y = (22 - 1)2 + (22 + 2)? & 20z — 16y — 47 =0.

C6 thé diing phuong phdp nhut trinh bay & vi du trén d€ tim ra ddp 4n A.
Ddp dn dung la A. O

GIAI BAI TAP 4.18. RG rang A(2;5) vA B(—2;5). Cho nén ta chon khing dinh B.
Bdp dn diing 14 B. a

GIAI BAI'TAP 4.19. Tavibt z = z + yi. Thi 22 = (2 — y2) + 2zyi. Suyra #? 2 sb thudn o khi
vichikhiz? ~ y® =0 = 2 = +y.
Ddp dn dung ia B. ]
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1+

GIAI BAI TAP 4.20. Tacé z = "J—_—Z—z.Chonén 1”—‘—2;11—3 —3+4i| =26 lw—T4+9i=4

Ta vibt w =utivthid=jw—7+9%=+/(u-72+(v+9)2 & (u=—7)2+(w+9)? =42
Suy ra w thugc dudng tron tam [(7; —9) ban kinh r = 4.
Diing két qua clia Bai todn tdng quat 2 § trén thi ta clng thu dudc két qua tudng .
Didpdn dungla D.
GIAIBAITAP 4.21. Tacd A(3;1), B(0;2) vaC(e; —1).SuyradB = v2,4C = \/(a— 1)2 + 4 =
va? — 2a + 5va BC = v/a? + 9. Tam gidc ABC vudng tai B khi va chi khi
AC?=AB*+BC* & d*—2e+5=2+0’+9®a=-3.
DdpdndinglaA. : a
GIAI BAI TAP 4.22. Ta c6 A(1;5), B(3; —1) va C(6;0) = AB® = 40, AC? = 50 va BC? = 10.
Ta thay '
AC? = AB? + BC?, AB # BC.
Cho nén tam gidc ABC vuéng tai B.
Ddp dn diingla A O
GIATBAITAP 4.23. Taviétz = z + yi. Khi dé
lr—1+4il<2ei(z—1)+(y+4)] <2
ez—1F+y+4)% <4
Tap hop cic diém (z;y) thda min phuong trinh cudi ciing 12 hinh tron tim 7(1; —4) bdn kinh

T=2.
Ddp dn diing 1a B, a
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KHOI PA DIEN

—

CHUYENDE5S.I — -
Céc bai todn vé thé tich ctia khoi da dién

A. TOM TAT LY THUYET .
1. M6t s céng thiic hinh hoc phéng can nhé&

a) He thiic lugng trong tam gidc vudng:
Cho tam gidc ABC vudng tai A c6 duding cao AH, trung tuyén AM.
o AB? 4+ AC* = BC® (Dinh ly Pitago)
o3 L1
AH?® = AB? = AC?
» BA® = BH.BC; CA* =CH.CB
» AM = BM = CM = 3BC
C

e AC, e
osmABC’—-EE,cosABC—

b) Mdt s§ cong thic tinh dién tich:

_—  AC ———. AB
;tan ABC = A—B-, cot ABC = E

48
BC

» Dién tich tam gidc:

1 i, o, _abe —— —
S-Ea.h(,:—z-bcsm/i—m—pr—\/ﬁ(p a)(p—b){p—-o).

2?3 av3

Dic biét: tam gidc ddu canh a cé dién tich: § = —;— Vadubngcao:h = —=.
o Dién tich hinh vuéng canh a: § = 2.
» Dién tich hinh chit nhat canh a, b: § = ab.
e Dién tich hinh thoi ABCD: § = AB.AD.sin BAD = %AC.BD.
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e Dién tich hinh thang: § = % (a+b).h
« Dién tich ttt gidc ABCD c6 ACLBD: § = ~12-AC.BD.

2, M#t sb kién thitc hinh hoc khdng gian c¢in ohé
a) Quan hé song song:
« Dinh Iy ba diriing giao tuyén: Néu ba mit phéng doi mot cét nhau theo ba giao
tuyén phan biét thi ba giao tuyén d6 hoic déng quy hodc d6i mdt song song.
* MGt dudng thing d song song vdi mgt mé‘t phing (P) khi va chikhi d khéng nim
trong (P) va song song vdi m§t dudng thang nao dé chifa trong {P).

o Hai mat phang {P) va (Q) song song v6i nhau khi va chi khi tdn tai hai dudng

thing cit nhau a, b chia trong (P) va hai dudng thing cit nhau o', b’ chita trong
(@) saochoe | a’;b| V.

b) Quan hé vudng géc:
« Duding thing ¢ vudng géc vdi mét phing (P) néu o vudng gbc véi hai dudng
théng cit nhau chita trong (P).

. Dudng thing a vudng géc véi dudng thing b néua vudng goc véi mGt mat phang
(P) chita b,

Mit phing trung truc clia mdt doan thing I3 mit phing vudng géc vdi doan
thing va di qua trung diém ciia doan thing dé. Moi di€m thudc mét phing trung
truc déu cdch ddu hai ddn mit clia doan thing.

o Mit phang (P) vudng goc voi mit phang (Q) néu (P) vudng gdc véi mot dudng
thing a chita trong (Q).

~ Néu hai mit phing vuéng géc v6i nhau thi moi duding thing thudc mit
phing nay ma vudng géc véi giao tuyén clia hai mit phing thi sé vudng géc
véi mit phing kia.
— Néu hai mit phing cling vudng goc véi mét phing thit ba thi giao tuyén cia
hai m3t phing d6 cling vuéng géc véi mat phing thitba,  ©
¢) Cécloai géc trong khéng gian: ‘ ’
e Cach xac dinh gdc giita hai dudng thing a va b:
- Budc 1: Liy diém I bat K (c6 thé chon I € o ho#e I € b).
~ Budc 2: Qua diém 7 ké duding thing @’ || a.
— Budc 3: Xac dinh dudng thng I sao cho: b || bvad’ citd’.
Khi d6, géc giita hai duting thing o va b 1a géc gifta hai dudng thing o’ va b,
« Cach xic dinh géc gilta dudng thing o va mit phing (P):
~ Budc 1: Xac dinh giao diém I cliaa va (P).
~ Budc 2: Chon mét diém 4 bat K thudca.
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~ Budc 3: Xdc dinh diém A’ € (P) sao cho: AA’L (P).

Khi d6, géc gitta dudng thing a va mit phing (P) 12 ATA".

o Céch xdc dinh géc gifta hai mit phing (P) va (Q):

~ Budc 1: X4c dinh giao tuyén A clia (P) va (Q).
- Budc 2: Chon mot mit phing (R) sao cho (R) LA,
~ Budc 3: Xic dinh hai giao tuyéna = (R) N (P) vib = (R) N (Q).

Khi d6, gbc giita hal mét phéng (P) va (Q) Ja gbc giika hai duding thingavab.

3. Thé tich khdi da dién
a) Thé tich khéi lang tru: V = k.S v3i h 12 dd dai dudng cao va S 14 dién tich da gidc déy.

Thé tich khéi hop chit nhat: V = a.b.c v6i a, b, ¢ 13 ba d9 dai clia hinh hép chit nhat.
Thé tich khéi lap phudng: V = a® vfi e 14 dd dai canh hinh 13p phuong.

b) Thé tich khbichép: V = %.h.s véi h 1a do dai dudng cao va S 1 dién tich da gidc ddy.
B. CAC DANG BAI TAP

Dang 1: Tinh thé tich ctia mt khdi chép
Phudng phap giai:

e Xac dinh dudng cao clia khbi chép, cdc loai gia thiét vé gac, tinh d6 dai dudng cao va
dién tich da gidc day. Tiz d6 4p dung cdng thiic tinh thé tich ca khi chép.
e Chi §: Mt s6 dang dubing cao thudng gap clia khéi chép
- Khéi chép c6 mét canh bén vubng gée vai day thi duding cao la canh bén dé.
- Khbi chép ¢6 hinh chiéu vudng géc clia dinh S trén déyla H thi dudngcaola SH.
- Khéi chép c6 mot mit bén vubng géc véi diy thi dubing cao ciia khbi chép 12
duding cao clia mat bén ¥ing véi giao tuyén clia hai mit.

- Khéi chép c6 hai mit bén vuéng géc véi ddy thi duding cao 13 giao tuyén clia hai
mit bén.,

- Khéi chép déu cé duding cao 13 SO v8i O 12 tam chia da gidc day.

Vi DU 5.1 (Pé Minh hoa THPTQG 2017). Cho khéi chép 5.ABCD c6 ddy ABCD 12 hinh
vudng canh a; SAL(ABCD); va SA = av/2. Tinh thé tich khdi chép S.ABCD.
adVv2 a2 233 a3v/2

5 3.4 C'.2 D.3

A
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>

Ta cé )
SA= a.\/i; Sascp = &?
a®v?2

1
= Vs.ascp = 35A.Sapop = ——-

Vay ddp dn i 1a D,

(=]

VIiDY 5.2, Cho khdi chép S.ABC ¢c6 SAL(ABC), tam gidc ABC déu canh a. Canh bén SC
tao vdi ddy mot géc 45°. Tinh thé tich khéi chop S.ABC.

a3V3 a® a2 a:s
A 2 B. 3 C. 5 D —
GIAL
Vi SAL(ABC) nén goc gifta duong thing 5C va
mit phang ddy 1a 5CA4, suy ra: 5CA = 45°, ¥

Xét tam gidc SAC vudng tai A, ta co:

SA — 0
ac = tan SCA = SA = a.tand5"” = a.

2
Tam gidc ABC déu canhg = Sapc = g ;/5
Vay, thé tich khéi chép la:
1 a? a®v/3
Vs.agc = —-SA Sabc = 3¢ ‘/_ 1\2/_

Viiy dép dn la Lz A.

B

VfDI_I 5.3. Cho khéichépS.ABCD c6 ddy 13 hinh vudng canh o, SAL(ABCD), canh bén SB

tao véi ddy mot goc 60°. Tink thé'tich khoi chop S.ABCD.
3 - 3 3 3

A.“f B.“;/g c.“g/g D.af

GIAL Vi SAL(ABCD) nén géc giita dudng thing SB véi mit day 1a gc SBA = 5BA = 60°.
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Xét tam gidc SAB vudng tai 4, ta co:

tanSBA = ZE' = SA = AB.tanSBA

= a.tan60° = ¢v/3

T gidc ABCD 13 hinh vuéng canh e
= Sapcp=a’,
Vay, the tich khdi chép 1a:

D
1 1 3
Vs.aBcp = =S4 Sapcp = ~aa?V3= ﬂ.
3 3 3
= Vay dap dn lala D.

VIDU 5.4, Cho khoichopS.ABCD ¢6 ddy I hinh vudng, SAL{ABCD), canh bén SC tao véi
ddy mot goc 45° va SC = av/2. Tinh thé tich khéi chép S.ABCD.

3 3 3
A% Pal) c Y3

22
4 6 D. 3
GIAL .
Vi SAL(ABCD) nén géc giita duding thing SC
v8i mit day 12 goc SCA = 5CA = 45°.
Xét tam giac SAC vuong tai 4, ta cé:

SA=SC.5sinSCA = aV2.5in45% = a
AC a
Khidé, AC=a=> AB=—=—.
V2 V2 .
T gidc ABCD 13 hinh vudng canh 7%

~

= Samcp = -

Vay, thé tich khbi chép

1 1 a2 &°
Vs.ascp = 5SA.S'M;CD =zey =%

Vay dap dn lala A.

VIDU5.5. Cho khdichdpS.ABCD c6 déy I hinh thoi canhu, ABC = 60°. BiétSAL{ABCD)
vé canh bén SC tao véi ddy mét goc 60°. Tinh thé tich khdi chdp S.ABCD.
a? 3a® a® a®
A. 3 B- 7 C. ? D. Z
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GIAL .

Vi SAL(ABCD) nén géc gilta dudng thing SC
v6i mit day i géc SCA = 5CA = 60°.

Tacé: AB = BC = ava ABC = 60° = suyta tam
gidc ABC déu= AC = .

Xét tam gidc SAC vudng tai A, ta cd:

SA=AC.tan§CA = a.tan60° = av3
Dién tich hinh thoi ABCD la:

b SABCD = 2AB.AC.S‘H:‘(B\C
-. = a.a.sin 607
. e
¢ T2
2 3
Vay, thé tich khéi chép 13: Vs ascp = %SA‘SABCD - _31_a /3l ;/5 -<

Vay dép dnlala C.
VIDU5.6. Khiichép S.ABG c6 ddy la tam gidc vudng tai B, SAL{ABC), AB = o; AC = %a.
Mt bén (SBC) tao v6i ddy mit goc 60°. Tinh thé tich khoi chép S.ABC.

a® a® a3 a3v/3

A.? B'E C. 3 D. 1

GIAL
Ta c6: BCLAB; BCLSA = BC1{SAB), do db goc
giita hai mit phang (SBC) va (ABCD)1a 5BA
= SBA = 60°.
Xét tam gidc SAB vubngtai A cé:
SA = AB.tan §BA = a.tan60° = av/3

Xét tam gidc ABC vudng tai B c6:

BC =/AC? - AB? = o3

Khi dé, dién tich tam gidc ABC la:

1
Sasc = -;-AB.AC = seav3
_aV3

N9

«

8
V3 a

Vay, thé tich khéi chép L Vs asc = %s/a.swc - %a\/ﬁ. Lo

Véy déip dn 12 I B.
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VIDUY 5.7. KhéichdpS.ABCD cé ddy 1 hinh uuong canka, hinh chiéu vudng géc ciia S trén
miit phing (ABC D) lé trung diém canh AB, SD = 7 Tinh thé tich khéi chép S.ABCD.

RN BV - a3 3V3

A. 3 B. 3 C. 3 D. 2

Goi M la trung diém AB suy ra SM L(ABCD).
Xét tam gidc AM D vudng tai A ¢6:

MD = /AM? ¥ AD? = “—2‘/:51
Xét tam gidc SM D vudng tai M cé:

SM=+8§D?-MD?=a
Dién tich hinh vudng ABCD 1&: Sppep = o>
Vay, thé tich khéi chép Ia:

Ve —ISAS —laaz—f'j
s.ABcD = 39A.54pop = 308" = 3

Viyddp énlalaC.
Vi DU 5.8. Cho khéi chdp tam gide déu S.ABC c6 céc canh ddy bang a vé cdc mat bén hop
vGi mdt déy mét goc 45°. Tinh thé tich khdi chép S.ABC.

a3 a?v/15 a® a5 .
GIAL '
Goi Otam cha tam gidc ABC suyra SOL(ABCD).
Goi M 1a trung diém BC.

Ta c6: BCLSO va BCLAM = BC'_L(SAM) =
g6c gxua mit bén (SBC) vii ddy 1a goc SMA
= SMA = 45°. 23

Tamn gidc ABC déucanh e nén Sype = 2 1 3 va

af AM _ a
AM =22 4 oM = —.
YA

Xéttam glac SOM vudng tai O ta cé:

——— a
S0 =0OM.tanSMO = ——.tan45% = —
o W 23

Vay, thé tich khéi chép 1a

Vs.asc = —50 SABC =3 A Ta = e

Vay dap an lé la A.
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Vi DU 5.9. Cho khéi chép S.ABCD c6 ddy la hinh vudng canh e, hai mar phang (SAB) va
(SAC) cung vuong goc vi mdt phang (ABCD), canh bén SC hap véi ddy mét goc 60°. Tinh
thé tich khbi chép S.ABCD. *

3 3 3 3
Aa\/_ Ba\/g Casfé D.a;ﬁ

3 "6 “73
GIAL s

Ta ¢6: hai mit phing (SAB) va {SAC) cung
vudng goc véi day = SAL(ABCD) = goc gilia

dudng thing SC vdi mat ddy ABCD la 5CA=
§CA = 60°.
Vi nt gidc ABCD la hinh vudng canh e nén
Sascp = 6*va AC = av2.
Xét tam gide SAC vudng tai 4, ta cé:

$A = AC.tan SCA = av/2. tan 60° = aV6

Vay, thé tich khéi chép la:
a*V/B
-

-, Vs.aBcn = §SA SaBop = = a\/_a. =
(o] ’ Vay dap anlila C.
vi DY 5.10. Cho khéi chép S.ABC c¢d ddy Ia tam gidc vudng cdn tai A, mat phzfng (SBC)

vubng géc voi mdt phdng (ABC) vi tam gidc SBC 14 tam gidc déu canh a. Tinh thé'tich khoi
chép S.ABC.

a3 a3 ad a®V3
A 8 B. 6 12 D. 24

GIAL

Goi H 13 trung diém BC = SH 1 BC. )

Ta c6: mit phing (SBC) vuéng goc vdi mit
phéng (ABC) va SH1 BC = SH1(ABC).

ViASBC dducanhanén BC =avaSH = a3

2
Xét tam gidc ABC vudng cn tai A cé:
a
BC=a=>AB=AC= —
‘ V2
a?
= Sapc = I c
Vay, thé tich khéi chép 15: \
1 T
Vs.ase = 7.SH.Sasc =
Vity dip dn li 1a D.
VIDU 5.11. Khdi chopS ABC c6 day la tam gidc

déu canh o, mdt phing (S AC) vudng gdc vdi mat phang (ABC) va tam gidc SAC la tam gidc
cdn tai §. Canh bén SB tao voi ddy mét goc 60°. Tinh thétich khdi chdp S.ABC.

3 3 3 3
A.aé/g B.a\/ﬁ V3 Da\/§

4 C‘S T2
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GIAL

Goi H la trung ¢ d&ifm AC = SHLAC.

Ta c6: mit phing (SAC) vudng géc vdi mat phang
(ABC)vaSHL1AC = SHL(ABC) = goc gidla SB va

mét phing (ABC) 1A SBH = SBH = 60°.
Tam gidc ABC déucanha =

2
BH = %-Q‘V&SABC =8 ;/g
Xét tam gidc SBH vudng tai H cé:

$H = BH.tanSBH
av3

= T t‘.anGOo =

3a
2

2\/_ V3
.

Viy, thé tich khbi ChOp 1&: Vs 480 = = SH Sasc
Vay déap an la la A.

t.ol»-i
“19

VIDU 5.12. Cho khi chép S.ABCD c6 ddy I hinh vudng canh 2a, mdt phdng (SAB) vudng
g6c v6i mdt phdng (ABCD) vd SA = a, SB = av/3. Tinh thé tich khéi chop S.ABCD. ’
3 - 3 3 3
A2a\/§ B.2a\/§ C'Za.\/ﬁ D.a\/IS
3 5 6 9
‘ GIAI S
K& SHLAB (H € AB).
Ta cé: mit phing (SAB) vudng gbe vdi
mitphing (ABCD)vaSHLAB= SHL(ABCD).
Tit gidc ABCD la hinh vudng canh 2a =
AB = 2 v Sapcp = 40%. Tam gidc SAB
c6: SA? + SB? = o® + 3a® = 4a® = AB*=
tam gidc SAB vudng tai S.
11 11 1 4
SH? ™ SA? SB2 T a? " 302 3a2

o sm=23
Vay, thé tich khéi chép 1a: Rt
205V/3
Vs.aBcp = SH Sascp = 3 i 4a? = 03\/_.
Vay ddp an la la A.
Dang 2: Tinh thé tich cha mat khéi Iang tru
Phudng phap giai:

» Xac dinh dudng cao cila khdi lang try, cdc loai gia thiét vé géc, tinh d6 dai dudng cao
va-dién tich da glac day Tir &6 4p dung cong thitc tinh thé tich ctia khéi ling tru.
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e Chii y: Mét s6 hinh lang tru dic biét:

- Hinh lang tru diing 13 hinh lang tru c6 cdc canh bén vudng géc véi hai mat day

- Hinh ling try déu Ja hinh lng tru diing c6 day 1a da gidc déu,

- Hinh hép Ia hinh lang tru c6 ddy 12 hinh binh hanh.

- Hinh h8p ditng I2 hinh hdp cé canh bén vudng goc vdi hai mit day.

- Hinh hop chitnh4t 1a hinh hop ding cé day 12 hinh chit nhat.

~ Hinh lap phuong 13 hinh hop c6 tit ci cac mat déu 12 hinh vudng.
Vi DU 5.13 (Dé Minh hoa THPTQG 2017). Tinh thé tichV ciia khéi ldp phuong
ABCD.A'B'C'D' biét AC' = aV3.

Ad B.3d® C.3v3a° D. 3v/6d°
> A - d
GIAL

Dit canh ctia khéi 13p phuong 1a z (z > 0).
& c Suyra: CC’ =z va AC = zV2.
g Xét tam gidc ACC’ vudng tai C, ta cé:

AC?=CC?+ AC* 3% =2+ 2 e z=0a
Vay, thé tich khéi lap phudng la:

P : Vapcp.arsep =a°
e S Véydap énlalaA
5 c
viDU 5.14. Cho ldng tru diing ABC.A'B'C’ ¢6 ddy la tam gidc vudng can tai A, biét ring
chiéu cao lang tru 13 30 va méit bén (AA' B' B) ¢d duding chéo ld 5a. Tinh thétich khdi lding tru.

A 2463 B.8a° C. 164° D. 1243
. .

GIAL
Xét tam gidc ABA’ vubng tai A, taco:
AB? = BB + AB?

o 254% =0a% + AB?

& AB?=16a%
& AB=4da

Ta c6: tam gidc ABC vudng can tai A
= AB = ACi’ =4a 1
= Sapc = 5 AB.AC = ».(4a)" =8a2.
Vay, thé tich khéx ling tru la:
Vasc.aper = 30.8¢% = 24a°
Vay dap dn lala A.
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Vi DU 5.15. Cho ling tru ditng ABC.A'B'C' ¢6 ddy la tam gidc vudng cén tai B, AB = a.
Canh A'C tao vdi ddy mét goc bang30°. Tinh thétich khbi ldng tru.

3 3 3 3
PR Pxad c V8 p2&Y3
3 6 6 3
GIAL .
A o Vi AA' L (ABC) nén goc gita dudng thang A’C va mit
day (ABC)la ACA = A/CA = 30°.
\v.,\ g Tam giac ABC vudngcdntai 8= BA=BC =a
B 4 = AC = a\/iVé. SABC = %az.
\ Xét tam gidc AA'C vudng tai 4 cé:
. AA = AC.tan ACA’ = a/3.tan30° = ‘ig
\ Vay, thé tich khéi ling tru 1a:
4 c
v, = ﬂ Eai = a*v6
ABC.ABC' = 550 = ¢
B Vay dapanlalaC.

ViDU 5.16. Cho lingtru ditng ABC.A'B'C’ ¢6 ddy la tam gidc vuéngcn tai B, AB = 2. Mat
phdng (A’ BC) tao vdi ddy mot goc biang60°. Tinh thétich khdi lidng tru.

A6 B.4V3 C3 D.4

. A, c
GIAL ~
Tacé: BCLABvA BCLAA = BCL(ABB'A') N
= gdc gifta hai mat phing (4'BC) va (ABC) 12 géc Y
ABA' = ABA" = 60°. BY -,
Xét tam gidc AA'B vudng tai A c6: .

\'\
AA' = AB.tan ABA' = 2.tan 60° = 23
Dién tich tam gidc ABC 1i: Sage = %AB.BC -2 .,
Vay, thé tich khéi chép 1a: A N, c
Vasc.arper =2V32=4V3

Véy déip dn 112 B,

VIDU 5.17. Cho ldng tru déu ABC.A'B'C' ¢6 canh ddy bang a. Biét dién tich ni gidc ABB'A'
bdng4u®. Tinh thé tich khoi ldng tru.

A 24303 B.4\3a® C.3V3a3 D.V/3a3
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. Tam gidc ABC 1 tam gidc deu canh banga
X - @23
- = Sasc =
Dién tich ABB' A’ bing 442
8 ' | S ABAAN =4’ = AN =da
' Vay, thé tich khéi ling tru 1a:
2./3
Vibcwpo = da.% ;'/_ =a3V/3
A c ‘ Vay ddp én la la D.
B

viDU5.18. Cho lang tru déu ABC.A'B'C’ ¢6 canh ddy bénga. Canh A'C tao vdi ddy mét géc
bang '60°. Tinh thé tich khéi ling trit.
3a® a3 203 34
vy BT "3 "5
GIAL Vi AA' L(ABC) nén géc giita A'C va mit phing (ABC) 1a ACA" = ACA’ = 60°.
Xét tam gidc AA'C vudng tai A co:

AA" = AC.tan ACA' = a.tan60° = a3

2./3 A ~
Dién tich tam glé.c ABC la: Sapc = a—-4£. \...
Vay, thé tich khéi chép Ia: .

~,
a?y/3 _ 3d° B} .
Vasc.arprcr = aV3. z\l/_ =~ .
, - b \\.
Vay ddp édnlala A
"
4 N
B

Vi DU 5.19. Cho ling tru déu ABC.A'B'C' ¢6 canh ddy béing a. Mdt phdng (A'BC) tao vdi
ddy mét géc bang 60°. Tinh thé'tich khéi lang tru.
3 \/_ 3 a3 \/— 2 a.’i ‘/§ a.‘l \/§
T B. 3 C 3 D. 3
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GIAL X
: Goi D 1a rung digm BC.
c Tacé: BCLAD vi BCLAA' = BCL1(AA'D)
=» gdc giita hai mit phing (4'BC) va (ABC) I
. ADA = ADA = 60", .
Tam gidc ABC déu c6 canh bang a suy ra:
o
L\.‘ AD = g-—?: va Sage = \/5
A L \ Xét tam gidc AA' D vudng tai A cé:
Ay '\' e
5 A A4 = AD.tan ADE = 23 tanee0 = 2
R | 2 2
RV Vay, thé tich khbi chép Ia:
D
A v 3a a3 3\/50.3
ABC.A'B'C!' = 2" 4 8
Vay dép én 12 1 B.

VI DU 5.20. Cho ldng tru tam gidc ABC.A'B'C’ ¢6 ddy 1a tam gidc vudng tai A, AB =
BC = 2a. Hinh chifu vudng géc cia B' trén mdt phdng (ABC) triing vdi tém dudng tron
ngoai tiép tam gidc ABC. Biét canh bén BB' tao vdi mat ddy mbt géc 60°. Tinh thé'tich khdi
lang tru.

3v3a® 3v3a® . 3a* 3243
A 2 B. 7 C. - D. 7

GIAL

Goi H 1a trung diém ctia BC.
Tam gidc ABC vuong tai A = H 13 tAm duting
tron ngoai tiép tam glac ABC = B’ HL(ABC)
= goc giva dudng thang BB’ vdi mét phing ddy £
12 B'BH = B'BH = 60°.
Xét tarm gidc ABC vudng tai A c6:
BC? = AB® + AC? & 4a” = o® + AC?
& AC? =32 & AC =aV3
A \g/ c

2
Suyra: Sugc = %a.a\/gz g ;/5

Xét tam gidc B’ BH vudng tai H cé:
B'H = BH.tan B'BH = a.tan60° = av/3.

< 3
Vay, thé tich khéi chép 1&: Vagc argro = 63,2 _3%,

Viy dép érlala C.

[
[V
>
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VIDU 5.21. Cho ldng tru tam gidc ABC.A'B'C’ ¢6 ddy la tam gidc déu canh 2a. Hinh chiéu
vubng goc cda B' trén mat phéng (ABC) triing vdi tam cila tam gidc ABC. Biét canh bén BB'
tao vdi mér ddy mét goc60°. Tinh thé tich khéi ling tru.

A 2¢°V3 B.3a*V3 C 4a°V3 D. 6a*V3
GIAL R
Goi H 13 tdm chha tam gidc déu ABC
A o = B'H.L(ABC) = goc gilta canh bén BB’ va
mat phang day (ABC)la B'BE.
= B'BH =600
5 Goi M 14 trung diém AC.

Ta c6: tam gidc ABC déu cé canh bang 2a
= Sapc = @*V3VA BM = aV3

= BH = §BM e
Xét tam gidc BB'H vudng tai H c6:
B'H = BH.tan B'BH = 2“?:/5. tan60° = 2a
Vay, thé tich khdi chép la:
VABC.A’B’,C’ ? 2\!1..112 3= 2a3\/§.
Vaydap énlala A

[ Dang 3: Tinh ti s6 thé tich cfia hai khéi da diér_;!
Phuong phap gii: Mot s& dang i sb thé tich clia hai khbi chép

e Loai 1: Cho khéi chép 5.ABC, trén cic doan thing S4, SB, SC lan lugt lay ba diém
A’ B, C". Khi dé:
YM SA' SB' SC

Vs.apc  SA SB'SC

o Loai 2: Cho khéi chép 5.ABC va mét diém §'. Khi do:
Veasc _ S'H .d (5 (ABC))
Vs.asc SH  d(Si(ABC))

d(S';(ABC)) _
d(S:(ABC))
d(S;(ABC)) _§'M
d(S.(ABC)) ~ SM~

¢ Loai 3: Cho hai hinh chép $.ABC va S A'B'C". Khi dé:

~ Néus'S | (ABC) thi

- Néug'sn (ABC) M thi

Vsr.aprer _ Vorapo Vsaper
Vs.aBc Vs.apco Vsase
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Vi DU 5.22 (Dé Minh hoa THPTQG 2017). Cho ti dién ABCD ¢6 cic canh AB, AC va AD
d6i mt vubng géc véi nhau. Biét réng AB = 6o, AC = Ta, AD = 4a. Goi M, N, P ldn lugt Id
trung diém cia cdc canh BC, CD, BD, Tinh thé tich tit dién AMNP.

A 6a® B.14c° C 12¢° D. 7%
GIAL

Ta cé: Vagep = l AD.Sqpe = -]G;.ABJQC.AD

©
,-aw

- .6a.Ta.4a = 284°
Theo gia thiét: M, N, P ciing-thudc mit phing
(BCD) suy ra khodng cach tit diém A dén
mit phéng (MNP) chinh 1a khodng cich
tit A dén mit phing (BCD). Do d6, hai
hinh chép A MNP va ABCD cung dudng

cao.
Mitkhac:

Sunp = %Sscn = Vaunp = %VA.scm
A D vay thétich tidién AMNP Ia:

N Vamnpe = 1.28123 = 7a°.
p) VaydipanlalaD.

O}

vi DU 5.23. Cho hinh chop 8.ABCD c6 ddy la hinh vuéng canh a. Mdt bén SAD li tam
gidc déu va ndm trong mdt phéng vuéng goc véi ddy. Ggi M, N, P ldn lufdt lértrung diém clia
SB,BC,CD. Tinh thé tich CMNP.
3 3 3 3
pRAL 5. LV3 cLV8 V3

48 96 T2 D. 32

GIAL
Mit khac:

Vumenr _ d{M,(CNP)) MB 1

Veenr d(S,(CNP)) _ SB 2

Suy ra,

Vounr = 5.V, 18V3_ V3
CMNP = 2 S.CNP = 2' 48 05

Viy dap an I la B.

174 Luong Pic Trong-Nguyén Nhu Thing-Kiéu Trung Thily




spbook.vn CHUONG 5. KHOI DA DIEN

Vi DU 5.24. Cho hinh chép S.ABCD c6 ddy & hinh vudng canh o. Mét bén SAD 1a tam
gidc déu va ndm trong mdt phang vudng goc véi ddy. Goi M, N, P lan lugt 1a trung diém cia
$B,8C va $D. Tink thé tich ti dién CMNP.
@V3 a*v3 *V3 V3
A g b= ¢ D56

K& SHLAD (H € AD).
Tac6 (SAD) L (ABCD) = SH1{ABCD).

ASAD d8ucé canh AD = o = SH = a—\2/§.Suy

ra, thé tich hinh chép $.BCD la:

1 1av31, &V/3
VS,BCD = §-SH-SBCD = 5 Tia = 12 .
Mit khdc:
Voune _d(C,(MNP)) _CN _,
Vsmunp  d(S,(MNP)) N
Vownr _SM SN SP_111_1
Vsscp SB'SC'SD ™ 222 8
1 1a® PAVE]
Suyra: Vemwne = - Vssep = 5T = 56

Vay dip dn la la D.
VI DU 5.25. Cho hinh chép nt gidc déu S.ABCD. Mt phéing di qua A va vudng goc vdi SC

f
¢4t SB,SC,SD tai B',C’, D', Biét iB = ; Tinh 1 s6 thétich ciia hai khdi chdp S.AB'C'D'

vaS.ABCD.

1 2
. . = . D.
A2 B3 C.

| -
N

GIAL s .
Goi H latim clia ABCD.suyra SH 12 dudng cao
clia hinh chép tit gide déu S.ABCD, SH cit (P)
tai H'.
ViBDL1(SAC) = BDLSC nén BD || (P).
Tit d6 suy ra (P) cét (SBD) theo giao tuyén B'D’
song song véi BD.
bodi: S0 _ SH _SB' _2
SD " SH_ SB 3
= H’1a trong tdm clia tam giac SAC
= C’ 1 trung diém cia 5C.
Tacé:

Vs.ag'pr _ SA SB' SD’ é
Vs.aBD TSA'SB'SD 9
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va
Vs.grcror SB’' 8C' SU/ 2

Vesco SB SC SD §

4 2\ V. 1
Suyra: Vs ag'crpr = Vs.ap'pr + Vs.prorpr = (5 + §) -% = E-V&Asca
Vay dapan i la C.
C. BAITAP TU LUYEN

BAI TAP 5.1. Cho khéi chép S.ABC c6 SAL(ABC), tam gidc ABC vudng tai B, AB = g,
AC = a3, SC = 0v6. Tinh thé tich khbi chdp S.4ABC.

3B 3a3v6 VB a®15
6

A B. C. D.

6 2 3

BAITAP 5.2. Cho khéi chép 5.ABC c6 tam gidc ABC déucanh e, SC = ov/3. Haimit phing
(SAB) va (SAC) ciing vudng géc véi day. Tinh thé tich khdi chop S.ABC.
3 3 3 3
2a3v6 B‘a\/ﬁ C.a\/ﬁ D.a\/g
9 12 4 2

A

BAI TAP 5.3. Cho khéi chdp 5.ABCD c6 déy 13 hinh chit nhit tim O, AC = 24B = 2a,
8D = aV/5, SA vubng goc vdi ddy. Tinh thé tich khdi chop S.ABCD.
3 3 3
2’5 a5 C.a*vE p £Y8
3 3 3
BAI TAP 5.4. Cho khéi chép S.ABCD c6 day la hinh vudng canh ; SC = ¢V/3. Hai mit
phing (SAB) va (S AD) cling vudng géc v8i day. Tinh thé tich khdi chép S.ABCD.

A B.

aS\/s GB\/g 3 113
A. 5 B. 3 C.a D.—g-

BAITAP 5.5. Cho khbi chép déu S.ABC c6 canh day biing a+v/3 vA mat bén 13 tam gidc déu.
Tinh thé tich khbi chép S.ABC.
A a®v2 a*Vv2 a*vB ' a*V7

36 B. 12 c 4 D. 36

BAITAP 5.6. Cho khbi chép déu S.ABCD cé canh ddy bing av/3 va mit bén 12 tam gidc déu.
Tinh thé tich khbi chép S.ABCD.

3 3 3 3
L g &V3 c. 3aVE p V6

6 3 2 2

BAI'TAP 5.7. Cho khdi chép S.ABCD c6 ddy I hinh vudng canh 2. Goi H 1a trung diém
clia AB biét ring SH L(ABCD) vA tam gidc SAB 1a tam gidc déu. Tinh thé tich khéi chép
S.ABCD.,
A 2033 4033 3 a®

a
3 B. 3 C.—g- D.?

A.
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BAI TAP 5.8. Cho khéi chdép S.ABC ¢6 SAL(ABC), tam gidc ABC vuéng tai B, AB = a,
AC = aV/3. Bibt riing goc giita SB va (ABC) bing 30°. Tinh thé tich khéi chép S.ABC.
a3v6 a3v6 a3v6 2036
A. 9 B. 5 C. 13 D. 3
BAI TAP 5.9. Cho khbi chép S.ABC ¢6 ddy ABC 1a tam glac déu canh e. Hai mat phing
(SAB) va (SAC) cling vudng géc vdi day. Tinh thé tich khéi chép S. ABC biét ring SB hgp
véi ddy mt goc 30°.

Sf 3\/_ 0.3 a3
A. 5 B. 2 C. vy D. IR
BAITAP 5.10. Cho khéi chép S.ABCD cd ABCD 12 hinh chit nhit tim O, AC = 2AB = 2a,
SA vubng g6c voi mit phing day. Tinh thé tich khbi chdép S ABCD biét géc gilta SO va
(ABCD) bing 60°.

3 3 3
A 2a3\/§ B, @ ;/5-‘ a

3 putil
Ca D. 3

BAITAP 5.11. Khdi chép S.ABCD cé ddy 1a hinh vuéng canh 3a. Tam gidc SAB nim trong
mit phing vudng géc vdi day. Tinh thé tich khéi chdp S.ABCD biét ring tam gidc SAB déu,
. 3 3
A.9V3 B. 9“—2‘/5 C. 9% D. 9—‘2‘—
BAI TAP 5.12. Cho khbi chép 8.ABCD c¢6 ABCD la hinh chit nhit, AD = 2a, AC = 3a.
Goi H la trong thm tam gidc ABD, biét SH vudng géc véi mit phing diy. Goc gilta SA va
(ABCD) bling 45°. Tinh thé tich khéi chép S.ABCD.
3 3
Ad® 2 3\/5 il ;/3

B. 24° -C. D.

BAITAP 5.13. Xhéiling tru ditng ABC.A'B'C’ ¢6 ddy ABC 14 tam gic vudng cdn tai A, canh
BC = aV/2. Tinh thé tich khéi ling try ABC.A’' B'C” biét (A’ BC) hop véi ddy mét gdc 30°,
N a3\/§ a“\/_ a8 D Ve
B. i2 ¢ 36 T2
BAITAP 5.14. Cho khéi lang tru déu ABC.A'B/C’ 6 canh ddy bang o, mit (A’ BC) hap véi
day mot géc 45°. Tinh thé tich khbi ling tru ABC.A'B'C'. .
3a® V3 a*VE a3VvE
A LT C =35 T
BAI TAP 5.15. Cho hinh chép S.ABCD ¢6 day 1a hinh chit nhit véi AB = a, AD = aV/2,
SA = a. §A vudng géc vdi mp(ABCD). Goi I 14 giao diém ctia BM v AC v6i M va N lin
luot 13 trung diém cfia AD v SC. Tinh thé tich tit dién AIN B.
A 0.1\/5 3\/_ 3\/_ as\/g

36 ~ B. 18 C. 36 D. 12

BAITAP 5.16. Cho khdi chép S.ABCD cé déy 1 hinh thoi canh a véi BAD = 60°. Canh SA
vubng goc voi ddy va SA = a. Goi &' 12 trung diém clia SC. Mt phing (P) di qua AC’ vasong
song véi BD, cit cic canh SB, SD lan lugt tai B, D', Tinh thé tich khéi chép S.AB'C'D’.
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&B3V3 a3\/§ a3 - az\/g
A. 2 B. 0 C. 3 D. 5
D. LOI GIAI VA DAP AN

GIAI BAI TAP5.1. Xét tam gidc ABC vudng § B ¢6 AC = «v/3va AB = a = BC = V2.
Xéttam gidc SAC V'uong 5 Acé AC = aV3vaSC = av6= 54 =aV3.

Suy Ia; VS.ABC = §.SA.SABC = E.a\/—.a.a.a\/—= d g/—
Ddp dn diing ia A. ]
GIAI BAI TAP 5.2. Xéttam gidc SAC vudngd A cé AC = ava SC = V3= SA=aV2.

2
Tam gidc ABC déucanha = SABC = ;/5

2 3

Suyra: Vs.asc = E-SA-SABC = = a\f i f 1\2/6.
Ddp dn diing la B. O

GIAI BAITAP 5.3. Xét AABD vubngtai A cé: AB = ava BD = AC = 2a = AD = aV3.
XettamgxacSADvuongUAcoAD—a\/—vaSD—a\/—=>SA—a\/_
a* Ve

Suyra VSABCD-““SASABCD—ga 2.a. \/_—
Ddp én dungla D. o

GIAI BAI TAP 5.4. Vi ABCD 13 hinh vuéng canh bing a nén AC = av2 v Sapcp = a®.
Xettamg]acSACvuongdAcoAC—a\/_vaSC—a\/_=> SA=a.

a
.0..0.2 = —.

Suyra: Vs apcop = § .SA.Sapco = 3
Ddp dn dungla D. a

w|>—-

GIAI BAI TAP 5.5. Goi O la tim ctia tam gidc ABC, M 1a trung diém BC = SO 13 dudng cao

ctha hinh chép.
3223
ViABC’latamgxacdeucanhbanga\/-nenAM_ ?vaSABc_ 7

Xé1 tam gidc SAO vudng 3 O 6 AQ = avi A =av3= SO = oV/2.
3023 _ a3v/6
= .

= A0 = %AM‘: a.

1 1
SUY ra: Vg apc = g.SO.SABC = ga\/i

4
Ddp an dungla C. a
GIAT BAI TAP 5.6. Goi O 1atam clia 1 gid¢ ABCD = SO la duding cao ¢fia hinh chép.
Vi ABCD 1a hinh vudng canh av/3 nén AC = av6va Sapep = 3e* = A0 = %AC - #_
Xét tam gidc SAO vubng 8 O c6 A0 = 9-5—\/6 viSA=0av3= S0 = #.

o8
Suyra: Ve apenp = §SO Sagep = % %_30. 2\/6
Dép én dingla D. A a
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GIAI BAITAPS5.7. Vi tam gidc SAB déu cdcanh AB = 2anén SH = V3,

_4 3
Suyra: Vs agep = 5 SHSapop == a\/_ 3.(2a)? 03\/_.
Ddpdndung la B. (m]

GIAI BAITAP5.8. Vi SAL(ABC) nén géc giita SB va mit déy la SBA = 30°.
Xét tam gidc ABC vudng & B ¢6 AB = o; AC = ¢V3 = BC = aV2.

Xét tam gidc SAB vudng & A ¢ AB = o vi SBA = 30° = SA = %

wls

1 1av31 ad
Suyra: Vs apc = §~3A~SABC = § 5 a\/_— f
Ddp dn diing la C. a

GIAI BAI TAP 5.9. Hai mit phing (SAB), (SAC) ciing vudng géc véi day nén SAL(ABC) =
gbc gitta SB va mit ddy 1a SBA = 30°.

Xét tam gidc SAB vudng & A c6 AB =avaSBA=30°= SA = %
1 1av3a®V3 a8
Su}lra:. Vs_‘,qgc\— E-SA-SABC = §T 2 = ﬁ
Dadp an dung la D. ]

GIAI BAITAP 5.10. Vi SAL{ABCD)nén géc giita SO va mit day 1a SOA = 60°.
Xét tam gidc ABC vudng & B c6 AB = ¢; AC = 2a = BC = aV/3.

Xét tam gidc SAO vubng & A c6 A0 = %AC = avi 504 =600 = SA = avi.

Suyra: Vs agcp = %.SA.SABCD = %.a\/g.a.m/g =a®,
Ddp dn dungla C. a

GIAIBAITAP5.11. K& SH1AB (H € AB).Vi(SAB)L{(ABCD) nén SH 1(ABCD).

Xét tam gidc SAB déu cé canh AB = 3a = SH = 3“‘/5.
3a\/_ \/?7
Suyra: Vs apcp = 3 SH Sascp = (3a)* = .
Pdp dn dzingldB ) O

GAf BAITAP5.:z. vi SH1(ABCD) = géc giita dudng thing S4 va mit phing (ABCD) 12
SAE = 45°.
Got O 13 tdm chia hinh chitnhit ABCD.

21

Ta cé: H la trong tam tam gidc ABD = AH = —AO =33 AC=zAC =a.

Xéttam giac ADC vuong tai D c6 AC = 3a, AD 20 = DC = av/5.
Xét tam gidc SAH vuong tai H c6 AH = a, SAH = 45° = SH =q.

2a*v/5
Suyra: Vs apcp = §.SH.SABCD = E;]:Aa.2a.a\/5= a3\/_.

Ddp dn diing la C. a

o —
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GIAI BATTAP 5.13. Goi H 13 trung diém BC = géc giffa mit phing (4'BC) va mit diy
(ABC)la ATHA = 30°.

2
Xét tam gidc ABC vudngcantai Acé BC =ovV2= AB = AC =aviAH = %.
Xét tam gidc A’AH vudngtai Acé AH = T‘/—; AHA=30"= AA' = -\6/—6
, av6 1 a3ve
Suyra: Vapc.arsrer = AA Sape = '—6— 5 et = ——1-'2—.
Dap én dungla D. a
' GIAI BAI TAP 5.14. Goi H 13 trung diém BC = géc giffa (4'BC) va (ABC) A ATHA = 45°.
3
Xét tam gidc ABC déucanh binga = AH = 22£
Xét tam gidc A’ AH vudng tai A cé AH = %“ AHA=45"= AN = ‘2/5
a3 a*v/3  3a3
Suyra: Vage apior = AA.Sapc = T-g-z— =5

Ddp dnding la A. a

Vwars _ d(N;(AIB)) _NC _1 1
IAI BAI TAP _1 '
L. 5.15. Taco: VSA[B d(S (AIB)) SC 2 = Vaine QVS.[NB

IA _AM 1
» —_—
‘itkhéc, vi AM || BC nén theo dinh Iy Talet ta c6: C=BC=3 => Al = 3AC
a?/2
= Saip = 53,4130 =3 §.a.aw/§= 5
1 1 V2 &2 1632 o2
S . ==".;8 = ~.q. = = —, = -
U?’ r«’f Vs.:us - Sarg 397G B = Varng 3718 %
Ddp dn dungla A. o

GIAI BAI TAP 5.16. Goi O 1 tAm cha hinh vudng ABCD vi I = AC’ 1 SO. Mit phang (P)di

qua AC’ va song song véi BD nén né cit mit phing ($B.D) theo mét giao tuyén sang song
v8i BD= B'D'diqualvaB'D’ | BD.
SI S$B' 8D 2

Tacé: I—AC’ﬂSO-—*»Ilatrongtamtamgléc.S‘AC:S =3SE~SD"7
Vsapcr _ SA SB' SC' 1 Vsacp SA SD''SC' 1

Khi d6,

vl —l D =
Vs.aBC ) SA SBSC 3 Vs.acD SA'SD'SC ~ 3
= Vsapcrpr = §~VS.ABCD-

a’v3 a3
6

1 1
Suyra: Vs.aBcp = —-SA-SABC'D = §.a..a2.sin60° = = VS‘AB'C'D’ = 8
Ddp dn diing la B. a
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CHUYENDE5.2 —
Cac bai toan veé khoang cach trong khong gian

A.TOM TAT LY THUYET
Cic loai khoang cach trong khéng gian:
« Khoang cdch tit mdt diém dén mét mit phing:
d{M;(P)) = MH véi H € (P) sao cho: MH L(P).

. Iijoe’mg cach giita dudng th'fmg_ va mit phing song song:

d(4;(P)) = d(M; (P)) vdi M 1a diém bt K thudc A.
» Khoang céch gifta hai mit phing song song:

d((P);(Q)) = d(A:(Q)) v6i M 12 diém bit Kl thudc (P).
» Khoang cdch giita hai dudng thing chéo nhau: .

d(a;b) = ABVSiA€ a; B€bsaocho ABlava AB1b.

B. CAC DANG BAI TAP
Dang 1: Khoang cich tit mét diém dén mét mit phing
Phuong phap giai:

Cho diém M va miit phing (P). Ta cin tinh khodng cach tit diém M dén mit phang (P).

a) Phuong phap 1: Ta cin xdc dinh difm H 13 chin duting vuéng goc ha tit M xubng mit
phing (P), tit d6 tinh-d9 dai M H.
o Dang 1: M 1a chin dudng cao O ciia hinh chép hodc hinh ling tru ban ddu
-~ Budc 1: Tim duﬁng‘théng a 14 giao tuyén ciia mit phing (P) véi mit phing
day clia hinh ban dau.
— Budic 2: X4c dinh mit phing (Q) di qua M va vudng géc vdi a.
~ Budc 3: Xac dinh giao tuyén b clia hai mat phang (P) va (Q).
— Budc 4: Xac dinh diém H € bsao cho MHLb.
e Dang2: M khéc chan dudng cao O ciia hinh chép hodc hinh lang tru ban ddu
Sit dung Ki thuat d6i dinh dé chuyén tit viéc tinh khodng cich d (M; (P)) sang
viéc tinh khoang cach 4(O; (P)).
- Trudng hdp 1: néu MO || (P) thid (M; (P)) = d(O; (P)).
d(Mi(P))  MI

- 'I’l'UdngthZ:neuMOﬂ(P):Ithlm = a‘.
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b) Phuong phdp 2: Khoing cich tit diém M dén mit phang (ABC) chinh la dudng cac h
cha hinh chép M.ABC. Khi dé:

1 1 3V,
Vitapc = 3-h.Sasc = 3.4 (M; (4BC)) Sasc = d(M; (ABC)) = ﬁ

VI DY 5.26. Cho hinh chdp tam gidc S.ABC c6 ddy I tam gidc vudng tai B. Canh SA vuéng

goc vGi ddy. Biét réng AB = a; BC = 2a; SA = aV3. Tinh khodng cdch tit diém A dén mat
phéng (SBC).

a av3 a aVv3
A. ’i Bo T C. g D. "“"2-"
GIAL
* Cach I: Ta sit dung phuong phdp xic dinh chin dubng vudng géc.
KEAH1SB(H € SB).
5 Tacd: BCLABva BCLSA=> BC1(SAB)
= BC1AH ma AHLSB = AH1(SBA).
Suy ra: AH 14 khoang cich tit diém A dén mit
phéng (SBC).
»  Xéttamgidc SAB vudngtai A, dudngcao AH: |
S U U S S S
AH? 32 AB? g2 " 30?2 3a2
17 = Ve
= AH= )
Vaydap én lala D.
A c
* Cach 2: Ta sit dung phudng phép thé tich.
B Ta coi khodng cdch tit diém A dén mit phing
(SBC) 1a dudng cao cita hinh chép A.SBC, khi dé: d(4; (SBC)) = ﬁfsfﬂ
sBC
3
Ta o Vassc = Ve.asc = 5-54.5anc = sSAZAB.BC = zavia2a=1 ;/5
Mitkhic: BCLABva BCLSA = BCL(SAB) = BCLSB.
Xét tam gidc SAB vudng tai A cé: $B = /SA2 + AB? = /a2 4 302 = 20.
V3
Do dé: Sssc = 5.5B.BC = %2&2{1 = 2a% = d(4; (SBC)) = 3‘2:2 = ‘Eﬁ

Vay déap an li la D.
Nhdén xét: Mai phuong phép cé 1, nhuge diém riéng. Phudng phép 1 tinh toan it nhung
phai vé thém hinh cdn phulong phép 2 tinh todn nhidu hon nhimg khéng cin phai vé thém
hinh. Do dé, thy véo tifng bai todn ma ching ta chon phuong phép gidi cho phu hgp.
VEDU 5.27. Cho hinh chép tam gidc fiéu S.ABC c6 canh ddy bang o va mét bén tao véi ddy
mét géc 60°. Tink khodng cdch tit A dén mdr phéng (SBC)?
a3 3a a3 av2
A By <5 D=
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GIAL
* Cach 1: Ta st dung phuong phap xdc dinh chan dudng vudng goc.

Goi Ola tAm cliatam glac ABC, M latrung diém
BC = S04 duong cao cla hinh chép S. ABC.
Vi A khéng phdi ld chin dudng cao cha hinh

chép S.ABC nén ta sit dung ki thuét ddi dinh:

d(4;(SBC)) _ AM
d(0;(SBC)) ~ OM

= d(A; (SBC)) = 3d(0; (SBC)).

K& OHLSM (H € SM).

Ta c6: BC.LAM va BC1SO = BCL(SAM) =
BC1OH ma OHLSM = OHL(SBC).

Suy ra: OH la khoang cach tit O dén (SBC).

Vi BC L{SAM) nén géc giita mit phing (SBC) va (ABC) la SMA =60°.

Tam gidc ABC déu canh binge = AM = i =>0M= —AM = L

2 §

Xét tam gidc O H M vuéng tai H cé: OH = OM.sinOMH = -g.smeo = %.

=3

Vay, khodng cach tit A dén mét phéng (SBC) la: d(A4; (SBC)) = 3d (0; (SBC)) = %‘f.
Vay didp én lala B.
* Cich 2: Ta sii dung phucng phap thé tich.
Ta coi khodng cich tit diém A dén mat phéng (SBC) la duding cao clia hinh chép A. SBC
Khi d6: d (4 (SBC)) = 2VASBC
. Sssc |
Xét tam gidc SOM vudng tai O taco:

—— 2
50 = OM.tan OMS = i .tan60 = = 5 = SM = /50 + OM? = —+ LA
12 3
2 3
Thé tich khéi chép A.SBC 1 Va.sse = Ve.aze = %.so.swc — %%“ ;/5 _ azf
NP i s s 1 l a a?v3
va dién tich tam giac SBC 1a: Sspc = a.SM.BC = E'ﬁ'a =3
P! . 4 2 3M 3a
Suy ra: khoang céch tit A dén mit phang (SBC) la: d(4; (SBC)) = ..:’Al_ =
G

Vay dap an la la B.

vi DU 5.28 (Dé Minh hoa THPTQG 2017). Cho hinh chop tit gidc S.ABCD c6 day la hinh

vudng carh av/2. Tam gidc SAD cdn tal S va mat bén (SAD) vubng gic véi mt phdng day.

Biét thé tich khéi chép S.ABCD bang T' Tinh khodng cdch h tit B dén mdt phdng (SCD).
3a

2a 4a 8a
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GIAL
* Cach }: Ta sl dung phuong phép xdc dinh chin duding vudng géc.

KéSHIAD(H € AD} = Hlatrung diém AD.
Mt bén (SAD) vudng géc véi day (ABCD) =
SHIA dudng cao ctia hinh chép S. ABCD. -

Vi B khong phai }a chian dudng cao cla hinh

chép 5. ABCD nén ta sit dung ki thudt d3i dinh:
d(B;(SCD)) =d(A; (SCD)) = 2d(H;(SCD)).

Ke HKLSD (K € SD).
Tacé: CDLADVaCDISH = CDL(SAD)
= CDIAKmaHK18D = HK1(SCD).

Suy ra: HK la khodng céch tit diém H dén mit
phing (SCD). )
Mit khac: ABCD 1a hinh vudng canh bang

a\/§=> HD = g"z'\/gVéSABCD 2202.

3
Vi thé tich clia khéi chép S.ABCD I 4—;‘_ nén

3 4a3

Vs.asco _ 73
= —_— = 2 .
SH Sagep 2q? “

Xét tam gidc SHD vudng tai H v8i dutng cao HK, ta cd:

1 1 1 9 2a

AR B® TED T aw P =3
Vay, khoang cach tit B dén mit phing (SCD) 1a: d{B; (SCD)) =2. % = %‘i.

Véy dap an la la B.
* Cach 2: Ta st dung phuong phé.p thé tich,
_Ta coi khodng céch tit diém B dén mét phing (SCD) la duding cao ciia hinh chép B.SCD,

khi d6: d (B; (SCD)) = 3‘;’3&
CD

p 1 4a® 2 3
Tacé: Vp.scp = Vs.pep = Vs ADCD = 3.—= =
Xéttam gidac SHD vudngtai H tacé: SD = /SH2 + HD \( =—

VICDL(SAD) = CDLSD nén Ssop = = co SD = % 32 3= 3%

S

Suy ra: khodng cch tit B dén mat phing (SCD) Ia:

ad
S ]
B

(2]

| &

4(B;(SCD)) = =222 -

o
M|b
N

Vdy dap an 1a la B.
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l Dang 2: Khoang cach giita hai du’dng thing chéo nhau
Phuong phap gidi:
Cho hai dudng thing chéo nhau a va b. T2 cin tinh khoang cich gilta hai dudng thing.

a) Truting hgp 1: Néu a va b vudng géc vdi nhau thi ta x4c dinh doan vudng géc chung
AB clia hai dudng thing, tit 46 tinh d5 dai AB.
» Budc 1: Dung mit phing (P) chita b v vudng géc véi a.
s Budc 2: Xdc dinh giao diém A = o N (P).
» Budc 3: Xédc dinh diém B € bsao cho ABLb.

b) andng hop 2: Néu e va b khong vudng géc véi nhau thi ta dung mit phang {P)chuab
va song song voi a. Khi d6: d (a; b) = d (e; (P)).

Vi DU 5.29. Cho n# diégn OABC ¢6 cdc canh OA, 0B, OC dbi mét vudng goc voi nhau vi
OA = OB = OC = a. Tinh khodng cdch giita hai dudng thing OA va BC.
a a 43

A ﬁ B. 3 C 3 D.
GIAL
Goi D 1a trung diém clia BC = OD1BC.
ViOALOBvVaOALOC = OAL(OBC) = OALOD.  a
Suy ra: OD I doan vuéng géc chung clia hai dudng
théng OA v BC = OD = d{04; BG).
Xét tam gidc OBC vudng cin tai O tacd:

Sle

op=3ipc-L/omroc=-tvata- av2
2 2 2 2
Vay, khoang céch giifa hai duding thing OA v BC 1a;
av2
5
Vay dép dn lala A.
Vi DU 5.30. Cho hinh chdp S.ABCD c6 ddy ABCD la hinh vudng tam O canh a. Biét ring
SAs (ABCD) vaSA = a. Tinh khodng cdch giita hai dudng thdng SC va BD.
av2 a6 V3 aVv3
A 5= 7% D=~

GIALKE OHLSC (H € SC).

Tacé: BDLACvaBD1SA= BD.L(SAC) = BD1OH.

Suy ra: OH 1a doan vudng géc chung clia hai duong thing BD vi SC = OH = d(BD; SC).
Vi ABCD la hinh vudng canh a nén AC = av/2.

K& AK18C K € 5C.

Xét tam gide SAC vudng'tai A cé:
111 1.1 3
AK? ~ A82 T AC?  o? " 2%  2d?
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=>AK—a\3/6

Tacéd: OH || AK va O latrung dlem clia AC

= 0OH L ducng trung binh cla tam giac AKC
= OH = EAK = T\/_

Vay dap én la la B.

vi DU 5.31. Cho t& dién OABC c¢é cdc canh OA,0B,OC doi mit vudng géc vdi nhau va
OA = OB = OC = a. Goi I la trung diém ciia BC. Tinh khodng cdch giita hai dudng thing
AI'vaOC.
a 4a a 3a
A. 3 B. 5 C. % D, vy
GIAL
KéID | OC(D € OB).
= d(AI;0C) = d(OC; (ADI)) = d(O; (ADT)). :
KeOHLAD (H € AD).
Ta cé: ID | OC va OCL1OB = ID1OB ma
ID10OA = IDL(AOB) = ID1OH ma OHL1AD
= OH1{ADI) = OH lakhodng cdch ti1O dén mit
phing (ADI).
Xét tam gidc AOD vubng tai O, dudng cao OH ta
c6:
111
OH? ~ 0A? ' OD?

QN'] o

=3

"""lpml'—‘

c
= OH = "sﬁ o
\/_ P v
Vay khoang cdch giita AT va OC la; —.
Viydap anlilaC.

VIDU 5.32. HinhchopS.ABCD c6 ddy ABCD lahinhvuéngtdmO canha. BzerSAJ. (ABCD)
v2 SA = a. Tink khodng cdch giita hai duwing thing AC va SD.
a2 avé V3 av3
A e o — . ——
2 B 6 = 6 b 3
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GIAL

K&éDE || AC (E € AB).

Suy ra: d(AC;SD) = d(AC;(SDE)) =
d{A; (SDE)).

Ke AKIDE (K € DE) va ké AHLSK
(H € SK).

Taco: DELAKvaDELSA= DEL(SAK)
= DE1AH ma AH1SK => AH1(SDE)
= AH lakhodng cich tit 4 dén (SDE).
Tacé: AE || CDVADE || AC = AEDC 1a
hinh binh hanh = AE = CD = q.

Xét tam gidc AED vudng tai A cé:

1 _ 1,1 _1.1_2
A AP A E@tET @
=>AK=GT\/§.

Xét tam gidc SAK vudng tai 4 cd:
1 1 1.1 3 av3
am S Asit A T @t e T e T AT T
2
P 2 N , aV3

Vay khoang cach gilta hai dudng thang AC va SD la: 5

VAy ddp dn 1 L D.

C. BAITAP TU LUYEN

BAITAP 5.17. Cho tit dién ABCD c6 ADL(ABC) vi AC = AD = 4e, AB = 3a, BC = fa.
Tinh khodng céch tit A dén mit phing (BCD)?

ale p, Voo c. i p, 2v3a
17 VAT V34 17

BAI'TAP 5.18. Cho hinh chép 5.ABCD cé day 1a hinh thoi canh ¢, SAL(ABCD). Goi M 1
trung diém BC. Biét BAD = 120°, SM A = 45°. Tinh khoang céch tit D dén mp(SBC)?
a\/(_i a.\/g a\/g a.\/é
i il Pk p. 22
A3 B =5 ¢ 2
BAI TAP 5.19. Cho hinh chép S.ABCD c6 déy 12 hinh vadng canh a. Bidt SO = 37“ hinh
chidu vudng géc clia S ttén mp(ABCD) la trung diém canh AB. Tinh khoang cich ti A dén
mp(SBD).
a3 2 c o/ p.2Y7

2 8.3 5 7
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BAITAP 5.20, Cho hinh chép S.4BC ¢d ddyla tam gidc vudng tai B, BA = 3a, BC = 4a, mit
phiing (SBC) vuéng géc vdi mit ddy (ABC). Biét SB = 2av/3 va §BC = 30°. Tinh khoéng
céch tlt B dén mp(SAC) theo a.

A %—5 B. 6“;/7 c. a_\;/__fi D. i

BAITAP 5.21. Cho hinh chép S.ABC c6 ABC la tam gidc déu canh a, SA vudng véi (ABC),
SA = a. Tinh khodng cich giita AB va SC?
a2l 2av/21 2av21 av1d
A B.— C. =3 D.~
BAITAP5.22. Cho hinh chép S.ABC c6 ABC la tam gidc ddu canh a, SA vudng véi (ABC),
goc giita SB va day bing 60°. Tinh khoang cich giita AC va SB?
a3 av'2 av15 a7
A= . B C - D. ==
BAI'TAP 5.23. Cho hinh chép 5.ABCD ¢6 ddy ABCD 12 hinh vudng canh a, SA vudng géc
vdi mit phing (ABCD), géc gilta SC va mit phing (ABCD) bing 45°. Tinh khodng cich
gilia hai dudng thing $B, AC.
ayv10 avh av/15 av10
A= B.— .= D. =%
BAI TAP 5.24. Cho hinh chép S.ABC c¢6 déy la tam gidc vudng can tai A. Mat bén SBC la
tam gidc déu canh o va mp(SBC) vudng goc véi ddy. Tinh khodng cich giita hai dudng thing
SA,BC.

D. LOT GIAI VA DAP AN
GIAIBAITAP5.17. Ké AKLBC VA AHIDK = AH = d(A (BCD))
1 1

1 17
Tact: 7 = ~ A tiE T i taEtac T 9 7t 162 16a2 16t = 720
= AH = —.
V34
Ddp dndungla C. 0
GIAI BAITAP 5.18. Vi AD || BC nénd(D; (SBC)) = d(A; (SBC)).
K& AHLSM = AH = d(A; (SBC)).
Ta c6: tam gidc ABC déucanha = AM = i =>SA= i = AH = L—
Ddp dn dingla C. 0
GIAIBAITAP5.19. X8 HK1BDva HELSK = HE = d(H;(SBD)).
Tacé: HK = HB.sinKBH = “T‘/E > HE= % = d(A;(SBD)) = 2d(H; (SBD)) = 2?“
Ddp dn dinglaB. ]
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GIAIBAITAP 5.20. K HDLAC va HK 1SD = HK = d(H; (SAC)).

" ViBH = §B.cos SBC = 3u= BC 4HC = d(B, (SAC)) = 4d(H; (SAC)).
Taco: AC =56 HC =a= HD = & = HK = 3“\/7:>d(3 (SAC)) = 6a7\/7_

Ddp dn dungla B. a

GIAI BAI TAP 5.21. Ve hinh binh hinh ABCD.
= d(AB; SC) = d(AB; (SCD)) = d(4; (SCD)).
K& AELCD va AHLSE = AH = d{A; (SCD)).
Tacé: AE = %gvas;ha:» AH = “‘{[ﬁ = d(AB;5C) = @

Ddpdndungla A a

GIAI BAI TAP 5.22. Ve hinh binh hanh ABDC.
= d(AC; SB) = d(AC; (SBD)) = d(4; (SBD)).
K& AKLBD va AH1SK = AH = d(4; (SBD)).

Tacé:AK:ﬁﬁvaSAm\/ﬁ:AH ‘/_ g

Dép én diungla C. a

GIAI BAI TAP 5.23. K& dudng thing d di qua B va song song véi AC. .
Ké AM Ldva AH1SM. = d(AC; SB) d(AC; (SMB)) = d(4A; (SMB)) = AH.

Tacd: SA = AC = 20va AM = ﬁ = AH = “—‘fﬁ = d{AC; $B) = “‘gm.

Ddp dn dungla D. : a
GIAIBAID!.PS 24. Goi H latrung diém BC vaké HK L SA = HK la doan vudng géc chung
clia BCVaSA

Tacé: AH = § va SH = “——‘2/5 = HK = “‘4/5 = d(BC; SA) = -_3-.

Ddp dn diing la D. , O
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CHUONG 6——
KHOI TRON XOAY

CHUYEN DE 6.1
Hinh nén

A.TOM TAT LY THUYET
1. Piém O dudc goi 1a dinh ciia hinh nén.
2. Dubng trdn tAm /1, ban kinh r dugc goi Ia méit day.
3. D6 dai i = O7 dugc goi 1a chidu cao cfia hinh nén,

4.D6 dai doan thany; ! = M dudc goi 1a duding sinh clia
hinh nén.

5. Dién tich xung quanh ctia hinh nén S,, = nrl.

6. Thé tich cfia khdi nén trén xeayla vV = %ﬂ 2h.

7. Giliar, [, h cd mbilignhér? + h? = 2.
B. CAC DANG BAI TAP

VI DU 6.1. M5t hinh non c6 dudng sinh béng 2 vi thiér dién qua truc Ia tam gidc vudng.
Tinh dién tich xung quanh S ciia hink nén va thé tich V ciia khéi non.

3 3
A Spy = 2/2ma?,V = VZna B. S,y = V2za®,V = 2V

3 3
C §uq = 2/Bna?, v = 222 D. . = Vina?,V = Y20
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~ GIAL Do thiét dién qua truc clia hinh nén 13 tam gidc vudng nén AOI M vudng can tai I. Suy
rah=r=— =av3nén

V2

3
Suq = /220 = 2/Enat V = HavDavi= 222

Vay dap an diing la C. m]

ViDU 6.2. Cho hinh chép tam gidc déu S.ABC ¢6 canh ddy bing a va goc giita mdit bén va
ddy béng60°, dién tich xung quanh ciia hinh ndn dinh S va ddy la hinh trén néi tiép tam gidc
ABC la:
ma? wu? na® Sma?
.A- T Bv T C- T D- 6

GIAIL Goi0latam dudng tron ndi tiép tam gidc ABC. Do AABC déucanh ¢ nén OM = “_6‘@

véi M 1 trung diém clia AB. Vi géc gitta canh bén va mit ddy bing 60° nén SMO = 60° >

SM =20M = 2 . Dovay,
ﬁ .y

a

°|%

sl

o2
]

Seqg=n.OM.SM =7.
Viy déip an dungla A. m]
C. BAITAP TU LUYEN

BAITAP 6.1. Goil, &, r 14n lugt 12 d dai duding sinh, chiéu cao va ban kinh mit day cia hinh
nén. Dang thiic lubn diing 1a:

Al=h B.r=nh C.l2=h?4r? D.7?=h2+1%
BAITAP 6.2. Goil, h, r 14n lugtla d6 dai dudng sinh ,chiéu cao va ban kinh mit day cla hinh

nén.Péng thitc nao sau diy ludn diing?

1 1 1

2 _ 32 2 _ 2 __ 12, 12 2
AlP=h°+R B'l_z_ﬁ*-ﬁ C.RE=h"+1 D.l* = hr

BAI TAP 6.3. Goi [, 4, R 14n Iugt 13 d6 dai dudng sinh ,chidu cao va ban kinh mit day cla
hinh nén.Dién tich xung quanh S,, ctia hinh nén (N) 1a:

A.mRh B.nR! C.2n Rl D. tR%h

BAI T@P 6.4. Goil,h, RTan lugtla d6 dai dudng sinh ,chiéu cao va ban kinh ddy mit ddy clia
hinh nén.Dién tich toan phin S,, clia hinh nén (N) la:

A. TRl + nR? ) B. 27 RI + 2 R? C. Rl +2wR? D.wRh +nR?
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BAITAP6.5. Goil, k, v I&n lugtla d6 dai dudng sinh ,chiéu cao vi ban kinh mit diy c¢ta hinh
nén.Thé tich V cha hinh nén (N) la:
A SxRlh B.7R%h C.xR D 3nRY
BAI'TAP 6.6. Cho hinh nén ¢6 bdn kinh déy I3 4a chidu cao 13 3a. Dién tich xung quanh ciia
hinh nén la;
A. 20ma® B. 40ra® C. 24ra® : D. 12wa®
BAITAP 6.7. Cho hinh nén cé ban kinh d4y 1a 3a chidu cao 14 4. Thé tich cGia khéi nén ia:
A. 21ma® B. 36ma® C. 15na® D. 12ma®
RAITAP 6.8. Cho hinh chép tit gidc ddu $.ABCD c6 canh diy bing ¢ va chidu cao bing 2a,
dién tich xung quanh clia hinh nén dinh 3§ va day 13 hinh tron noi tiép ABCD 1

2 2 2, 2
A % - 37;:1 . e 6\/ﬁ L s\/ﬁ

BAITAP 6.9. Thift dién qua truc clia hinh nén 12 mét tam gidc vudng can cé.canh huyén 2a
Thé tich cta khéi nén bing:

3

A.ma® B. zﬂ c. Iz D. 2na®

3 3

BAI'TAP 6.10. Dién tich toan phén cfia hinh nén cé khoang céch tir tim clia ddy dén duong
sinh bang V3 va thiét dién qua truc 13 tam gidc ddu

A 12w B. 20w C. 4—\/5 D. M

3 3
BAITAP 6.11. Hinh nén cé dudng sinh {, géc giita duting sinh va mit phang day [a 30°. Dién
tich xung quanh cia hinh nén nay 1a:

2 2 2 2
A 7r\/8§l B, ﬂ‘\{?l C 1r\,‘/1§l D. ﬂ\ggl

BAI TAP 6.12. Trong khéng gian cho tam gidc OAB vuéng tai O cé OA = 4,0B = 3. Khi
quay tam giac vuéng OAB quanh canh géc vuéng OA thi derng ghp khiic OAB tao thanh
mbt hinh nén trén xoay. Dién tich xung quanh, dién tich toan phén va thé tich cfia khéi nén
14n lugt la:

A 157; 24m; 120 A 157; 24r; 67 A 157, 247; 14w A 157;24mm; 27
D. LOI GIAI VA DAP AN
GIAI BAI'TAP 6.1. Ddp dn diingla C. o
GIAIBAITAP 6.2, Pdp dn ding I3 A. o
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GIATBAITAP6.3. S, = TAI.
Ddp dn diing la B, ]

GIAI BAI TAP 6.4. Ta c6 cdng thic: Sty = Suq + Saay = wHl + ™.
Ddp dn dung la A. a
GIAI BAITAP 6.5. Ta c6 cong thitc: Visn = %n’th.
Ddp dn dung la A. a
GIAI BAITAP 6.6. Tacé:

Szy = TRl = w.4al = dam\/h? + B2 = danv/9e? + 1602 = 4a.1.5¢ = na?

Ddp dn diing la A. 0
GIAI BAI TAP 6.7.

Vasn = %Wth = -;-wgaz.fia = 127a®
Dadp dn diingla D. o
Qle{{q%,il TAP 6.8. O 13 giao diém hai duding chéo clia hinh vuéng ABCD. M 13 trung diém
cua .
Tadé c6 OM = %;SMz\/aMz—w&: E‘/“_i

Spg = T.OM.SM = ﬁ_\‘fféf’/_‘% - 3"2“’

Ddp dn dung ld B. o
GIAIBAITAP 6.9,

R=oh=a=V=:n1R*h= 1r_gj
Ddp dén diing 1z C. ‘ o

GIAI BAI TAP 6.10. AB 12 dubng kinh day, 0 12 trung didm clia AB. Do thiét dién qua truc
la tam gidc ddu = 4B = AS = BS. Got H Ia hinh chifu cfa 0 1én S4A = OH = V3.
OH = 0Asin(60°) = OA=2;SA=AB=20A=4 .

Sip=m24+m2% =12

Ddpdndungla A 0
GIATBAITAP6.11.
1V/3 /32
R=—=8=—3
Ddp dn diing la D. a

GIAT BAI TAP 6.12. Thé tich khdinén: V = %wR2h .
Dip dn diing la A. a
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CHUYEN DE 6.2
Mat tru
A. TOM TAT LY THUYET

1. Dubdng tron tam A, bdn kinh r va dudng tron tam B,
ban kinh r dugc goi la hai ddy cia hinh trw.

2.P% dail = CD dugc goi 14 dudng sinh cha hinh tru.
3. D¢ dai h = AB dudc goi la chidu cao ciia hinh tru.

4, Dién tich xung quanh cda hinh tru S;q = 7ri..

5. Thé tich cfia khdi nén tron xoayla V = mrih.

6.Giital,h cd mbiliénhg h = 1.

B. CAC DANG BAI TAP
Vi DU 6.3 (Dé Minh hoa THPTQG 2017). Tit mét tdm ton hinh chi nhdt kich thudc S0cm x
240cm, ngudi ta lam cdc thiing dung nwde hinh try c6 chiéu cao béng 50cm, theo hai cdc sau
(xem hinh minh hoa dudi day):

o Cdch 1: GO tdm ton ban ddu thanh mét xung guanh clia thing,

o Cdch 2: Cat tim tén thanh hat tdm béng nhau, réi go méi tdm dé thanh mét xung quanh
cita mpt thung,

Ki higu 'V, la thé tich ciia thiing gb dudc theo cdch 1 va Vs 1a tong thé tich ciia hai thing gé
Auwoc theo cdch 2. Tink 1t 6 —

175
‘ @@
' —>
)
_1 Wi Vi _ Vi _
Ay=3 By = Cyp=2 D.g =4

GIAI Chuvi déy hinh tru theo cach 11a 2rr; = 240.
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Chu vi ddy hinh trut theo cach 2 1a 27:15 =120.Dod6 r; = 2rs. Suyra

- Vi T ]
Vi=mrihly=2mih= =2 (’—1) =2.
N 2 :

Vay dap dn diingla C. a
viDU 6.4 (pé Minh hoa THPTQG 2017).. Trong khing gian cho hinh chiz nhdt ABCD 6

AB =1va AD = 2. Goi M, N Idn luotlé trung diém AD va BC. Quay hinh chiz nhdt dé xung
_quanh truc M N, ta dudc mét hinh tru. Tinh dién tich toan phan S, ciia hinh tru do.

A Spp=4dm B.Sp =27 C Spp=6n D. Sy, = 107

. s AD
GIAL Puing sinh chabhinhtrulal = AB =1, binkinh mitddylar = - = 1. Do d6 dién
tich toan phén cta hinh tru 12
. Spp = 2ml + 277 == 4.
Vay dap an ding la A. D

C. BAITAP TU LUYEN

BAI TAP 6.13. Goi h, R 14n lugt 1a d6 daichidu cao v bén kinh ddy ctia hinh try ding (7).
Dién tich xung.quanh S;, ¢ia hinh tru (T} ia

A Seq=2xRh B.S., =Rh C.Szq= %TrRh D. S, = mR%h

BAITAP 6.34. Goil, h, R 1in lugt 1a g dai dudng sinh, chidu cao vi ban kinh mit déy clia
hinh try (7). Dién tich toan phén S,, clia hinh tru (T) 12

A.Sip = 2xRI + 2x R . B.Sy =mRh+7R?

C.Sep = mRI + 20 R? ‘ D. Sy = nR?h + nR?

BAITAP 6.15. Goi h,r l4n lugt 13 d6 dai chidu cao vi bin kinh d4y cia hinh tru (T) Thé nch
V cha khéi tru (T) la:

AV= §wR2h. B.V= lnR% C.V =4zR® D.V =zR%h

BAITAP 6.16. Cho hinh tru diing c6 ban kinh ddy 5 ¢m, chidu cao 4 cm.Dién tich toan phén
cia hinh tru nay la:

A. 90m(cm?) _ B.92r(em?) C. 94n(cm?) D. 96m(cm?)
BAITAP 6.17. Cho hinh tru ¢6 ban kinh day 6 ¢m, chidu cao 10 cm.Thé tich ciia hinh tru 1a:

A. 3207 (cm®) B. 3607(cm®) C. 340m(cm®) D. 300m(em®)
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BAI TAP 6.18. Hinh try (T) dugc sinh ra khi quay hinh chit nhit ABCD quanh canh AB.
Bift AC = 2¢v3va ACB = 45°. Dién tich toan phin 5y, clia hinh try (1) 1a:

A. Sy = 16ma® B. 8y, = 8ma® C. Stp = 12ma? D. S¢p = 24ma®

BAI TAP 6.19. Cho hinh tru ding c6 bén kinh déy bing R va chiéu cao bing -32-R. Mit phéng
(o) song song vdi truc clia hinh try va cdch truc mdt khodng bang g Dién tich thiét dién cia
hinh tru véi mat phing () la:
323 3 2R*/3 C 3R%V2 D 2R%2

2 "3 ’

A. ) -3

BAI'TAP 6.20. Cho ling tru ditng ABC.A'B'C’ c6 canh bén AA’ = 2a. Tam gidc ABC vuéng
tai A ¢6 BC = 2a+/3.Thé tich clia khéi tru ngoai tiép khéi ling tru nay la:

A 671 B. 4ma® C.2na® D. 8ma®

BAI TAP 6.21. Cho hinh tru ¢6 ban kinh R. AB, CD 1an lugt 14 hai day cung song song vdi

nhau vi nim trén hai duding trén day c6 cung do dai bang R\/_ Mit phing {(ABCD) khéng
song song va ciing khéng chia truc ctia hinh try. Khi dé it gidc ABCD lahinh gi 2

A, Hinh chit nhéat B.Hinhbinhhanh  C. Hinhvudng D. Hinh thoi

BAI'TAP 6.22. Cho hinh ling try tam gidc déu c6 canh ddy béng a va chiéu cao bing k. Khi
d6 thé tich cfia kh6i tru ndi tiép lang tru s& bing:
A nha? rha? 2rrha? D 4mha?

3 B.3 » C.9 -3

BAITAP 6.23. Thiét dién qua truc ctia hinh tru (T) 12 mét hinh vudng cé canh bing e. Dién
tich xung quanh S, cfia hinh tru (T) }&:
1

A.ma? B. Emf C. 2ra? D.a?

BAI TAP 6.24. Mat hinh tru (T) cé dién tich xung quanh biing 4r va thiét dién qua truc clia
hinh tru nay 1A mét hinh vudng. Di#n tich toan phin cfia (T) 1a:

A. 87 B. 127 C. 10w D. 67

BAI TAP 6.25. M6t hinh tru ditg cé ban kinh bing 5 em va chidu cao bémg 7 em. Citkhéi tru
bang mot mit phang song song véi truc va cach truc 3 em. Dién tich thiét dién tao béi khéi
try vA mit phing bang:

A. 52 ern? B.54 cm? C. 56 cm? " D.58 an?
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BAI'TAP 6.26. Cho hinh tru diing ¢6 bén kinh R; AB; CD lin Iugt 13 hai day cung song song
v6i nhau nim trén hai dudng tron ddy c6 cing 49 dii 1 RV2. Mt phang (ABCD) khéng
song song va cling khéng chita truc ctia hinh try , géc gifia (ABCD) va mit d4y bing 30°.

Thé tich kh6i tru bing:

nR3/6 TR3/6 7R3/3 *R*V2
3 B.— 5 D.—

A. C.

BAITAP 6,27. Mot hinh tru ¢6 chu vi clia dudng tron ddy 4wa, chidu cao a. Thé tich cha khéi
tru nay bang:

. 4
A.4ma® B. 27a3 C. 167a® D. §7ra3

BAI TAP 6.28. Hinh tru c6 bdn kinh diy bing 2v/3 va thé tich bing 24r. Chiéu cao hinh tru
nay bang:

Al B.6 C.2v3 D.2

BAI TAP 6.29. Mot khéi tru c6 thé tich bing 20. Néu tang bén kinh dudng tron ddy 1én hai
1an thi thé tich cha khéi tru méi la:

A.60 B.40 C.80 D. 120
BAI TAP 6.30. Mot hinh tru ¢6 duting kinh day bing véi chidu cao clia né. Hoi néu thé tich
cla kho tru biing  thi chidu cao cita hinh try 12 bao nhiu?

A Yu B.2 C.V2 . D.Y4

BAI TAP 6.31. Cho hinh try ndi tiép trong hinh lép phudng cé canh bing z. Ty 56 thé tich
clia khéi tru va khéilap phu’dng trén la:

T 2

A. Z B- E C. ﬁ D. §
D. LOT GIAI VA PAP AN
GIAI BAI TAP 6.13. Hinh try diing c6 d dai dudngsinh i = h.
Ddap dndingla A
GIAI BAI TAP 6.14. Dip dn ding I3 A.
GIAI BAI TAP 6.15. Ddp dn diingla D.
GIAI BAI TAP 6.16. Hinh tru dimg cé S, = 27 Rh + 2w R2.
Ddp dn diing la A. O
GIAI BAITAP 6.17. Hinh try ¢6 V = nR?h.
Dadp dn diing la B. a
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GIAI BAITAP6.18. ABCD lAhinhvudng, h = AB = BC—T—£=a\/§.

V2
Hinh try c6 Sp = 27rh + 2mr2,
Ddp dn diing la D. . a

GIAI BAI TAP 6.19. Thiét dién 13 hinh chit nhat ¢6 1 canh bang chidu cao h clia khm try,
canh con lai 1a d8 dai day cung clia hinh tron bén kinh R céch tim mot khodng bang 5
BDdp dn diungla A. . 0

GIAI RAI TAP 6.20. Mit @4y clia khbi tru ngoa1 tiép ling tru 13 dudng wdn ngoai tiép tam
gidc ABC. Ban kinh cia dudng tron nayla R = 5Bc =av3.

DdpdndunglaA. a
GIAI BAITAP 6.21. ‘Ddp dn diing Ia B. , a
GIAI BAI TAP 6.22. Mit ddy clia khéi tru ngoai tiép ling tru 12 dudng tron ngoai ti€p tam
gidc ddu ABC. Ban kinh clia dudng tron nayla R = % Duding cao khéi try 13 A,

Thé tich khéitru: V = nR?h.
Ddp dn dung la B.

GIAI BAI TAP 6.23. Ddp dn ding la A.
GIAI BAI TAP 6.24. Ddp dn diing la D.

O 0o o Q

GIAI BAI TAP 6.25. Ddp dn diingla C.

GIAI BAI TAP 6.26. Duong cao khditrula h = Rv3.tan % = RT‘/E.

Thé tich khbitru: V = 7R2h.

Ddp dn diing la A. o
GIAI BAITAP 6.27. Ddp dn diing la A. a
GIAI BAI TAP 6.28. Ddp dn diing 1a D. o
GIAY BAI TAP 6.29. Xhéi trucé V = wR?h. Néu ting ban kinh lén 2 lin thi thé tich khéi try
sé tang 1én 4 lan.

Ddp dn diing la C. a

GIAT BAI TAP 6.30. Chu vi dubng trdn diy bing chidu cao k. Ban kinh R = 2ﬁ Thé tich
h’ "

Dap an dungla B a

GIAI BAI'TAP 6.31. Bén kinh dudng tron ddy clia trula R = %
Dip dn dingla A. ]
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CHUYEN DE6.3 -
Mat cau
A TOM TAT LY THUYET

1. Mit cdu S(O; R) la tap hgp cic
difm M thoa man OM = R.

2, QH, < Rthi (P;) cét (S) theo mft
dudng tron c6 ban kinh r thda man

= [0

3. OH, = R thi (P,) tiép xtic ($), (P2)
dugc goi la tiép dién cha ().

4. OH; > Rthi (P5) khong cét (S).
5. 0Ky < Rthi A, cét (8) theo day

cung AB thda man (P)
AB
5TV - OKL (P)
6. 0K, = R thi A, tiép xic {S), A, (P3)

dudc goi la tiép tuyén cha (S).

7.0K3 > Rthi Ag khang ct (8).

8. Miit cau (S) c6 ban kinh R, khi d6
thé tich va dién tich clia ($) 1a

S=anR2V = -;—'n'R3

B. CAC DANG BAI TAP

VfDU 6.5. Cho hinh chép S.ABCD co dayABCD la hinh vuéng canh a, S A vuéng géc vdi day,
SB = uv/3. Tinh dién tich mat c4u ngogi tiép hinh chép S.ABCD

A

A S =ma? . BV= gmﬁ C.V = 4ra? D.V = 2rd®

GIAL Goi I 13 tAm clia ddy ABCD va M 1 trung diém S A. TAm ctia khéi ciu ngoai tiép hinh
chép 1a O 1a giao diém cfia mit phing trung tryc clta SA va dudng thing qua I vi vudng géc
v6i day (ABCD).
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Do S4 1 (ABCD) nén O AM lap thanh mét
hinh chii nhat, Tacé

SA = /SB? — AB? = /30?2 — 0?2 = a2

nén AM = %—4- = M— Lai ¢ ABCD 12
hinhvuéngnén tdm / cua dayla giao diém hai

dudng chéo AC, BD. Do d6

1 av'2

Suy ra ban kinh hinh cu ngoai tiép hinh chép:
R=0A=VAM?+ AI’=aq

Do viy dién tich mat cdula V = 4rR? = 4na®.

Vay dép én diing la C.

Vi DU 6.6 (Dé Minh hoa THPTQG 2017). Cho hink chp S.ABC c6 ABC 14 tam gidc déu
canh bdng 1, mdt bén SAB 12 tam gidc déu vé ném trong mét phdng vudng gic vdi ddy. Tink
thétich V cila khbi cdu ngoai tiép hinh chép di cho.

GIAL Goi I, K 1 tim dudng trdn ngoai tiép hai tam gidc ABC va SAB. Khi d6 tam khéi ciu
ngoai uep hinh chép la giao clia hai dugng thing qua 7 vudng géc véi (ABC) va dudng thing
qua X vudng goc véi (SAB).
Do ASAB déuva (SAB) 1L (ABC) nén OKIH 1a
hinh chit nhat véi H 1a trung didm AB. Mt khéc,

2
SH=CH = 12—(.{) =_\/_§

nén SK = §3H - ?,OR’ - HI= %CH - ?
Suy ra ban kinh khéi ciu ngoai tiép hinh chép 1a

R=+/SK?+ OK? = @

The tich khéi cAu la V= j;_,r RS = 3VIOT
52
Vay ddp an diing la B.
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C. BAI TAP TU LUYEN
BAI'TAP 6.32. Dién tich cita mdt ciu c6 ban kinh R 1a:
A 4nR? B. 2w R? C.2nR? D.4rR3
BAITAP 6.33. Thé clia hinh cAu ¢6 ban kinh R la:
A. g-sz B.4rR® C.2rR® D. %wRS
BAITAP 6.34. Khi ting ban kinh cita hinh ciu 1én 2 1&n thi thé tich hinh ciu dé ting hodc
gidm bao nhiéu 14n?
A.Tang8l4n B. Téng 4 1an C.Gidm 4 13n D. Ting 8 lin

BAI TAP 6.35. Cho diém M thudc mét cdu (C) tim O bén kinh R. Hi c6 bao nhiéu mit ciu
viban kinh r < R tiép xiic voi mit cAu (C) tai diém M?

Al B.2 C.3 D.4

BAI TAP 6.36. Cho hinh chép §.ABC c6 déy la tam gidc ABC vudng tai A, cé SA vudng géc
véi mat phing (ABC). SA = a; AB = b, AC = ¢. Miit ciu di qua cic dinh A, B, S, C c6 ban
kinh r bing bao nhiéu?

2 2 2
parbzd BYEIIYE  o/@TBAd  DVETRIS
BAITAP 6.37. 56 mit chu chita mét dudng trdn cho tntde 1a:
Al B2 C.3 D. Vb sb

BAI TAP 6.38. Trong cic da dién sau day, da dién nao khéng ludn luén néi tiép dugc trong
mét mit ciu? '

A. Tt dién B. Hinh chép ngi gidc déu

C. Hinh hép chit nhat D. Chép tit gidc ™
BAITAP 6.39. Cho hinh tru cé ban kinh bing r. Goi 0; O' 1dn lugt 14 tim hai day véi 00" = 2r.
Mdt mit cdu (C) tifp xic véi hai ddy clia hinh try tai O va O'. Trong cdc ménh d2 dudi day
ménh d& nio sai?

A. Dién tich mit cdu biing dién tich xung quanh ¢ita hinh tru.

B. Dién tich mét cu bing % dién tich toan phén clia hinh tru.

C. Thé tich khbi ciu bang % 14n thé tich khéi tru.

D. Thé tich khéi chu bing % 14n thé tich khéi tru.
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BAI TAP 6.40. Trong cic ménh d sau diy ménh dé nio sai ?

A. B4t ki mét hinh td dién nio cling 6 mdt mit ciu ngoai tiép.

B. B4t ki mot hinh chép déu nio cfing ¢6 mét mit ciu ngoai tiép.

C. Bt ki mét hinh hdp néo ciing c6 mét mit czu ngoai tiép.

D. Bit ki mot hinh hop chit nhat ndo ciing ¢6 mat mit ciu ngoai tiép.
BAITAP 6.41. Mét hinh nén cé ban kinh d4y bing R, dudng sinh hgp véi ddy mét géc 30°.
Dién tich mit ciu ngoai tiép hinh nén nayla:

2 2
87r3R C. 161;R
BAI TAP 6.42. Ménh dé nio sau diy la ding ?

A 4nR? B. D.37R?

A. TAm mit ciu ngoai tiép mot hinh hép ludn 13 giao didm clia 4 dudng chéo hinh hop dé.
B. C6 it nhét hai hinh try khong bing nhau ciing ngoai tiép mét hinh cau,
C. Cac dinh cia mét hinh chép tf gide clng nim trén mdt mit ciu nio dé.

D. Mit cdu 13 mit duge tao thanh khi quay mat duding trdn xung quanh mét dudng kinh
btk chané.

BAI TAP 6.43. Cau nio dudi dayla sai?
A. Hinh trdn xoay c6 {t nhat mét truc d6i xing.
B. Mit ciu c6 vd sb truc d6i xiing.
C. Hinh try ¢6 duy nhit mét tim dbi xting.
D. Mat ciu cé duy nhit mét mit phing déi ximg.

BAITAP 6.44. Cho haimit ciu (S,) tam Oy, bén kinh R, vi (S,) tim O; bankinh Ry Ry < Ry
tiép xtic ngoai véi nhau tai P. Goi (S)) 12 mit cdu dudng kinh AB ma 4; B | giao diém cha
mit ciu ($;) va (Sp) véi duing thing 01 0,. Mit phing (o) qua P va vudng géc vdi 0,0, cit
mit cdu (S) theo mot dusng tron (C). Héi dudng trdon (C)cé ban kinh 1a bao nhiéu 2

A. V4 Rle B.Z\/ Rle C. RV 2R1R2 D. Dép 4n khic.

BAITAP 6.45. Cho hai diém 4; B ¢b dinh, phan biét va diém M di dongsao cho MA = 2MB.
Tim quy tich cic difm M nhu vy,

A. Mit phing B. budng rdn

C. Mit ciu D. Tt cdc phudng 4n d3 cho déu sai
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. BAITAP 6.46. Cho hinh try (T) €6 hai déy 1a hai dudng ron (9), (0') tam 0,0’ cing ban
kinh r. Goi ($) 12 hinh cu cé duong kinh 1a O0'. Néu (S)non tiép (T) thi hinh nén dinh &’
" ,ddy O c6 diénr tich xung quanh béng :

4725 re/5

3 B. 3 C. 1r2V5 D.2zr2V5

BAI TAP 6.47. Cho mit ciu (S) tim O, ban kinh R va mit phing (P) c6 d(O(P)) = R. M 1a
mdt difm tiiy ¥ thudc (S). Dudng thing OM cét (P) tai N. Hinh chiéu ciia O trén (P) 1a I.
Néu ION = 60° thi IN bing:

A3R B.RV3 C.RVZ D.%R

A

BAI TAP 6.48. Trong mit phing (a), cho duding tron (C) tim O, ban kinh R va dung thing

d tiép xidic v6i (C) tai 1. (5) 12 mit cdu khi quay (C) xung quanh dudng thing OI. Nhin dinh
nao dudi day la ding ?

A, (P) ¢ét (S) theo mdt dﬁbng udn B.(P)latiép diéncla s

C.4(0;(P)) >R D. Tt ci cdc phudng 4n d4 cho déu sai
D. LOT GIAI VA DAP AN
GIAI BAI TAP 6.32. Pdp dn diing laA. Q
GIAI BAI TAP 6.33. Pdp dn dinglaA. . a
GIAI BAITAP 6.34. Ddp dn diing I3 A o

GIAI BAI TAP 6.35. Hai mit ciu tiép xic trong va tiép xtic ngoa: mit cdu (©).
Ddp dn diing la B. a

GIAI BAITAP 6.36. Liy M la trung diém cfia BC; H 1 trung diém ca SA. Ta ¢6

2 2 2 2 2

r=0A=AM?+OM? = “b2+”)2=“’ +2b e
Ddp dn diing 14 B. ) a
GIATBAITAP 6.37. Ddp dndiinglaD. a

GIAI BAI TAP 6.38. Vi v6i chép t gide c6 ddy 12 mét ti gidc khong ndi tiép thi s& khong cé
hinh ciu ngoai tiép tit gidc dé.
Ddp dn diing la D. a
GIAI BAITAP 6.39.
Sean _ 4r.r
Siptry 2772 + 20727 ~ 6nr?

Ddp dn diing la B.
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GIAI BAI T@P 6.40. Khong phai hinh hép nio ciing ndi tiép trong mdt mat ciu.

Ddp an ding la C. o
A ., . s 2 n . s X 1s
GIAI BAI TAP 6.41. Ban kinh mat cdulaR = 71; Dién tich mitcaula
S=4rR? = 162 R
T
Ddp dn dung la C. ]
GIAI RAI TAP 6.42. Pidp dn diing la D. a

GIAI BAI TAP 6.43. Moi mit phing di qua tAm cGa mét ciu déu 13 mit phing d6i xing clia
mit cau.

Dapdn dungla D. a
GIAI BAI TAP 6.44. Theo hé thitc Iugng trong tam gidc vudng, ta ¢6 :

R? = (2R1).(2R;) = R = 2v/R1Ra.
Ddp dn ding la B. 0

GIAI BAI TAP 6.45. Goi C, D Ja nhitng diém chi trong vi ngoai doan AB véi ti 6 bing 2 thi
C, D c¢b dinh va CM D = 90°. Vay tdp hop nhitng diém M }a modt m3it ciu.
Dadp dn dungla C. a

GIAI BAI TAP 6.46. Dap 4n 13 C. Néu mit ciu (S) néi tiép (T) thi dudng kinh cla mit ciu
(S) bing 2r = 0O’ = 2r. Do @6 dudng sinh clia hink nén dinh ¢, ddy (O) 1a » V5. Vay

qu = arrV5 = a2 /5,
Pap dn diing 12 C. ) o

GIAI BAI TAP 6.47. ATON vudngtai I ¢6 TON = 60° nén IN = OI.tan60° = RV/3.
Dip dn dung la B.

GIAI BAI TAP 6.48. Tathfy (P).LOI tai I nén (P) 1 ti€p dién clia (9).
Ddp dn dung la B. ]
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CHUGNG 7 - -
PHUONG PHAP TOA DO

TRONG KHONG GIAN

CHUYEN PE7.1 -
Cac bai toan ve toa do diém va vectd

A.TOM TAT LY THUYET
1. Hé toa d§ trong khiong gian

Heé gbm ba truc Oz, Oy, Oz dbi mét vuﬁng gdc vai nhau dugc goi 1a hé truc tga dé Dé-cdc
vudng goc Oxyz trong khdng gian, hay don gian 13 hé toa d6 Oxyz.

o Goi 7,7, & lin ot la cdc vecro don v trén céc truc Oz, Oy, Oz.

» O dugc goi 1a gdc toa do.

o Céc mit phing (Ozy), (Oyz); (Ozz) d6i mét vudng géc véi nhau dudc goi la cac mdt
phdng toa d6.

2. Toa dd ciia vecto

* Trong khéng gian Oxyz cho vecto ¥ vii ¥ = 27+ y7 + ZE.Khi dé, bo basé (z;y; 2)
dudc goi 1 toa dd ciia vecto ¥ dbi véi hé toa d6 Ozyz va duge ki hidu la: 7 = (z;v;2)
hoac ¥ (z;; 2).

* Cac biéu thiic toa dd clia vecto:

Cho haivecto &y = (x1;41; 21) VAt = (@2 y2; z;) vihingsb k € R:
sm=men =ty =yn=2
s G Wy QO . .
e ) :tuz = (.’Lﬂ], + T2, :tyz,zl :I::’/z)
o kil = (kz1; kyr; kzy)
® uj "172’@3’96 R:ﬁ:kfﬁ@xl=ka:2;y1=ky2;z1=lc22

1

o w03 =l . || cos (i]: 3) = mTa + e + 2122
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_ Z1Z2 + Y2 + 122
ual 2Ryt + 22 YR + 2
e lH wcos(hu) =0 uul =08 nz +nvs + 2122 =0

3. Toa d§ clia di€m
* Trong khong gian Ozyz cho didm M ity ¥ véi OM = (ar; yas: 2ar)- Khi d6, b ba sb
(73 a5 2a¢ ) duigc goi 1a toa d6 ctia digm M dbi voi hé toa dd Ozyz vi dude ki hiéu Ja:
M (zar; 95 20). :

* Céc biéu thiic toa d§ clia diém: _
Cho bdn diém: A (z4;y4:24); B (#8485 28); C (zeiyci 2¢) D (zpi ypi 2p).

o AB = (25 — TA:YB — YA} 28 — 74)
¢« AB= \/Exs—mA)z'{"(L‘B—'.UA)?'i'(ZB—ZA)z
« NUDMA = kITB (k£1) thizp = SAF28,, _YaZkys _ Za—kep

1—-k ™7 1-k ' 1-k
. Néu]létmngdiém’cﬁaABtlﬁ: x7 = IA.;IB;yrz yA;yB;zI = ZA;ZB
¢ Néu G la trong tdm tam gide ABC thi:
IG=mA+$B+IC‘G=yA+yB+yC' _2a+zp+z2¢c

3 3 6T 3
¢ Néu G la trong tim t dién ABC D th: o

t4a+2xp+c+2zp Yatyp+yct+up za+z2p+z2c+2p
= 1 VIG = 4 ;ZG=_—4—

4. Tich ¢6 hudng ctza hai vecto ‘
* Trong khong gian Ozyz cho hai vectd 7 = (e;3;¢) va ¥ = (a’;¥';¢). Tich cé hud g cha
hai vectd @ va ¥'; dugc ki hiéu [@; ¥/] hodc ¥ A ¥, la mdt vectd dugc xac dinh bdi:

b e ¢ a e b
; ; = (b — ¥c;ca’ — da;ab’ — a'b)
bl cl cf afl al b’

[, 7] =

* Céc tinh chét cd ban:
. {ﬁ),ﬁ} =0 ['1?, T)’] =0; [7,7] =- {7,?]

» Véc to [; V] vudng gdc véi cd hai vectd o va 7.
o [T ) =721 -sin (2 ).
e Haivécto 7, ¥ cingphuong e 7 || # & [2; 7] = 0.
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* Cdc Uing dung cha tich ¢6 hudng:
e Bavectd ¥, 7 va o ddngphéng & [¥; ¥].Wf = 0.
e Néu ABCD 13 hinh binh hanh thi: Sapcp = | [A_B’; ES] |
Khi dé, Sasc = 5. |[4B; 4C] |
» Néu ABCD.'8'C' D' la hinh hdp thi: Vasco.warcrr = | [4B; D) .H|.
Khi d6, thé tich t@ dign ABCD Ix: Vascp = é |[28: ¢] 43|

B. CAC DANG BAI TAP
Dang 1: Tim toa d6 ciia mdt vectd vi céc yéu t6 lién quan |

Phuong phép giai: S dung dinh nghia, khéi niém cé lién quan dén vectd v cac biéu thitc
toa do.

VIDU7.1. Trong khing gian Ozyz, cho bavecta @ = (5;7:2), T = (3,0:4), T = (=6;1;-1).
Haytimtoa dé cliavectom =32 - 206 + .

A =(3;2%-3) B.m=(3-322) C.W=(-%322) D.m=(3223)

GIAL St dung céc bidu thic toa d6 cfia vecto, ta cé:

37 = (15;21;6)
2% = (~6;0;,—8) = M =33 — 2% + 2 = (3,22 -3)
7 =(-61-1
Vay dép dn la A. a

ViDU 7.2. Trongkhéng gianOuwyz, cho bdnvecta @ = (2;’1); 0), T = (1;-1;2), @ = (2:2; 1)
va @ = (3;7; —7). Hdy biéu dién vecto ¥ theobavectd @, b, C. _

AT =318 +7 Bd=4-35+72
Ce=22+35+7 D7 =2¢ -85 +72
GIAL Gidsittacébiéudién @ = m@ +nb +p2, khidé:
R =(2m+n+2pm—nt2nn-p=(3,7-7)
2m+ w4 2p =3 m=2
<Suyra:{m-n+2p=7 @{n=—3=>72=271'—3_b)+?

2Zn—-p=-7 p=1
Vay dép dn 1a D. O
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Dang 2: Tich v6 hudng va cdc iing dung ctia tich vd hu('mgl
Phttong phdp giai: St dung dinh nghia tich v hutdng va biéu thitc toa dd cha tich vé huéng.

VIDY 7.3. Trong khong gian Ozyz, chovectd @ =m+ + 7 + 2k . Biét|?) = V5, khido gid
tri cliam bang? '

A0 B.1 c.2 D.-I
GIAL St dung dinh nghia va cdng thitc tinh d9 dai clia mét vectd, ta cé:
2 =(m;1;2) = (2] = vVm?2+12 +22 = V/m2 +5.

Khi do:
|7|m\/§¢>\/m2+ =vVEem?l=0am=0.
Vay ddp dnla A a

VI DU 7.4, Trong Ozyz, cho ba diém A(1;0;-2), B(2:1; 1) va C (1; —2;2). Tink d9 déi ba
canh AB, BC vi CA cua tam gidc.

A V1G; \/§; 2v5 B.V/3;/19; 25 C.2v5;v/19; /3 D. \/5;2\/5;@
GIAL Skt dung bidu thitc toa d¢ ciia diém, tacé:
4B = (1;1;1),BC = (-1;-3;3), CA = (62 -4)
Dods: AB=|AB|= VI +17+1P=v3
BC = |BC| = /(-1 + (-3 +32 = VTS

cA=|CA| = or+ 22+ (-0’ = V2D =2V
Vay ddp dn la B. O

VIDU 7.5. TrongOzyz, cho ba digm A(~1;-2;3), B(0;3; ~1) va C (4; 2;2). Tinh AB.AC va
cosin ctia goc BAC.

. 23 . -9 .9 -23
A.23 va B -27va——= C.27Tva —= D. -23va
635 23 2v/35 “ovm
GIAL St dung biéu thitc toa d6 chia tich v huéng, ta cé:
AB = (1;5,-2) , AC = (5:4; -1) = AB.AC = 1.5+ 5.4+ (—2) . (=1) = 27.
Theo cong thitc tinh gic gitia hai vecto, ta c6:
cos BAC = cos (E, E) = Bﬁ = 2
IEHEI 12452+ (—2)2.\/§2+42+(-1)2 )
219
V30.V/42 ~ 235
Vay déap dn la C. 0O
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@ng 3: Tim toa d3 clia di€m dic bi@t]

Phwong phap gidi: St dung cong thiic va cic tinh chit hinh hoc dic biét dé tim méi quan hé
gifta cac vectd, tlf d6 fim toa do ciia diém dic biét.

VfDl_) 7.6. TrongOzyz, cho badiém A(1;0;-2), B (2;1; —1) va C (1;—2; 2). Tim toa dé trung
diém M ctia canh ACva trong tdm G ciia tam gidc ABC.

A M(1;-1;0) vaG(4; -1;1) B (L ~1:0) v2G ‘E;_i;”i
37 3 3
C. M(2;—-2;0) vaG(4;-1;1) D, Mz -2:0) v G é;_l;__l_
3' 33
GIAIL Theo cong thitc toa do clia trung diém va trong tam, ta cé:
oy = AT gy = TN L g, AR
2 2 B
3 —m_é. _yA+yB+yc___lv _zatzptic 1
va ¢ = 1 ;-'3,;} :_ "3'——— 3,Zc,'—- 3 =-3
S M1, -L,0)vaG =—~=i—= .
uy ra: M(1;-1;0) va (3 3 3)
Vayddap dnla B. . o

VIDU 7.7. Trong khdng gian Ozyz, cho ba diém A(—3; ~2;0), B(3; —3;1), C(5;0; 2). Tim t0a
ds diém D sao cho tif giéc ABCD la hinh binh hanh.

A D(-1;1;1) B.D(21;1) C D(-1;2;1) D.D(1;1;1)

GIAL Goitoadd DY D (zp;yp; 2p). Khi dé: AB = (6;—1;1) va DG = {5 ~ 2p; —ypi 2 — 20).
Theo tinh cht hinh binh hinh, 48 = DC nén:

S—xp=86 rp=-1 :
—yp=-1 :>{yp=1 = D(~1;1;1).

«

2—zp=1 2p =1
Vay dap an ki A. _ m]
C. BAI TAP TU LUYEN

BAI'TAP 7.1. Trong khong gian vdi hé toa db Ozyz, cho vecto @ = 27 + K, khi d6 toa d6
clia % déi hé toa do Ozyz 1a:

A1) B.(2;0;1) C.(2;1;0) D. (1;0;2)
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BAI TAP 7.2. Trong khéng gian vdi hé toa 46 Ozyz, cho_lza vectd @ = (2;3;1), b= (1;1;-1)
va 2 = (2;3;0). Tim toa dd cliavectd d biét d = @ + b + 22

A. (57,0} B.(2:3;1) C. (1;31) D. (-2;-1;1)

BAITAP 7.3. Trong khong gian véi hé toa d Ozyz, cho vects ¥ = (e;b; c), khi d6 19 dai cha
1 dugc tinh theo cong thitc nao sau day?

Ava+b+e B.a+b+c C.vVa?+b2+c2 D.a’?+8 4+

BAIJI\P 7.4. Trong khéng gian véi hé toa 46 Ozyz, tich vé hudng cla haivectd @ = (as; az; as)
va b = (b1; be; bs) dugc tinh theo cong thic nao sau day?

A. arbr + axly + azbs B. a1b; + agbe + asbs

C. ayby + agb3 + azhy D. aybs + ashs + axhy
BAITAP 7.5. Trong khéng gian véi hé toa 46 Ozyz, cho haivectd @ = F-3kvav =7T+%.
Khi d3, tich v6 hudng clia hai vectd ¥ va 7 137

A -3 B.-2 C.3 D2

~ . s a n : o d g =+ .

BAI TAP 7ﬁ. Trong khéng gian v&i hé toa dé Ozyz, cho hai vecto T =25 +mk +3iva
¥ =7 — k. Tim m dé tich vé hudng cfia hai vectd 7 va 7 biing 2?

A2 B.3 c.o D.1
BAI TAP 7.7. Trong khong gian véi hé toa dd Ozyz, cho hai vects @ = (L;1;2) v b =
(2:0,1). Timz > 0 4€ | + T| = V287

Az=3 B.z=—4 Cz=-2 D.z=4

BAI TAP 7.8. Trong hé toa dd Ozyz, cho hai vects OM =37 - EvaON = 7 — k.Tinh
dd dai doan thing MN?

A3 B.4 C.V/3- D.2

m\j TAP 7.9. Trong khong gian véi hé toa dd Ozyz, cho vectd oM =-% - 3?. Goi M’ 12
didam dbi xitng cfia M qua gbc toa d6. Tim toa do ctia diém M2

Al 3 0) B.(0;3;1) C.(0;1;3) D. (1;3;0)

BAFTAP 7.10. “Irong khong gian véi hé toa 6 Ozyz, cho hinh binh hinh ABCD véi A(1;2; 1),
B o) v (1 e 2). Tim toa dd dinh D?

Al LD B.{1:1;3) C.(1;-2;-3) D.(-1;1;1)
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BAI TAP 7.11. Trong hé toa dé Ozyz, cho ba vects @ = (3;L,0), T = (-2,-2,0)va e =
(—1;1;1).Chon ménh dé sai trong cdc ménh dé sau?

AT B.|Z|=Vv2 caL? D-b="1

D. LOI GIAI VA DAP AN

GIAIBAITAP7.1. Tacs: ¥ =27 +0.7 + 1K = @ = (2;0;1).

Ddp dn diing 12 B. O

GIAIBAITAP7.2. Tacé: d = (2+1+23+1+31—1+0) = (5,7;0).

Pdpadndungla A a

GIAI BAI TAP 7.3. Ta c6: d6 daivects 7 1a: |?| = Va2 + b2 + 2.

Ddpdndungla C. a

GIATBAI'TAP 7.4. Tich v6 hudng clia haivectd @ va b 14: @5 = ayag + byby + crca.

Didp dén ding la B. 0

GIATBAITAP 7.5 Tact: 4 = (0;1;-3)va ¥ = (1;0;1) = ¥. ¢ = —

Ddp dn diing Iz A. [

GIAIBAITAP 7.6. Tacé: @ = (3;2m)va ¥ = (1;0,-1)=> Z. ¥ =3-m=2=>m=L

Pdp dndunglaD. ]
' GIAIBAITAP7.7. Tact: @+ 8 = (z+ 1;1;3) = |7 +_5’| =2%+2z+11 =26 =z = 3hoic
*z = —§ (loai). .

Pdp dn diing la A. [}

GIATBAITAP 7.8. Tacé: M(V3);0;—~1vaN(0;1;-1) = MN =2.
Ddp dn diing Ia D. =}

GIAI BAI TAP 7.9. Ta c6: M(0; ~3; —1va O(0;0; 0) 1 trung dim MM’ = M’(0;3; 1).
Ddp dn diingla B.

GIAI BAI TAP 7.10. Goi D(a; b;c) = AB (0; -1;—1) = DG (1 — a; —b; 2-«<.)=>D(1 1;3).
Ddp dn ding 14 B,

GIAIBAITAP 7.11. Tac: @ — b = (3;3;0) # @ = ménh d& D sai. _
Didp dn dung ia D. 0
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CHUYENDE7.2 - X
Céc bai toan vé phuong trinh mat cau

A. TOM TAT LY THUYET
1. Phidng trinh chinh tac

Trong khéng gian Ozyz, mét cau (S) c6 tam I (a; b; ¢) va ban kinh R > 0 cé phudng trinh
chinh tic k: 2 )

(z-a)+(y—b)’+(z—c) =R?

2. Phuong trinh téng quét .

Trong khéng gian Ozyz; mdt mat cau (S) b4t ki c6 phuong trinh téng quat li:

4+ +22 42+ 2y +2+d=0 (a2+b°+F—~d>0)
Khi d6. tam I (~a; —b; —c) vaban kinh R = v/a? + 62 + & — d.
B. CACDANG BAITAP
Dang I: Cho biét phuong trinh mit céu, hdy xic dinh tdm va ban kinh ctia miit caudé

Phuong phap giai: Bién ddi phudng trinh d3 cho vé dang phudng trinh chinh tic:

(z-a)+ -0’ +(z~a’=R?

Vi DU 7.8. Trong khéng gian Ozyz, héy xdc dinh tam va bén kinh cda mdt cdu cé phuong
trinh tong qudt sau: 2% + 3% + 2% — 6z + 2y — 162 — 26 = 0.

A I(3;~1;8), R=.10 B.I(-3;1;-8), R=4V3
C.I(3;-1;8), R = 4V3 D.I(-3;1;-8),R=10
GIAI Phuong trinh mit cAu da cho c6 thé viét duge duéi dang:
24P+ —62+29—16:—-26=0
& @-3)"+@+0 +(z-8° -100=0

& @-3)2+w+1)*+(z-8)° =10

Suy ra, mit ciu d4 cho ¢6 tam I(3; —1;8) va ban kinh R = 10.
Vayddp anla A. o}

Dang 2: Lip phwtong trinh mit cAu khi biét tim va ban kinh cfia mat ciu déJ
Phuong phép giai: St dung phutong trinh chinh tic clia mit cau,

VIDU 7.9. Ldp phuong trinh mdt cdu co duing kinh AB véi A(4; ~3:7), B(2:1;3).
AE=-3’+y+ 1) +(z-57%=¢ B(z-3’+@w+1)+(z-57=3

Cl-1+@+2)7+(z-27%=¢2 D(z—1)2+(y+2)? +(z—2)? =32
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GIAT Mt chu dubing kinh AB c6 tim 12 trung diém I clia doan AB vi bn kinh R = %.
< r_(sat+zs yatys zatzs\ _ (4+2 ~8+1 7+3\
Taco.I—( iy )—( Ty g =(3;-1;5).
Mitkhdc, AB = /(2 4 + (1+3)° + (3-7)* = V36 =6suyra R = 3.
Vay ddp dnla B. _ a

VIDU 7.10. Trong khéng gian Ozyz, ldp phuong trinh mdt cdu di qua diém A(5; —2; 1) va cé
tam I(3; -3;1).

A-3l+w+3)?+(z2-1)*=25 B.(z+3)+ (-3 +(z+1)2=25"
Cle+3  +w-3"+(+1)2=5 D(z-3°+@+3°+(z-1)*=5

- GIAL M3t ciu c6 tam I va di qua diém A nén bdn kinh clia mit ciu R = I A,
Do dé,

R=IA=1/(3-57 +(-8+2 +(1-1)°= V5.
Vay phuong trinh m3t cdu la:

(=37 +@w+3)*+(=-1)° =5
Viy ddp énla D. 5 0

) —

ViDU 7.11. Trongkhéng gian Ozyz; de:\:.c.ic ink tam va bdn kinh ciia mat cdu di qua bén
diém A(1;0;0), B(0; —2; 0), C(0;0; 4) va gbc toa d§ O.

AI{1;2;3),R=2 B.I{(-1;2;4), R= V10
C.I(%;—l;Z),R= g D.I(-1;1;1),R= V3

GIAL Phudng trinh mit ciu (S) can tim ¢6 dang: 22 + y* + 2° + 2az + 2by +2cz + d = 0.
Theo gid thiét, ta c¢6:

Ac(S)=>1-2a+d=0 (1) Be(S)=>4+4+d=0 (2)
Ce(S)=>16—-8+d=0 (3) O€e(S)=d=0 (4)

Gidi hé phuong trinh trén ta¢6: d = 0, g = %, b=-lc=2

Suy ra, phudng trinh mét cau (S) cAntim B 2? + 92 + 22 — 2 + 2y ~ 42 =0.
Phudng trinh mit cau ¢6 thé viét dudi dang:

2
- (z— %) r@r -2t =2
Vay miit cku {S) cé tam [ (% —1;2) vaban kinh R = J_;’I
Vay dip dnlaC. O
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C. BAI TAP TU LUYEN

BAI TAP 7.12. Trong khong gian v6i hé toa d Ozyz, mat cu tim I(1;3;2), ban kinh R = 4
¢ phuong trinh:
A-12+@w-32+(~27"=16 B(z-1+(@w-3)12+(z-27=4

Clz-1)+@w-3)+(z—-2) =16 D.z—1)+@—-3)+(z—-2)=4

BAI ’]:AP 7.13, Trong khdng gian v6i hé toa d§ Ozyz, mit ciu tim I(l 2;3), di qua di€m
A(1:1;2) ¢6 phuong trinh: .

Al-1)+@-172+(z—2%=2 B.(:r.—-I)2+(y—2)2+(z—'3)2=2
Cle-D+@—-2)+(z—-3)=v2  DE-D+@w-3+(z-2)=V2

BAITAP 7.14. Trong khéng gian vdi hé toa 4§ Ozyz, cho hai diém A(1;3;1) va B(3; 1;1). Mat
cau dudng kinh AB cé phuong trinh:

A-22+@y-22+(-1)%=v2 B.(z-3) +@w-12+(z-1)%=2
Clz—-1D)+H—-3)+(z—1)=2 D(z—2) 4y~ +(z-1)=2

BAI TAP 7.15. Trong khéng gian v6i hé toa db Ozyz, cho bdn diém A(2;0;0), B(1;2;1},
C(~1;0; —1) va D(0;0; 1). Tim toa d6 tam I clia mit chu di qua bén diém nay.

1.1 3.1 1 3
ai(iad)  omi(lel)  er(huel)  vr(-haed)

BAITAP 7.16. Trong khong gian véi hé toa d6 Oxzyz, cho mit cdu (S} : 22 +y? + 22 — 22 —
2y — 2 = (.. Chon phat biéu sai trong cic phét bidu sau?

A.Tam J(1;1;0) vabén kinh R = 4 B. Diém A(1;1; 2) thudc mit ciu,
C. biém B(1;2; 1) nm trong mit ciu. D. Diém C(3; 1;0) nim ngoai mit ciu.
D. LOT GIAI VA DAP AN
GIAI BAI TAP 7.12. Phuong trinh mitciuld: (z — 1)* + (y —3)? + (z - 2)* = 16.
Ddp dn diing la A. ]

GIAIBAITAP7.13. Tac6: R=IA =2
= phucng trinh mit cula: (z - 1)2 + (y - 22 + (z - 3)2 = 2.
Dap dn dung la B. a

GIAI BAI TAP 7.14. Ta cé: trung diém ctia AB la tam I(2;2;1) vd ban kinh R = % =2

= phudngtrinh mitcduld: (z - 2) + (¥ - 2) + (z - 1) =2.
Dap dn dhing ia D. a

214 Luang Ditc Trong-Nguyén Nhu Thang-Kiéu Trung Thily




spbook.vn CHUOUNG 7. PHUONG PHAP TOA PO TRONG KHONG GIAN

GIAI BAITAP 7.15. Phudng trinh tong quat clia mit ciu c6 dang:
22 ¥ y? + 2% + 202 + 2y + 2z +d = 0.

Mat cdu di qua 4 diém A, B, C, D nén ta c6 hé phuong trinh:

1
4a+d+4=0 &=-3
2¢+4b+2c+d+6=0 b= -1
“2a-2+d+2=0 T _1
2c+d+1=0 €=
d=-2
5 1.1
Suyra: tdm [ (5; 1;—5).
Bdp dn diing ia C. 0O
GIAI BAI TAP 7.16. Ta c6: tam I{1;1;0) vabankinh R = 2,
Xhi d6, IC = 2 = ¢ thudc mit cau => phét bidu D sai.
Ddp dn diing la D. a
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CHUYENDE7.3 — :
Cac bai todn vé phuong trinh mét phang

A.TOM TATLY THUYET =
1. Véc t0 phap tuyén cita mat phing
* Vécto ® # 0 1a vectd phép tuyén cua mit phang (P) néu gia clia né vudng géc véi
mit phing (P).
* Chuy:
» Mot mit phing bt ki c6 v6 s vectd phap tuyén.
e Tht ca céc vectd phdp tuyén ciia ciing mat mét phing cling phuong véi nhau.
2. Phudng trinh mijt phing
* Mit phing (P) di qua mét didm M (zg; yo; 20) vA nhin 7 = (4; B; C) lam vectd phap
tuyén c6 phuong trinh Ja:

Al —z0) +By~%)+C(z—20) =0

* Mét mit phing bit ki cé phiong trinh tong quat 1:
Az + By +Cz+ D =0viidiéuldén A2+ B2+ C? £0
Khi d: vects 7 = (A; B; C) 1a mbt vectd phép tuyén clia mit phing.
3. Cac truong hop dic biét

* Phuong trinh céc miit phing toa dé l: (Ozy):z2=0;(Oyz) : x =0va (Ozz) :y = 0.

* Mit phing (P) khéng di qua gbc O va cit céc truc Oz, Oy, Oz lan lugt tai A(e;0;0),
B(0;5;0), C(0;0; ¢) véi abc # 0 dugc goi 12 miit phing theo doan chin v ¢ phuong
tinh la:

LY, E_
a b ¢
4. Vi tri twong dbi ciia hai mit phing
Cho hai mit phing (o:]) Az + Biy+ Clz + D) = 0va(asg): Asx + Byy +Coz+ Dy =0.

%31 ni = (A1; B1;C1) va 73 = (Ag; By; Cp) 1an lugt 14 hai vects phép tuyén clia (a;) va (az).
idé:

= _ oy
o () (azm{”l kn2

Dy # kD vdi k 12 mdt s6 thuc.

o (m)L(on) &AL e alit =0 o Aidy+ BB+ C1C; = 0.
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5, Khoang cch tit mit diém dén mot miit phéng

Trong khong gian Ozyz, khoang céch tit diém M (z9; vo; 20) dén mat phang () : Az +
By + Cz+ D = ( dudc tinh bdi cdng thaic:

d(Al;(a)) - IAxo+Byo+Czu+D|

VAT + Bz C?
B. CAC DANG BAI TAP
Lang 1: Viét phuong trinh téng quét clia mit phing
Phuong phap giai:

* Loai 1. Viét phuong trinh mat phing (a) cé vectd phép tuyén ® = (4; B; C) va mot
di€m M, (zo; yo; zo0) thude (o).
- Phuodng trinh (o) cé dang: A(z — zo} + B{y — ) + C (2 — 2z0) = 0.
- Khai trién, rit gon rdi dua phudng trinh vé dang tdng quat: Az + By +Cz+ D =0
v6i D = —(Azo + Byo + Czo).

* Loai 2. Viét phl.wng trinh mit phing (o) diqua dim M, (zo; yo: zo) va vectd phdp tuyén
song song voi mot vectd ‘@ cho trudc.

- Chon vectd phap tuyén clia (o) sao cho: # |} 7.
— Viét phuong trinh mit phing (o) theo loai 1.
* Loai 3, Viét phuong trinh mét phéng () di qua difm M, (zo; yo; 20) va vectd phép tuyén
72 vudng géc véi hai vectd @ va b cho trudc.
- Chon vectd phép tuyén ctia (a) sao cho: @ || @ A 3.
~ Viét phuong trinh mét phing () theo loai 1.
* Loai 4. Viét phiteng trinh mit phing () biét vecto phdp tuyén 7 = (A4; B; C) va mét
didu kién cé lisn quan dén mit phing (49 dii doan thing, khodng cich,...).
~ Phuong trinh {a) c6 dang: Az + By +Cz+ D = 0(1).
— Tit didu kién cfta mat phing tim D.
Vi DU 7.12 (D& Minh hoa THPTQG 2017). Trong khéng gian Ozyz, cho hai diém A(0;1;1)
va B(1; 2; 3). Viét phuong trinh mér phing (o) di qua A vé vuéng géc véi AB.

Az+y+2z-3=0 Bz+3y+42z—7=0
Cz+y+22—6—0 D.z+3y+4z-26=20
GIAL Mat phang {o) vudng géc véi AB nén vectd phéap tuyén 7., cla () song song vdi zﬁ
Ta cé: AB = (1;1;2) = ta chon 7, = (1;1;2). Khi d6, phuong trinh mit phing () 12
Hz-0)+1(y-1)+2(z-1)=0&z+y+22-3=0.
Gy dap énla A. o
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ViDU 7.13. Trong khong gian Ozyz, cho phuong trink mdt phéng () : 2z + 3y ~ 4z —2=0
va diém A(0; 2; 0). Viét phutong trinh mdt phdng(8) di qua A vé song song vdi (a).

A2x+3y—42+2=0 B.2r+3y—4z-6=0
C2z+3y—4z—-3=0 D2r+3y—4z-5=0

GIAL Vi mat ph:fmg {A) song song vii () nén vectd phdp tuyén 73 cha () song song vdi

vectd phép tuyén 7 cha (o).

Ta c6: 7ig = (2;3; —4) = chon 7} = (2;3; —4). Suy ra, phudng trinh mit phing (3) ¢6 dang;
2(z-0)+3(y—2)-4(z—-0)=0
& 20 4+3y-4:-6=0

Véy dap dr la B, O
ViDU 7.14. Trong khdng gian Ozyz, viés phutong trink mét phing (o) di qua diém M (2;5; —7)
va song song voi gid cida hai vecto @ = (1;-2;3) vd b = (3;0;5).

Adr—-2y—32z-21=0 B.—52+2y+32-21=0

Co2—-2y—32+21=0 . D -5x+2y+32+4+21=0

GIAL Tact: @ A D = (—10;4;6) = —2(5; —2; —3). .
Do db, ta chon vectd phap tuyén cfia mit phing (o) 1a: 7 = (5; ~2; —-3). Suy ra, phudng trinh
matphang(a)la 5(z—2)—2{(y-5)-3(z+7)=0&5z-2y—32—-21=0.
Vay dép an la A. O

VIDU 7.15. Trongkhong gian Ozyz, viét phutong trinh mét phéng (o) diquabadiém A(2; —1;3),
B(4;0;1) va C(-10;5; 3).

A~z-2y—22-6=0 B —z—-2y—22z-5=0
Cz+2y+22-3=0 Dz+2y+22—-6=0

GIAL Vimit phing (o) di qua ba diém A4, B, C nén vects phdp tuyén 7. ciia (o) vuéng gic
véi hai vectd 4 _B;l
Dodd, iz || @ = AB A AC = (12;24;24) = ta chon 72 = (1;2; 2).

Véyphudngtrmhmatphang(a)Ia H{z-2)+2(y+1)+2(z-3) =0 a+2+22—-6=0.
Vay dap dn la D, a

Vi DU 7.16. Trong khdng glan Qzyz, viét phu’cmg trinh mat phang (o) song song vl mat
phing() iz —y+22-1=0 ddng thdi (o) cdt cde truc Oz, Oy ldn litgt tai hai diém M, N sao
cho MN = 2V2.

Az—y+2z—-2=0 Bz-y+2242=0

Cz—y+22=0 Dz-y+22+2=0
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GIAL Tacé: (o) | (B) = ne || 73 = (1;—1;2) = chon i = (1;—1;2). Phuong trinh mat
phing (o) cédang:z —y+ 22 +D =0.
Theo gia thiét, mit phing (e) cit hai truc Oz, Oy tai hai diém A1, N suy ra M(—D;0;0) va
N(0; D;0).
Khidé, MN=2vV2 & VD2 + D*=2V24:2D*=8e D’ =4 D =42,
VeydapanlaD. a
ViDU 7.17. Trongkhéng gian Ozyz, viét phuong trink mét phang (a) di qua ba diém A(1;0;0),
B(0;—2,0) vaC(0;0; -3).
ABr—3y—2z2+6=0 B.6z—3y—22-1=0
Cbx—3y—22—6=10 D.6x—-3y—2:+3=0

GIAI Ap dung phudng trinh mat phiing theo doan chin ta dugc phuong trinh mit phing
(o) Ja: %+:"§+i3 —1e6r-3y—22-6=0.
Vay dap dnla C. a

E)gmgz: Vi tri twong d5i clia hai mit phé‘ngﬂ
Phuong phdp giai: Sif dung diéu kién song song va vudng géc clia hai mit phing.

ViDU 7.18. Xdc dinh gid tri ciiam d¢'mit phiang (a) : 2z + my + 2mz — 9 = 0 vudng goc vdi
© matphdng(f):6x—y—z—~10=10.

Am=—-4 Bom=4 Cm=-2 Dm=7

QHL Ta c6: vectd phép tuyn cfia hai mat phing (o) va (8) 1an lugt 1a &) = (2;m;2m) va
ng = (6;—1;-1).

Do d6: (@) L(8) « naln} e nant=0
&26+m. (-1)+2m.(-1)=0
& 12—-3m=20

om=4
Vay ddp an la B. a

VI'DU 7.19. Xdcdinh gid triciam vian dé’mdtphé’ng () : 2z + my + 32 — 5 = 0 song song
vdi mét phdng (8) :nz — 8y — 6z +2 =0.

Am=4n=-1 Bm=—-4n=4
Cm=Lin=—-4 - . Dm=4;n=-4
GIAIL Tacé:
2 m 3 -5 In=-12 m=4
R R S S e

Luong Pitc Trong-Nguyén Nhu Théng-Kiéu Trung Thiy 219



On luyén thi tric nghiém THPT Qubc gia nim 2017 mén toan spbook.vn

Vay dap dn la D. 0O

I Dang 3: C4c bai todn lién quan dén khodng cich
Phuong phap gidi: S dung cng thitc tinh khoang céch tit mét diém dén mot mat phing.

Vi DU 7.20 (Dé Mink hoa THPTQG 2017). Tinh khodng cdch tiz diém A(1; -2;3) dén mat
phang (P):3z+4y+2z+4=0.

5 5 5 V5
A.m—-§ B.m—ﬁ C’I'I'L—\/—é.§ D.m—T
[ . 324 +4dya+224+4f  [3.1+4.(—2)+2.3+4] 5
GIAL Tacod:d(A;(P)) = = = —.
(4 (P)) == V3T + 47+ 22 V29 V29
Vay dap an la C. 0

Vi DU 7.21. Tinh khodng cdch gitta hai mat phang songsong(a) :z+ 2y +2z+11 =0 vd
(B):z+2+2z42=0.

Ad=3 B.d=4 Cd=5 D.d=10
GIAL Taldy difm M (0;0; —1) thudc mat phing (8), khi dé:

) _ ) _lmM 2y 4+ 22w A 1] [0+2.042.(-1)+11] 8
d((a)s(8) = d (0 (o)) = P M L] 2 S

Vay dép én la A. ]

VI DU 7.22. Tim trén truc Oz diém M cich déu diém A(2;3;4) va mdt phdng (o) : 2z + 3y +
z2=17=0.

A M(0;0;-3) B. M(3;0;0) C. M(0;0;3) D. M(0; -3;0)

GIAL Vi M € Oz nén toa d diém M c6 dang (0; 0; z).
Ta ¢6, diém M cach déu difm A va mét phing (a)

zm — 17

@AM:d(M;(a))@\[0—12)2+(0—3)2+(2M—4)2=%~\/_ﬂi3_2__———+l—12~

& /134 (2ar ~ 4) —Iihf\/;-Tﬂ
& 13+ (zp —4) = (i“i’ill
& 14 (2} — 8zar +29) = 23, — 34zpr + 289
ﬁzﬁ,,—GZM+9=0
=3

Viy dép an la C. a
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Vi DY 7.23. Viér phuong trink mét phéng (o) song song vGi mat phing (B) : —z +z+1=0
déng thii khodng cdch tit diém A(—1;2;0) dén mdt phdng (@) béng V2.

A-zc4+z+4+1=0 B—-z+2-3=0 C—z+z-1=0 D —-z4+2z43=0
GIAL Tacé: (o) || (8) = 7 || ip = (—1;0;1) = chon Az = (—1;0;1). Phuong trinh mat

phéng (a) c6dang: ~z + z+ D = 0. .
Mt khac, khodng cach ti diém A ¢én mat phing (o) bing v2

1+D D+1=2 D=1
@d(A_:(a))=\/§¢>%=\/§¢|D+l|=2@{D+1=_2@{D=_3.
Vi{e) ] (8)nén D # 1suyraD = 3.
Vay dap anla B. v O

C. BAI TAP TU LUYEN

BAI T@P 717 (Dé Minh hoa THPYQG 2017). Trong khong gian v6i hé toa d6 Ozyz, cho mat
phéng (a) : 3z — z 4 2 = 0. Véc to nao dudi day 1a mat véc td phap tuyén cha (a)?

AT =(-1;,0;-1) B.7 = (3-12)
C.7 =(3-10) D. 7 = (3;0;-1)

BAI 'E&P 7.18. Trong khong gian véi hé toa dd Ozyz, phudng trinh clia mit phing (a) di qua
diém A(1; 1; —1) vi c6 vectd phép tuyén 7 = (1;1;1) 1

Azxz+y—2—-2=0 . Bz+y+:-1=0

Cr+y+2—-3=0 Dz+y+z+2=0

BAI'TAP 7.19. Trong hé Ozyz, cho ba difm A(0;0;6), B(0; —3;0) va C(6;0;0). Phuong trinh
nio sau day khéng 12 phuong trinh clia mit phing (ABC)?

zT Yy z
T — —6= B--z4+=-=1
Arx—-29y+2-6=0 6 3+6
T Yy oz
o —b= L ——>+-=-—1=
Cx+2y+2—-6=0 5 3+6 0

BAI TAP 7.20. Trong khong gian v8i hé toa do Ozyz, cho hai diém A(1;1;0) va B(3;1;2).
Phuong trinh mit phing trung truc cha doan thing AB L

Azt+y—2=0 Bz+2z-3=0

Cr+y—24+1=90 Dz+y—-2z-2=0

BAI T}_iP 7.21. Trong khéng gian véi hé toa d6 Ozyz, phudng trinh clia mjt phing (a) di qua
ba diém A(3;0;0), B(~1;1;1) va C(—3; 1;2) la:
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Al2r4+y+22—-2=10 Bz+2y+2:2—-3=0
Cz4+2y+2-3=0 Dz+y+22—-3=0

BAI TAP 7.22. Trong khéng gian vdi hé tea dd Ozyz, cho dim A(1;0;0), B(—1;1;0) va mit
phéng (&) : —2z — y + z + 3 = 0. Phuong trinh mit phéng (8) di qua hai diém A, B va vudng
gbc vdi mit phéng () Ja:

Azx+2y+z-1=0 Bzr+y+4z-1=0
Cr+2y+4z-1=0 Dz+y+z-1=0
BAI'TAP 7,23. Trong khéng gian véi hé toa 46 Ozyz, cho mit phing (o) : 2z +y+2z—1=0.
Phuong trinh mit phing () song song véi mét phing (a) va céch (a) mot doan bing % I
A.2:t+y+22+1=0;2:z:+y+22-|-3=0' B2x+y+2z2+1=0;20+y+2:-3=0
C2r4+y+22+3=0;2x+y+22-3=0 D2z+y+2z2-4=0;2z24+y+22-2=0

BAI TAP 7.24. Cho hai mit phing (1) : 3z —y+4z+2 =0vi (a2) : 3z —y + 42 +8 = 0.
Phuong trinh mit phéng (a) song song va cich déu véi hai mat phing (a; ) va (o) 12:

Adz—y+4z+6=0 B.3z—-y+4z+3=0
C3z—y+4z+4=0 D.3z—-y+4z+5=0

BAI'TAP 7.25. Goi () 12 mit phing di qua hai diém A(0;1;1), B(1; —3: —1) v2 song song vdi
truc Oz. Khoding céch tit diém C(0; 2; 2) dén mit phing (a) la:

1 3 : 4 6
A = B.— C.— D.
V5 V5 V5 V3
D. LOI GIAI VA DAP AN
GIAI BAI TAP 7.17. Ta c6 vecto phap tuyén B: 7 = (3;0; -1).
Ddp dn diing la D. ]

GIAI BAI TAP 7.18. Phuong trinh mit phing Ii:
Ix-D+1y-1D)+1(z+1)=0&z+y+2—-1=0.

Dadp dn diing la B. ]

GIAI BAITAP 7.19. Phuong trinh mat phing chén (ABC) la:

T
2,y

+ 2
6 -3 6
Ddp dn diing 12 C. O

=l&zr-2y+2—-6=0.

222 Luong Piic Trong-Nguyén Nhu Thing-Kiéu Trung Thily




spbook.vn CHUONG 7. PHUGNG PHAP TQA DO TRONG KHONG GIAN

 GIAIBAITAP 7.20. Ta c6: trung diém clia AB 1a M(2;1;1) va % = 4B = (2;0;2).
Suy ra phuong trinh mit phéng trung truc f:
2z-2)+0{y-1)+2(z-1)=0x+2—-3=0.
Ddp dn diing la B. o
GIATBAITAP 7.21. Tacé: AB = (—4;1;1);AC = (=6;1,2) = 7 = AB A AC = (1;2%2).
Suy ra phutong trinh mat phing (ABC) la:
1(z—3)+2(y—-0)+2(z—0)=0& z+2y+2z—-3=0.
Dapdn diingla B. a
GIAIBAITAP 7.22. Tacé: AB = (-2, 1,0) VAR, = (=2, —1;1) = 7} = AB A7 = (1:2;4).
Suy ra phuong trinh m#t phéng (8) 1a:
{iz—1)+2(y—-0)+42-0)=02+2y+4z—-1=0.
Ddp dn diing la C. a
GIAI BAI TAP 7.23. Ta c6: A(0;1;0) € (o) Vafng = (2:1;2) = i = (2, 1;2).
Suy ra, phudng trinh méat phing (8) cé dang: 2z +y +2z+ D =0.
Khoéng cach giita hai mit phing (o) va () 1a 3 nén:

2
& d(4(8) = 3
[20+1.1+20+ D]
VR
@ |D+1=2

2
3

< D=1hoacD=-3.

Vay phuong trinh mit phing (8) 1: 2z + y + 2z + 1 = Ohofic2z +y+ 22 ~3 =10.
Dadp dn diing la B. a

GIAI BAITAP 7.24. Ta cé: A1(0;2;0) € (&), A2(0;0; =2) € (o) V2
B = oot = gt = (3 -1;4).

Suy ra, phitong trinh mét phing () c6 dang: 3z —y + 42 + D = 0.
Mit phing (o) cach ddu hai mit phing (o) va (o) nén:

& d(Ay;(a)) = d(Az: (o))

., 130-2+404D] _[3.0-0+4(-2)+ DI

VR e (Rt
“e|D-2/=\D-8le&D=5

Vay, phutong trinh mit phing (o) 1a:3z —y + 42 + 5= 0.
Dap dn dingla D. ‘ a
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GIAI BAI TAP 7.25. Ta cé: AB = (1;—4;—2) vauoz =7
Suy ra, vectd phap tuyén clia mit phing (o) 2 73 = E A
Khi d6, phuong trinh mét phang (a) 1a:

=y
__)
?

0(z—-0)~2(y—-1)+4(2-1)=06 -2y+42-2=0y—-22+1=0.

Do dé, khoang céch tit difm € dén mit phing (o) ta:

2-22+1 1
a(Cifep = =22 _ 2
Y02 +124 (=2 VP
DdpdndunglaA a
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CHUYENDE74 —
Cac bai toan vé phwong trinh dutng thing

A.TOM TAT LY THUYET
1. Vecto chi phitong clia duing thing
* Vectd & # T dugc goi 12 vects chi phudng clia dudng thing d néu gid clia né song
song hodc tring vHi dudng thing d.
* Chay:
« Mot duding thing bat ki c6 v6 sb vectd chi phuong.
o Tit ca cac vectd chi phuong clia cliing mét dudng thing ciing phudng véi nhau.
2. Phuong trinh duong thing

* Pudng thing d di qua mot difm M (zo0;ve; 7o) va nhan 7

(a;b;¢) 12m vectas chi
phuong c6 phweng trinh tham s6 1a:

x =z +at
y=to+b viithamsdteR.
z=2z+cl

* Dudng thing d di qua mét di€m M (z0;50; 20) va nhidn &

(a;b; c) lam vecto chi
phudng cé phwong trinh chinh tac la:

T—To _y—%Y _Z—%
a b :

véi didu kién abc # 0.

* Nhan xét: Toa dd clia mét difm A bét ki thude dudng thang d déu c6 dang:

A (3o - at; yp + bt; g + ct)

3. Vi tri twdng dbi clia hai dudng thing

* Cho duting thing d di qua M, cé vectd chi phuong ¥ va dubing thing ¢’ di qua M’ cé
vectd chi phuong 7"

, TAR =T
e d=d &
Med hoie Med
TAT =T
M ¢ d'hodcM ¢d
ZAD£T
(AT MM =0

. d]ld’@{

. dcétd’@{

Lugng bric Trong-Nguyén Nhu Thing-Kiéu Trung Thily 225



On luyén thi tréc nghiém THPT Quéc gia ndm 2017 mon todn spbook.vn

N . PNy
e dvad chéonhaue (€ AU} .MM #0.
o Dichidt: d1d' & L2 & 2.2 =0.
* Khidvad cit nhau, d€ im giao diém cfia hai duting thing, ta xét hé phudng trinh sau:
zo+at =z +a't’
yo+bt=y6+b’t' (1)
ztet=z5+t
Gidi hé phuong trinh (1) im ¢ hodc ¢, tit d6 tim giao diém cia hai dudng thing.

4.Vi tri itong dbi giiva dudng thing va mit phing

* Cho dudng thing d di qua M cé vectd chi phuong ¥ va mat phing () c6 vectd phip
tuyén 7.

——>=
edcC (a)@{z:(af
.
-dn(a)@{Mﬂaf

sdcit (o) @ 7 #0
» Dichiét: dL (o) & @ | 7 & ¥ = k7 vii k12 mdt sb thuc.

* Khi d va (o) cét nhau, dé im giao dim clia dudng thing d va mit phing (@), ta xét
phuong trinh sau:

Azo+at)+ By + b))+ C(zn+ct)+ D=0 (1)
Gidi phuong trinh (1) tim ¢ tit &6 tim toa d6 giao diém clia d va ().
5. Tinh khoang cich
* Khoang cach giita dudng thing A va mat phing (o) song song véi A la:
d(4j()=d(M;()) VMeA

* Khoang cach tit mot diém A7 dén mét dudng thing A di qua diém A va cé vectd chi

phuong ¥ 1a:
l? /\ml
at;8) = ™!

* Kho#ng céch giita hai dudng thing chéo nhau A, va A, biét A, di qua M;, c6 vectd chi
phuong i} va A, di qua Ma, cé vecto chi phudng %} 1a:

|t A @) 2|

d(Ayg;Ag) = W
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' B.CAC DANG BAI TAP
Dang 1: Viét phuong trinh tham sb va chinh tic elia dudng th%x—agl

Phuong phap gidi: Xac dinh toa d6 clia mét diém M thudc d va vectd chi phwong ¥ clia d,
tlt 46 viét phuong trinh duding théng.

VI DY 7.24. Trong khéng gian Ozyz, Viét phuong trinh tham sé va phuong trinh chinh tic
ciia duwing thang A di qua hai diém A(1;2;3) va B(3;5;7).

z=1+4+2t

Aly=2+3t u&—3;1=~—”;2=—-z;3
z=3+4t
z=24+1t

B {y=3+2t vd:z:—2—1=y;2zz;3
z=443t
=142t

C.{y=2+3t de;z=y;3=z;4
z=3+4t

y=2+3t va 7 = 3 =1

r=1+42¢

{T e+l y+2 z43

D. = =
z=3+4¢

GIAL Vi dudng thing A di qua hai di€m A, B nén tacé vectd chi phudng % clia A song song
v&i AD = (2;3;4). Do d6, ta chon 7 = (2:3;4).

=142t
Suy ra, phugng trinh tham s6 clla A Ja: {y:2+3t.
z=3+4t
Phuong trinh chinh tic clia A & T;1 = y;Z = 223.
Viy dép dn la A. a

vi DY 7.25. Trong khdng gian vdi ké toa df Ouxyz, cho hai mdt phang(a) z2+2y—2z—1=0
va (B) : 2z +y = z — 2 = 0. Viét phuong trinh tham 56 ciia duing thing A 1 giao tuyén cia
hai mdt phéng.

r=1+2¢ T=t z=1+t =t
A.{y=2+3t B{y=1-¢ Cey=1+¢ D.{y=1+t
z=3+ 4t z=1-1 z=1+1t z=1+1¢

GIAL Duong thang A ndm trén ci hai mit phang (a) va (ﬂ) nén vecto chl phudng 7 cha
dudng thang vuéng goc v6i ca hai vecto ph —E tuyén 71 vanj. Do dé: 2 fj g A7R.

Tacéd: g = (1;2; -1), nﬂ =(2;1;1) > #g ATh = (3;—3; -3) néntachon ¥ = (1; -1; -1).
Mt khac, ta iy mot diém bat ki, vi du A(0;1; 1) thude (o) N (B) suyra A € A.

=t
Vay phuong trinh tham s6 clia dudng thing (A) la: {y = 1 - ¢,
z=1-1
Viy dip dn la B. A a
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Vi DU 7.26 (Dé Minh hoa THPTQG 2017). Trong khong gian Ozyz, cho diém A(1;0;2) va
duting théng d c6 phuong trink ==L = ¥ = 21 vist phutong trink duimg théng A i qua

T 1 2
A, yubng géc va cat dudng thang d.
:z:—l_y_z—2 z-1 y 2-2
A 1 1 12 B 11_1_ -1 .
a:—}._g_z; z—-1 y _z=-
C=—=3~1 b===3="71

%m’z. Goi B = And = dudngthing A chinh 12 dudng thing AB. Vecto chi phudng clia d la
=(1;1;2).

Tach: Bed= B(1+t;t;—1+2t) = 4B = (t;t;2t — 3).

Khidé, Ald e ABLY & AB T =0 t+t+4-6=0&t=1= B(21;1).

Suy ra phitdng trinh clia dudng thing A 14 # = % = 2:12.

Vay ddp dn i B. a

Dang 2: Xét vi tri ntong di cha hai didng thz‘ini—l
Phurong phdp gidi: Diing céc diéu kién song song, vudng géc va cit nhau cha hai duding
théng,

=3~
ViDU 7.27. Cho hai dudng thingd : f-;—l = %}— = il vad : {y =2t cdt nhau. Tim
z=-1+t
toa d0 giao diém cia hai dudng thang.
A.(1;-1;0) B.(2;2;0) C.(-1;0;1) D. (3;0;-1)
z=1+2t
GIAL Ta c6 phuong trinh tham sb clia dudng thingd:  y = —1+¢'.

z= ~t
3-t=1+2t' (1)
Xéthé phuong trinh: { 2t = ~1+ ¢ )
~l+t=~ (3)
t+2 =2 t=0
2t —t'=—1 {t’=1'
Thit lai ta thiy ¢, ¢’ thda man phudng trinh (3). Do dé, thay t = 0 vio phugng trinh tham sd
clia d ta dudce toa do giao diém 13 M(3;0; ~1).

Giai hé (1) va (2) tasuy ra: {

Vay dip anlaD. D
z=1+at z=1-t
ViDY 7.28. Tim e déhai dudng thingd : {y=t vad : { y =242 citnhau.
z=—-1+42¢ z=3-tl
Aa=0 B.a=1 - Ca=2 Da=-~1
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GIAI Hai dudng thing d va &’ cit nhau khi va chi khi hé phuong trinh sau c6 nghiém:

l+at=1~t (1)
t=2+2" 2
~1+2t=3-t  (3)

t=2

=0

Thay céc gid tri clia t, ¢’ vio phuong trinh (1) tadugc: 1+ 2a =1 & a=0.

Vaydap anla A. a

Gidi hé (2) va (3) tasuy ra: {

Dang 3: Xét vi tri tuong 81 gitta dudng thing vi mit phing
Phuong phip gidi: Sit dung cac diéu kién song song, vudng géc vi cit nhau cha dudng thing
vz mit phing.

VibU 7.29. Cho ﬁhudng trinh dudng thdng A - z ; L y; 2_z I 2 va phuong trinh maz
phéng (o) : mz + 2y + 1z + 11 = 0 vdim la tham s6 thie. Tinm dé mét phdng (o) song song
voi dudng thang A.
Am=-3 Bm=2 Cm=-1 Dm=1
GIAIL Theo dé baitaco: ud = (1;1;1) vaal = (m; 2;1).
Vi mit phing (o) song song véi dudng thing A nén:
Wi e Ra=0eml+21+11=0sm=-3.

Vay dép an la A. a
Vi DU 7.30 (Dé Minh hoa THPTQG 2017). Trong hé Oxzyz, cho phuong trink dudng thing

e 10 _y-2_=z+2 va phuong trink mdt phdng (a) - 10z + 2y + mz + 11 = Q véim

5 1 1
1a tham s6 thuc. Timm dé mdt phéng (a) vudng goc vdi dudng thdng .

Am=-2 Bm=2 Cm=-52 D,m =52

GIAIL Theo dé baitacé: T2 = (5;1;1) va 72 = (10; 2;m).
Vimat phing (o) vudng géc véi duding thang A nén:

RIReR=kilog=2=Temn=2
VaydéipénlaB. g
ViDU 7.31. Cho duwing thdngd : E%l = y—“l*—l = _il vamér phang(a) :c+2y+2-2=0.
Tim toa do giao diém M clad va ().
A M(3;0;1) B.M(-1;0;1) C.M(Q;-1;0) D. M(3;0;-1)
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z=1+2¢
GIAL Phuong trinh tham sé clii d 1a: {y =-1+t.
' z=—t -

Vi M € dnén toa dd diém M c6 dang M (1 +2¢; —1 + ¢; —t).
Thay toa d8 difm M vio phueng trinh mét phing () ta dugc:

(L +2)+2(-1+0) +(-)-2=0&3-3=0ei=1

Vay toa db giao diém clra d va (a) 1a: M(3;0; —1).
Vay dap an la C. 0

Vi DU 7.32. Cho hai didn A1;0,3), B(%;1;1) va dudng théng d - 5:‘1_3- —y-t_z

Phuang trinh mat phang (o) di qua A, B vé seng song véi duding thdngd la:

“l

Ar+3y+2-3=0 Bz+2y+z—-4=0 Cz+y+z2—4=0 D2z+3y+2-3=0

GIAL Theo dé bai, mit phing (o) di qua 4, B va song song vdi dudng thing d nén vectd
phép tuyén 7., vuéng gdc véi A B va vectd chi phuong ¥ 4. Do dé: il || AB A 3.

Taco AB = (0;1;-2) Vé@ =(-1;2;-3) = AB A @ = (3;2;1) >’ tachon 7} = (1;2; 1).

Vay phuong trinh mét phang (o) 1&: : '

lz-D4+2(y-0}+1(z—3) =0 2+ +2-4=0.

Véy ddp dn la B. v !

Lngg 4; Céc bai todn lién quan dén khong céch
Phuong phap giai: Stit dung céc cong thiic tinh khoing cdch.

VI DY 7.33. Tinh d§ dai khodng cdch tit dim M(1;2;1) dén duing thdng ¢ phuang trinh
z+2 y-1_ 241

12 -2
5v8 19.d=5;2/-g C.d=23£ D.d=

“&

%L‘iI. Tt gia )thiét ta c6: dudng thing A di qua diém A(-2; 1; —1) vA c6 vectd chi phuang
=(1;2;-2).

Suyra: MA = (-3; -1, -2) = T A MA = (~6;8;5).

Theo cong thite, khoang cch tit difm M dén dudng thing 4 [a:

d(M-A]-—[ﬁAml_‘,(_6)2*‘824—52_5‘/5
R —\/1?+22+(—2)’_T.

. VayddapanlaA. a
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VIDU 7.34. Cho phuong trinh mdt phdng (@) : 3z — 2y ~ z + 5 = 0 va phudng trinh dudng

thing A : z ; 1_v I =2 ; 3 Chutng minh A song song voi («) va tinh khodng cdch gitta
chiing.
3 2 6 9
Ad=— Bd=— Cd=— Dd=—=
V14 V14 V14 V14

GIAIL Dudngthing A di qua dim M(1;7; 3) cé vectd chi phudng 7 = (2;1;4) va mit phing
(@) ¢ vecto phdp tuyén 7 = (3; —2; —1).

V%7 =23+1.(-2)+4.(~1) =0va M ¢ (o) nén suy ra: A song song véi ().

Mt khic, ta cé: d (A; (@) = d (M; (o)) = B+ 7+ 3+5 _ 9

\/3'-’- + (-2 +(-1)? Vid

Vaydap anlaD. : a

VIDUY 7.35. Tinh khodng cich giite hai dudng théng chéo nhau:

z=1+2t
Alz{’y=—1—t va Az:z—2=y+2=z—3‘
-1 i 1
z=1
A.d=\/?§ Bd=\/75 C.d=? D.d=§

GIAL Titgia thiét suy ra: dudng thing A, di qua diém M (1; —1; 1) ¢6 vectd chiphuong 7 =
(2: —1;0) va dubng thing A, di qua diém My(2; —2; 3) ¢ vectd chi phudng s = (-1;1;1).
Tach: ul A = (L2 va MM = (1;-1;2).

Suy ra khodng cach gifta hai dudng thing A, va A, 12

)
@ AED WM 14 (c1). (-2 420 /6
d(AI;A2)= iﬁ-)/\_; = :—:T
1A /(_1)2_’_(_2)2+12 5
Vay dap anla A. a

C. BAITAP TU LUYEN

BAX TAP 7.26. Trong khéng gian véi hé toa d6 Ozyz, phudng trinh tham s6 cfia dudng thing
A di qua difm M(1;2;3) va c6 vectd chi phudng 7 = (3;2;1) 1a:

=3+t z=1+3t z=1+3t z=1+3t
Ady=2+2t B.(y=2+2t Cly=2t D<{y=2+t
2=1+3t z=3+t¢ z=3+t z=3+¢

BAI TAP 7.27. Trong khong gian véi hé toa d6 Ozyz, cho hai diém A(1;3;1) va B(3;2;-2).
Phucng trinh nao sau day khong phdi 1a phudng trinh duéng thing AB?

r=1+2t x=3-2t T=3§4+2t z=3+2
Aly=3-t B.{y=2+t C.¢y=1-—t¢ D.{y=3—t

z=1-3t z2=-2+3t z=-5-3t z=1-3t
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BAI TAP 7.28. Trong khéng gian vdi hé toa d6 Ozyz, viét phuong trinh dudng thang di qua
A(1;1; —1) va vudng géc véi mét phang (o) : 3z ~ 2y + 22 + 1 =07

=143t r=1+3t z=3+t z=1-3t
Ady=1+2t B<y=1-2¢ Ccy=~2+1 D<{y=1-2t
z==1+2t z=-1+2¢t z=2-1 z=-14+2¢

BAI TAP 7.29. Trong khéng gian véi hé toa dd Ozyz, cho diém A(2;1;3) va dudng thing
z—-1 y—2

d: 3 T = % Goi A 1a dudng thzzmgdiquaAvé song song vdi d. Phuong trinh no
sau day khong 14 phuong tinh dudng thing 42
=243t c=-1+3t r=5-3t r=-4+4+3t
Acy=1+1 Bly=t Cly=2-1¢ D{y=-1+t
z=3+¢ z=2+t z=4—¢ z=2+t

BAITAP 7.30. Trong khong gian véi hé toa d6 Ozyz, cho hai mit phing (a) : 2z+y—2z~3 =0
va(B): z +y+ 2z — 1 = 0. Viét phudng trinh chinh téc giao tuyén clla hai mét phang.

z _y—2 z+1 z+l _y—2 =11
A‘2_1_3 _21 1 > _2_2_ _11
z—1 y+2 z+4 z_y+2 z-
C'2"3'1 D’z‘-a"-l

BAI TAP 7.31. Trong khéng gian véi hé toa dd Ozyz, cho diém A(0;2;0) va dudng thing

d: 124 = y;2 = z_;l.ViétphUGngtrmhduBngthingAdiquaA,vuéngg&cvécfxt
dubng thing d.
x»l_y*l_f i_g_zv-l
A—T=="1"=3 B1=1773
z_y—2_£ 'm_l—l—i
Cg= 73 D T-17 -2

BAITAP 7.32. Trongkhéng gian véi hé toa 46 Ozyz, viét phuong trinh duting thing A di qua

T=34¢t T=8+2
diém A(2;1;1), vudng géc véidy : {y =1 vachtdy:{y=3+1¢ .

z=2-t z2=0

z=2+1 r=1-2¢ z=1+2t z=1+2t
Aly=1-1t B.{y=2-1¢ Ciy=~t D{y=2-t
z=1+¢ z= -2t z=2¢ z=2¢
BAI TAP 7.33. Trong khéng gian vdi hé toa db Ozyz, viét phuong trinh dudng thing vuéng

=3+t z=3+2t
gboc chung cfia hai dudng thingd, : {y=1 vid,: {y=3+t .

:z=2—t z=0
r=3-1t z=3+1t z=3~t z=3-1
A.{y=3—2t B.{y=3+2t C.{y=3+2t D.{y=3+2t
z=-—1 z=~t z2=—t z=1
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BAI TAP 7.34.- Trong khdng gian vGi hé toa 46 Ozyz, chomat phdng (o) 1z~ y—2z = 0va

z=2+t T=14+2t
hai dudng thingd, : {y=1—5t vady : {y =1-t .Viét phuong trinh dudng thing A ndm
z=1-1 z=1
trong (a) va cit ca hai dudng thing d; va d,.
=3+t z=142¢ =2+t zT=2+2t
Aly=0 : B.{y=1 C<y=1 D<y=1
z=1+4t z=3t z=141 z=1+3t
"BAI'TAP 7.35. Trong khong gian v6i hé toa d Ozyz, tinh khodng cich titdiém M(2;0;1) dén
dubng thinga: 21 -¥ 272
glhanga: ——=5=—1
A V2 B. V3 C.v2 D. V6
D. LOT GIAI VA DAP AN
z=1+3¢
GIAI BAITAP 7.26. Phuong trinh tham s dudng thing A 1a: {y =242,
z=3+1
Bdp dn ding ia B. . a

GIAI BAI TAP 7.27. Diém b1(3;3;1) khdng thudc dudng thing AB nén phudng trinh D khéng
12 phuong trinh duding thang AB.

Dadp dn ding la D. O
GIAI BAI TAP 7.28. Tacé: &) = 7y = (3;—-2; 2).

r=1+3¢
Suy ra phutong trinh duang thing dla: {y =1 -2t

z=-14+2¢
Ddp dn diing la B. a
GIAT RAI TAP 7.29. Difm M(—4; —1;2) khong thudc dudng thingdnén phufdng trinh D khéng
1a phuong trinh duong thing d.
Dap dn dingla D. T a

GIAI BAI TAP 7.30. Tacé: g = (% 1; —1)vanﬂ (L) = ¥ =a2Anj) = (2;-3;1).

Di€m A(D;2; —1) thudc vao ci 2 mit phing suy ra phuong trinh dudng thing giao tuyén 1a:
z_y-—2 2 z+1

2 -3
Ddp dn ding laA a

GIAIBAITAP7.31. Goi B=ANd= B4+ 342+t —1+1¢).

Tac: Ald=> ABld= Elud: Eud =0=t=-1
Suy ra, diém B(1; 1; —2) = phudng trinh dudng thing A 13: —il = % = %
Ddp dn dingla C. a
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GIAI BAITAP 7.32. Goi B = ANdy = B(3+2t;3+¢;0).
Tacé: Ald, = ABLd; = ABLlug = ﬁa;,’ =0 = t = —1. Suy ra: B(1;2;0) = phuong

=24t
trinh dudng thing A la: {y =1-t.
z=1+¢
Ddp dn dungla A. O

GIATBAITAP 7.33. GoiA = ANd;VaB = Andz = A(3+1t1;1;2 — £1) va B (3 4+ 2t5;3 +£2:0).
Ta ¢é: A la dudng thing vuéng géc chungnén Ald; va Alds.

P N —t1+ty =1 tHhy=1
Khi dé: AB Lug v ABL#g = ta c6 hé phuong trinh: { * th P N
—2t) + bty = -2 ta =0
r=3-1t
Suy ra phuong trinh dutng thing AB1a: {y =3 +2t.
2=~
Ddp dn ding 1a C. a

GIAIBAITAP 7.34. Goi A = ANd, vd B = ANd,. Vi A n3m trong (@) nén A = dy N (a) V2
B=dyN(a).
Taco: A€dy = A(2+11;1— 58131 — t1)va B € do = B(1+ 2t9;1 — ta;5¢9).

Khi d6, A va B ciing thudc mit phing (o) nén ta cé: {Zl = o
/ 0 =
z=2+1
Suy ra: A(2;1;1) va B(1; 1,0) = phuong trinh dudng thing A la {y =1
z=1+1¢
Ddp dn diing la C. a

GIAI BAITAP 7.35. mphuc_rftrinh dudng thing A ta ¢é: A(1;0;2) € AvA g = (1;2;1).
Khidé: MA = (<1;0;1) = MAAGZ = (-%2—2).
Suy ra, khodng cich hit diém M dén dudng thing A 1a:

MAATR 2 Y
d(M;A)=| .guA|=\/( P2y ym_ s
L] VIZ+ 221172 V3

Didp én dung la C. ]
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CHUYENDE 7.5 -
Gac bai toan tong hop
A. TOM TAT LY THUYET

1. Vi tri tudng aéi giita dudng thing, mit phing v&i mat cau
* Cho mit cdu (S) ¢6 tim 7, ban kinh R va dudng thing A:
e (S)va Akhdng citnhaunéud{l;A) > R.

o (5)tiépxiic v8iA tai H néud (I;A) = R.Khidd, H dudc goila tiép diém va 1a hinh
chiéu vubng géc clia I trén A, Duding thang A dudc goi 1a tiép tuyén clia mit ciu.
¢ (S) cit A tai hai diém phan biét A, Bnéud (/; A) < R. Khi dé:

AB =2/RZ—d&2(I; &)

* Cho mit cau (S) c6 tam Z, ban kinh R va mit phing (@):

¢ (S) va () khong cit nhaunéud(Z; (P)) > R.

« (8) tiép xic véi (o) tai H néud(l; (P)) = R. Khi dd, H dugc goila tiép diém va 12
hinh chiéu vudng géc cha I trén (c). M3t phing («) dudc goi 1 tiép dién.

* (8) cét () theo thiét dién 1a mt dudng trdn {C) néud (I: (P)) < R. Khi dé6, dudng
tron (C) cé tim J 12 hinh chiu vubng géc ciia I trén (o) va ban kinh

r=VRY—LJ? = \/R* - &*([;(P))
2. Mt 55 bai todn tim diém dic bidt

* Toa d& diém H 14 hinh chiéu vudng géc clia diém M xubng mit phing () dugc xac
dinh nhu saw:

o Viét phuong trinh dudng thing A di qua M vi vudng géc vdi mit phing ().
» Xdc dinh toa d giao difm H cfia A va ().

* Toa dd diém M’ dbi xing véi difm M qua mit phing (o) dugc xac dinh nhu sau:

* Xéc dinh toa d§ diém H la hinh chiéu vuéng géc clia diém A trén mit phing ().
o Xac dinh toa dd diém M’ sao cho H 12 trung diém M A’

* Toa dd diém A 13 hinh chidu vuéng géc chia diém M xudng dudng thing A dudc xdc
dinh nhusaw:

« Goi toa d diém H dugc tham s6 theo phutong trinh dudng thing A.
o Tirdidu kién M H vubng géc véi A tim H.
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*+ Toa db diém M’ d6iximg vdi didm M qua dudng thing A dugc xéc dinh nhu sau:
« Xac dinh toa do diém H 1 hinh chiéu vudng géc clia diém M xubng dudng thang
A,
« Xic dinh toa d4 diém M’ sao cho H 13 trung diém MM’
B. CAC DANG BAITAP

VI DU 7.36. Trong khong gian vdi hé toa 49 Oxyz, vids phuong trinh més edu wim I ( 1;2,-3)
tibp xiic vdi mat phéng (o) 1 2c+ 2y —z - 3 = 0.

AGE+1°+y-2°+(z-3)°=4¢ B(z-1)2+@w-2"+(z+3)%=16

CEa-12+@w—-2%+(2+37=4 D(z-1+(@y-2+{(z+3)°=2
GIAL Vi mit phing (a) tifp xic véi miat ciu ($) nén:
[2.1+22-(-3)-3] 6

Re=d(I;(a) = 2=
\/;2 ez VO
Suyra, phuong trinh mét chu(S)la(z -1+ (- 2) +{z+3)} =
Vayddp anla C. a
Vi DU 7.37. Cho dién I(1;~2;3) va duing thing A : 215 = ¥ < 2 _ z;{-13. Viét phuong
trink mét céu tdm I vi tidp xiic voi dudng thang A.
AG+1)2+(@y-2)%+(z+3)2=50 B(z-12+{y+2)2+(2-32=50
Cx—1)%+(y+2)*+(z~3)> =50 D.(z+1)%+ (y-2)%+(z+3)* = V&0

GIAL Tach: dudng thfﬂf A di qua didm M (—1;2; —3) va ¢é vectd chi phudng @ = (2;1; -1)
= M= (2-4,6) > MI AT = (~2;14,10).
Viduong thang A tiép xic vdi mit cau (S) nén:

Ming 24 102
Rl M A| N LR g L

el \/22+ 12 4+ (-1 Ve

Vay phudng trinh mat cau ()1 (z ~1)° + (g +2)? + (z - 3)* = 50.

Vay dap an la B. 0
Vi DU 7.38. Viér phuong mnh mdt ciu (8) c6 tam I(4;1;6) va cat dudng théng ¢6 phuong
minh A : %5- = % =3 rai hai diém A, B sao cho AB = 6.
Az -2+ (y—-1)°+(z~6)2=18 B(z+8?+(y+1)2+(z+6)2=18
Clz+42+w+1)°+(2+6)2=12 Diz—4)2+@w-1)2+(z—6) =
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GIAL Goi H 12 hinh chiéu vudng géc cfia f trén dudng thing A = H 1a trung diém AB.
Duding thing A di qua M(—=5;7;0) va ¥ = (2 -2;1)
= MT = (% -6; 6) = MI AT = (6;3;-6)

i A??I J6r 432+ (=67 Al

WL s g

Xét tam gidc J AH vudng tai H, theo dinh 1y Pitago ta cé:

=d(I;8) = =3.

) 2
IA AH2+IH2=>R2=-£+¢1"‘(IA)=>R —B—+d2(IA) \/-EZ+32=\/E_

Vay phuong trinh mét cau (5) la: (z - 4)* + (y - 1)* + (2~ 6)* = 18.
Vay ddp dn la A a

VI DU 7.39 (De Minh hoa TIiPTQG 2017). Trong khong gian vdi hé toa dd Oryz, cho mat
cau (S) cotam I(2;1;1) vé mét phang (P) : 2z + y + 22 + 2 = 0. Biét mat phéng (P) cat mdt
ciu (S) theo giao tuyén Ia mot duding tron cé bdn kink béing 1. Viét phutong trinh mat cu (S).

A+ + W+ +{z+1)2=8 B+ +@w+1)2+(z+1)?%=10
Clz-2P+@@-1)2+(z-1)2=8 B.(z-2%*+@w~1)2+(z-1)t=10
GIAIL Goi J 12 hinh chidu vudng géc clia I trén mit phang (P) = J 12 tim clia duding tron.

Xét mot didm A bat ki thudc dudng trdn. Khi d6, tam gidc 7J A vudng tai J, theo dinh Iy Pitago
ta co:

A=Al + TP R =+ & (L(P) =S R=v12+ & (B) = V12 +32 = V/10.

Vay phudng trinh mat cAdu(S)lai(z -2+ (¥ —1)2 + (= - 1) =10.
Vay dép én la D. O

VIDU 7.40 (D-2014). Cha mdt phang (P) 6z+3y~2z—1=0va mat cdu(S) : 2 +y* +
2% — 6z — 4y — 2z — 11 = 0. Chiing minh rang mdt phang(P) cdt mét cau (S) theo giao tuyén
la mét duong tron (C). Tim roa dé tém cia (C).

53 13 3135 3 5 13} 13 5 3
an(35%)  mE(3Fg)  cE(3RT) D-H(?m)

GIAL Theo gia thiét, mat cu () c6 tam I(3;2;1) vabén kinh R = 5.

Vid(I;(PY) = w = --— = 3 < R nén mit phing (P) cit mit cdu (S) theo

/6% +32 +(-2)° ‘/@
giao tuyén 13 mat duding tron (C).
Goi J 12 hinh chiéu vudng géc ctia I trén mét phing (P) = J 12 tim clia dudng tron (C).
Tacé, IJL(P) = IJ || 7id = (6:3;—2) = tachon &) = (6;3; —2).

x =346t
Suy ra, phudng trinh tham sb cfia duding thing 1./ la: { =243t
z=1-2t
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Khi dd, toa dd cta J c6 dang (3 + 6¢; 2 + 3¢; 1 — 2t). Thay toa d§ clia J vao phudng trinh mat
phéng (P) tacé:

1
6(3+6t)+3(2+3t)—2(1—2t)—1=0®49t+21=0©t=—%::»J(%;;;TS).
Vaydap anlaA ]

Vi DU 7.41 (THPTQG-2016). Cho ba diém A(3;2; —2), B(1;0; 1) va C(2; —1;3). Tim toa dé
diém H 1a hinh chiéu vudng géc ciia diém A trén dudng thing BC.

A H(0;1;1) B.H(0;—-1;-1) C.H(0;1;-1) D.H(1;0;—-1)
GIAI Tacb, 'B? =(1;-1:2) = tachonpd = (1;,-1;2).
r=1+1%
Phuong trinh tham s6 clia duting thing BC I {y = ~t
z=1f%

Suy ra, toa d6 diém H c6 dang (1 +¢; —t;1 + 28) :;»Z}} =(t—2;—t—2;2t +3).
ViAH1BCnéntaco:

ABBC=06(t—-2) - (~t—2)+2(2+3)=0&6i+6=0t=—1= H(0;1;-1).
Viiy dép én i C. O
VIDU742(B 2013). Cho diém A(3;5;0) va mat phing (P) : 2m+3y—z— =0.Timtoadd
diém B déi xitng ciia A qua (P) .

A B(1;1;2) B.B(-1;~1;2) C. B(0;1;-1) D.B(I;O;—l)

GIAI Goi A 13 dudng thing di qua A v vudng géc véi (P} = B thudc A va tung diém M
clia AB thudc (P)
Tacéd, AL (P) = 22 || AR = (2;3;-1) = tachon &2 = (2;3;—1).

=342t
Phudng trinh tham s6 clta dudng thing A li: { y = 54 3¢,
2=~
Khi d6, toa dd ciia B c6 dang (3 + 2t; 5 + 3¢; —t):M( 10;&, _;)
o 1 —t
Vide (P)nen:2(3+t)+3( 0;-:“) - (?) -7=0&1t=-2= B(-1;-1;2).
VayddpanlaB. 0

C. BAI TAP TU LUYEN

BAI TAP 7.36. Cho céc diém A(1; ~2;1), B(2;1;3) vAmit phing (P) : 2 ~ 4+ 2z — 3 = 0. Tim
toa d6 giao diém M cGa dudng thing AB véi mat phing (P).

A M(0:5;1) B. M(0; -5; -1) C. M(0; -1;-5) D. M(0;5;—1)
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BAI TAP 7.37.” Chio phuong tnnh mit phing (P) : 2z +y — 2z — 1 = 0 vi phuong trinh duting

2
thingd : z—l— = :y§ = z-:;- .Viét phuong trinh mit phing chita d va vudng géc véi (P) .
A z—-8y+52+13=0 Bz—-8~52+13=0
Cz+8+52-13=0 Dz+8y+52413=0
BAITAP 7.38. Cho dudng thingd : Tl =2 = Z vahai difm A(%;1,0), B(~2:3;2). Viét
phuong trinh mit cau di qua 4, Bva co tamthugc duongthangd.
A+ +y+1)2+(z-2?%=17 B.(z—-124+(y—1)2+(z—2)2=17
Clz—-12+@w—-1+(z+2?%=17 Dizc+1)2+(y+1)2+(z+2)2=17

BAITAP 7.39. Cho mitphing (P) : 2z +y — 2z + 10 = 0 va didm I(2; 1; 3). Viét phuong trinh
mit cu tam 7 va cit (P) theo mét dudng ron cé ban kinh bing 4.

A-202+@w-124+(z-32=16 B(x+22+@w+1)2+(2+3)2=25
Clz-2°+{y-1)"+(2~3)*=25 D.(z+27+{y+1)*+(z+3)*=16

:r:+1 y z-3

BAI'TAP 7.40. Cho diém A(1;2;3) va dudng thing d : =T="= Viét phuong trinh

dubng thing A di qua diém 4, vudng géc véi dudng thang d va cét truc Oz.

z=1+2t =141t z=142¢ c=1-2t
A.{y=2+2t B.{y=2+2t Cly=2+3t D{y=2-2t
z=3+43t z=3+4 3t z2=3+3¢ z2=3+3t
BAITAP 7.41. Cho digm A(0;0; —2) v dudng thing A : £ “2“ 2_vy = 2_= ;3 . Viét phuong
trinh mit ciu tim A, cit A tai hai di€m B v C sao cho BC = 8.
Az i+ (z+22=490 Bzl +y +(z2=-2)*=25
Cz?+yi+(z—2)2=49 D.z? +y*+ (z242)2 =25

BI\IT@P»7.42. Chomatphing (P) :z+y+2—3=0va(Q):z—y+z—1=0.Viét phudng
trinh mat phéng {R) vudng géc véi (P) va (@) sao cho khoang céch tit O dén (R) bing 2.

Ar—z+2¥2=0 Bz—-:-2/2=0 Cz-2+2/2=0 Dz-z=
" r=3+1 5 X
BAITAP 7.43. Cho hai duting thing A, : {y =t v?aAg:x; =3—/I—=%.Xécdinh
z=1

toa db difm A thudc A, sao cho khoang céch tit M dén A, béng 1.
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A M{-4;-1;—-1) hodc M(7;4;4) B. M(4;1;1) hoac M(7:4;4)
C. M(1; 1; 4) hodc M (4,4, 7) D. M(4; 1;1) hodc M(—7; —4; —4)

BAITAP 7.44. Cho miit phing (P): 2z -2y —z—-4=0vamitciu(S): 2> +* +2° ~ 22—
4y — 6z ~ 11 = 0. Biét ring mit phing (P) cit mit ciu () theo giao tuyén 1 mét dudng trdn.
Xac dinb toa d6 tAm va ban kinh dudng tron do.

A J(2:0;0),7r =4 B.J(1;-1:0),r =4 C.J(3;0;2),r =4 D. J(3;0;2),r =5
D. LOT GIAI VA DAP AN
GIAI BAI TAP 7.36. Phudng trinh dudng thing AB 1a:

=141
y=—24+3t = M(1+¢t-2+361+2t).
z=1+2t

ViMde(P)nén(l+1)—(-2+3)+2(1+2)—3=0et=~-1= M(0;-5-1).
Dép éndungla B. a

GIAI BAI TAP 7.37. Tit gia thibt ta cd: M(2;0; -8) € dvawy = (1;-2;3);7(m = (11, -2) =
7 = g Agp) = (1;8;5).

Suy ra phuong trinh mit phang (o) 1 z + 8y + 52 + 13 = 0.

Dap dn dungla D. : [m]

GIAT BAITAP 7.38. Tacé: tam 7 € d = I(1 + 2t;;—2t).
DoABe(S)=>IA=IA=t=-1 ’

Suy ra phuong trinh mét cAula: (z + 12 + (y + 1)2 + (2 - 2)% =17,

Dap dn duingla A. O

GIAI BAI TAP 7.39. Goi H 13 hinh chidu vudng goc cha I ttén (P) = H 13 tim dudng won
giao tuyén clia (P) va (5).

Tachd: IH =d(I;(P)) =3=> R=+/32+42=5.

Suy ra, phuong trinh mit cdu 1a: (z — 2)2 + (y— 1) + (= — 3)* = 5.

Pap dndingla C. a

GIAI BAI TAP 7.40. Goi B = (P} N Ox = A chinh 13 dubng thing AB.
Ta cé: B € Ox = B(b;0;0). Thay toa dé clia B vio phuong trinh (P) = 26+ 2 = 0 =
B(-1:0;0).

z=1+2
Suy ra phudng trinh A 1a: {y =242t
z=3 43t
Ddp dn dungla D. O
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GIAI BAI T@P 7.41. Theo cong thitc tinh khodng cach tif mét diém dén mot dudng thing ta
cO:d(A; A) =3,

Khi d6, ban kinh mit ciula R = 5.

Suy ra phudng trinh mit ciu la: 2% + ¢ + (2 + 2) = 25.

Dap dndingla D, a
GIAIBAITAP 7.42. Tacé: g = (L;1;1)7d = (-1 1) = 73 = AR Ang = (20;-2).

Suy ra phuong trinh mit phing (R} cé dang:z — z + D = 0.

Tacé: d(0; (R)) = 2 => D = +2V2. :
BDdpdndunglaC. ) a
GIAI BAITAP 7.43. Tacé: A(2;1;0) € 8p VA uas =(21;2).

DifmM e Ay = MB+t;6:t) = AM = (1+ 8¢ — L;t) = AM AGal = (¢ — 2~ ~t +3).
Suy ra khodng cich tif di€m M dén dudng thing A, 1a:

V=27 + (=27 + (<t +3? .
Rt =

2 _ — =
& 20— 10t + 17 9®{t=4

"d(M; L) =

Suy ra ta c6 hai difm M (4; ;1) hoiic M(T; 4; 4).
DapdndinglaB. ‘ 0

GIAI BAI TAP 7.44. Titphudng trinh mit ciu ta cé: tam I(1;2;3) viban kinh R = 5.
Goi J 12 tim dudng trdn giao tuyén va r 13 bén kinh cha dudng tron dé.
Khi d6, IJ 1a khodng cich tit 7 dén mit phing (P) = I/ =3 => r = vVR2 - [J2 = 4.
Matkhéc, IJL(P) = a7} = figp = (2;—2;-1)
z=1+2¢
= phudng trinh dubng thing 17 1a: {y =2-12t.
z=3-~t
Do dd, toa dd ctia J cé dang J(1 + 26;2 — 263 — ). ViJ € (P) = t = 1 = J(3;0;2).
Didp dn ding la C. a
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CHUONG 8———— —
MOT SO DE THI MAU

PESO 1 \
(Thai gian lim bai: 90 phiit, khéng kéthdi gian phét de)
Cau 1. Ham s6 nao sau diy c6 d8 thi nhut hinh vé
Ay=-z'+47 41
By=a2+2%-3
Cy=-z*+22"+3

D.y=—z4-2:r:2+3

Ciu 2. Tim khing dinh SAI:
A. Dd thi ham sé y = z° nhan gdc toa 46 O 1am tam déi xting.
B. Dothiham sy = -:% ¢6 tam dbi xtng,
C. D6 thihdm sby = * - 222 nhan truc tung BAm tryc d6i xing,
D. Da thi ham sé y = |z°| nhan truc hoanh lam truc ddi xitng.

Ciu 3. Ham sb nao cé bang bién thién sau day?

T —00 2 +c¢
y + +

+o0 1
Yy 1 / . /

¢
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% —1
z+2

2x—1 B.y=

Céu 4. D thi ham sb o trong cic him sb dudi day khéng cé tiém can ngang ?
z2~z+1

z-1
B.
2z 41

2z + 1

Tzt -1

Ciu 5, Ham s6 nao sau diy khong cé cyc tri?

Af@)=2%-32"+1

2z +1

Cr@) =g

z+1

2c —1
z—2

z+2

Dy=

3z—-1

2 +1 z+1

B. flg) =2z —2%+3

1
D.f(£)=2$+;—*1

4
Céu 6. S6 tiép tuyén cia &b thi ham séy = -E— — 2% + 3z song song v6i dudng thing cé

phuong ttinhy = 3z + 1 1a:

Cau7. Gié tri 16n nbét, gia tri nhd nhit chia haim sé y = sinx — co

Cai 8. Cit titmot tim bia hinh tron thm O bén kinh 10 cm theo mét gée = (tink theo radian).
Sau dé dan hai doan thing OA va OB lai ta dudc mét hmh nén. Tim z d€ thé tich hinh nén

thu dugc lalén nhét

AO B.2

2\/2711'
3

A.:z;:%’E B.z=

~

Cau 9. Tim diéuldén cllamm déhamsby = .

1 1
A.m<—§ B.m>—§

C.1 D.3

1
2. _ =13
s* 2la.

'S

B.maxy = %,mim =-3

D. Két qui khic

-1 ddng bién trén khoang (0; 2)?

C.-1<m<0

D.-1<m<1

243

Lutong Pric Trong-Nguyén Nhu Thing-Kiéu Trung Thiy



On luyén thi tric nghiém THPT Qudc gia nim 2017 mén todn spbook.n

C&u 10. Tim m d& d5 thi ham s6 y = (z+ 2){z? — 2z +m) cét truc hoanh tai 3 diém phan biét:

Am<lvaz=3 B. Khong tdn tai m
m<1
C.m#1 D'{m;é—S

2 s e 1 s
Cau 11. Tim tit c& cdc gid tri cliatham s§ m thihdim sb y = —§z3 +22% + (m~1)z — 1ddng
bién trén khoang c6 dé dai 16n nhét bing 37

3
A Dap an khic B.mZ—-Z— Com>~3 Dm=-3
Ciu 12. Néulog,, 18 = a thilog, 3 bing
l-a 2a -1 a-1 1-2e
A'a—2 B. a—2 C'2a-2 D. a—2
Cau 13, Néulog, 3 = q, log, 5 = b thi log, V0.3 biing
Aa—b-1 B.%(a—b—l) C.2(a—b~1) Do+b-1

Ciu 14. Tip xac dinh ciahamsby = logi (1 — 2z +2%) 12

A. (0; +oc) B. [0; +00) C. (0;+00) \ {1} D. (1;+o0)
x -z
Cau15. Daochim ciahamsby = St—z_—z- bing
Ay’=——_4——— B.yy=¢"+e™*
" (ﬂ: — 3-1]2 :
. \ [ ’__ =5
Cy= _—(e’ Ze)e D.y = —__—(ez e

Cau16. Gia trinhd nhitciahdmsby = z(2 ~ Inz) trén {2; 3] 12

A.Dép sb khic B.e C.1 D.4—-2In2
Cau17. Cho ham s8 y = = — In(z + 1). Khing dinh n3o sau ddy diing

A.Ham sb cé tap xdc dinh IA R\ {1}

B. Ham sb nghich bién trén (—1; +0)

C. Ham sb dong bién trén (—1; +co)

D. Hiam s dbng bién trén (0; +o0), nghich bién trén (~1;0)

Céu 18. Phuong trinh 9* — 3.3* + 2 = 0 cé nghiém la z,, zp v6iz) < 25 Khid6 A = 2z + 3z,
cogiatrila

Al B.4log, 2 C.3log; 2 D.3
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Ciu 19. Tap nghiém clia bit phuong tinh 6° ~%+12 > 113

A. (—o0;3) ’ B. (4; +00)

C.(3:4) D. (—o0;3) U (4; +c0)
Cau 20. SO nghiém am clia phuong trinh 1 + log, ,, 5 = logs(z +2) 1a

A0 B.1 C.2 D.3
Cin 21, Mot ngudi giti gdi tiét kiém linh boat clia ngén hang cho con vdi s tién 12 500 trigu
ddng v6i 13i sudt 7%/nim. Biét ring ngudi d6 khong liy 18i hang nam theo dinh ky s3 tiét
kiém. Hoi sau 18 nim, sb tién ngudi d6 nhan vé 12 bao nhiéu, biét rang theo dinh ky hang
nam s6 tién 13i s& nhap vao tién gbc va dugc tinh cho nim tiép theo

A. 1.689.966.000 ddng B. 2.689.966.000 ddng

C. 3.689.966.000 dbng D. 4.689.966.000 ddng

Cau 22. Trong cic khang dinh sau, khing dinh nio sai?
A [18@) + @)k = [ A+ [ A

B. Néu F(z) va G(z) déula nguyén him ctia him sb f(z) thi F(z) - G(z) 12 hing sb.
C. F(z) = z la mdt nguyén ham clia f(z) = 2/z.

. D. F(z) = 5% 1amdt nguyén ham cla f(z) = 2.

Ciu 23. Tim nguyén ham / (g + s/x—3) dz

2
A.ssngz|-§\/z—5+c B.~Slajz| + V2% +C
C.—51n|x|—§\/m_5+c D.51n1m|+§\/;?+c
1
Cau 24. 'I‘inh1=f v/ 2?2 + ldx
Q
AI:? 13.1=ﬂ3_1 c.1=¥ D./==

Cdu 25. Tinhtichphinl = / (z + 2) cos 2zdx
0

1 1 1
A0 B.—Z C.Z D'E

Cén 26. Van tbc clia mot vat chuyén déng 13 v(t) = 3¢* +5 m/s. Quing dudng vatdé di duge
* tigidy thit 4 den giay thit 10 1a

A.36m B.252m C.1200m D. 966 m
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Cu27. Tinh dién tich hinh phing gidi han b&i dd thihdmsby = z2~2zvadd thiy = —2?+z.

27 9 27
—- .= C. — D.a
A 8 B 8 8

Cau 28. Tinh thé tich khbi tron xoay tao thanh khi quay hinh phing gidi han bdi dd thi -
y = 2z — z? vay = 0 quanh truc Ox

16w 157 57 6
‘T LT C-5 D+

Cau 29. Mddun cliasb phifc z =5+ 2i — (1+4)°
AT B.3 c.s D.2
Cau 30. S6 phiic 7 théamanhéthiicz — (2+3))z2=1~%]a
Az=-3-1 Bz=-2-: Cz=2-1 Dz=2+1
Cau 31. C6 bao nhiéu sé phiic thoa min 2% = |2 + 2.
A0 B1 C.3 D.2
C3u 32, Goiz; vA 2, 1a hai nghigm ctia phuong trinh 222 + v/3z + 7 == 0. Khi d6 2} + 23 bing

All B.23 C.13 D.15

Céu33. Goi Ava B thii tyt la diém biéu dién cdc 6 phitc z = 3 + 24 v w = 2 + 3i. Tim ménh
dé dung trong cac ménh dé sau

A. Ava B d6i ximg nhau qua gbc toa d8
B. A v B d6i x{tng nhau qua Oz
C. A va B dbi xing nhau qua Oy

D. Ava B dbi xiing nhau qua dudng thing z = ¢,

Cau 34. Tim biéu dién ctia tap hgp cic sb phiic 2 thda min l %
z—

| =1l

A. Dudng trdntdm /(1;2), bankinhr =1 . B. Dudngthingr — 5y —6 =0

C.Dugng thing 27 — 6y — 12 =0 D.Dudng thingz ~ 3y —6 =0
Cau 35. Cho hinh hdp chii nhit ABCD.A'B'C'D’ ¢6 AB = ¢,AD = aV/3. Bibt géc giia
dudng thing A’C va mit phing (ABCD) 12 60°. Tinh thé tich V cfia hinh hdp chit nhét
ABCD.A'B'C'D'.

AV=d B.V =3d® C.V =23 D.V =64
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Cau 36. Cho khéi chdp S.ABC c6 SAL(ABC), ddy ABC 1a tam giac vudng tai B, AB = q,
AC = /3, SB = aV/5. Tinh thé tich khéi chdp S.ABC.
a3Vv2 3636 a6 a3/15

3 B. 2 C. 5 D. 8

A.

Cau 37, T dién ABCD ¢6 céc canh BA, BC, BD d6i mét vudng géc voi nhau: BA = 3q,
BC = BD = 2a. Goi M, N 1& trung diém clia AB va AD. Tinh thé tich V c¢a khéi chép
C.BDNM

203 _ 3a®

AV =84 B.V=—3— C.V= 5 D.V=d

Cin 38. Cho hinh chép S.ABCD cé didy ABCD Ia hinh chit nhat. Biét SA L (ABCDB),SC
z A . . 4 5 . s
hdp véi mat phang (ABCD) mét géc o vdi tana = g,AB = 2¢ v BC = 4a. Tinh khoang
cich d tit D dén mit phing (SBC).
9a 12a 3a a
=— B.d=— d=— D.d=-

Ad= : Cd=% :

Cau 39. Tii dién déu canh o ¢6 1 dinh triing v6i dinh ctia hinh nén trén xoay, con 3 dinh cdn
1ai cia tit dién nAm trén dudng tron ddy clta hinh nén. Khi dé, dién tich xung quanh cita hinh
ndn tron xoay la:

A.7a?V3 B. %‘mz C. %,mz D. %'rraz\/i
Cau40. Mot cbc nudce cé dang hinh tru dung nudc c6 chidu cao 12 cm, dudng kinh ddy 4 em,
lugng nudc trong cbe cao 10 cm. Tha vao coe nude 4 vién bi cd cling dudng kinh 2 em. Héi
nutée dang cao cach mép che bao nhiéu xang- ti- mét? ( Lam tron sau ddu phdy 2 chit sb thip
phén)

A.0,33¢em B.0,67cm C.0,75¢em D.0,25cm

Cau4l. Cho ling tru tam gidc ddu ABC.DEF c6 canh ddy bang a . Cic mit bén 12 hinh chit
nhit ¢ dién tich bang 2¢2,.Thé tich ctia khéi tru ngoai tiép lang tru 1a:
2 3 l 3 3 3 : 3
A. 31m B. 37ra C. 37m. D. wa
Céu 42. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vydng canh g, $A vudng gc vdi day,
8B = a\/3. Tinh thé tich V mit cdu ngoai tiép hinh chép S.ABCD
3 3 3
2ma BV =" c.v:"'”; D.V = na®

Cau 43. Trong hé toa dé Ozxyz, cho tam gidc ABC véi A(3;1;0), B(2;0;2) va trong tim

e} (% -1 g) Tim toa dé dinh C?

AV =

A (1;-2;1) B.(-2;-2;1) C. (—4;-4;0) D. (2: -2;3)
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Céu44. Cho A(1; —1;2). B(3;0;3) va M(—3; 1;2). Viét phudng trinh m#t phing (P) qua M va
vuong goc voi AB.

A(P):iz+2—42-9=0 B.(P):2z+y+2+3=0
C.(P)iw—-y+2z=0 D.(P):3z432+3=0

Caun 45, Cho M(1;-2;0), N(—3;4;2) va mat phing (P) : 2z + 2y + z — 7 = 0. Tinh khodng
cach d tit trung diém cha MN tdi (P).

Ad=2 B.d=3 Cd=1 D.d-'—-%

Ciu 46. Cho A(2;1;1), B(3;2;2) va mit phing (P) : ¢ + 2y — 5z — 3 = 0. Viét phuong trinh
mit phing (Q) qua A, B va vudng géc véi (P).

A@:z+2y—-52+1=0 B(Q:e+2y—-52+3=0
C(Q):7x-6y~2-3=0 D{(Q):Tx—-6y—2—~-7=0

Cdu 47. Cho A(1;1;1), B(3;5;2), C(3: 1 — 3). Lap phudng trinh dudng thing d di qua gbc O
va vudng géc vdi mit phing (ABC).

T
Ad-—;—=~_1j—5~-z— B.d 1:3:;_%2%
Cd'zio“%é“;s D‘d'T=—L5_E
Céu 48. Cho hai dudng théng d; : z;"' = y;4 = ‘3_“19,&2 : “’__73 = y;1 = z'a‘l.Lap
phuong txinh dm“mgthingA chtdy, d, v Oxtai A, B, C sao cho B la trung diém AC.
z - - z— - -1 -
Chig=T3= DAi—g=="g =3

Céu 49. Cho A(-1;3;2), B(1; —1;4). Viét phudng trinh mit ciu dudng kinh AB.

AS):a?+@-1+(2-3)%=6
B.(S): (+1)2+(y-3)2+(2—2)%=24
CAS):(z -1+ (y+ 1)’ + (2 -4 =24
D.(S):(z+ 1+ +(2-2)*=9

Cau 50. Cho cdc mat phing (P) : 22 —y— 2z~ 2 = 0, (P) 12— 2y+2+2=0,(P):
Tty — 22+2—0va(Q) t+y+z=0. Cobaonhleumatcaucota.mna.mtren(Q)vanep
xiic véi ca ba mét phang (B,), (P), (Pz)

A.C6 1 mit ciu B. C6 4 mit cAu C. C6 7 mit ciu D. C6 v6 s6 mit ciu
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DESO2 .
(Thoi gian lam bai: 90 phitt, khing k& thai gian phdt dé)

Ciu 1. Ham sb ndo sau day c6 dd thi nhu hinh ve

T —2 Yy
Ay= .
y z+1
_ -z
Y= ra1
_z+2 1
YEITR
T T
D.y= -
Y z+1 1 0

Ciau 2. Choham f c¢6 dao ham chp hai tai z. Tim phét bi€u diing?
A. 212 difm cuc dai clia ham s6 thi f(z) dat gid tri 16n nhét bang y(zo).
B. 1o 12 difm cyc dai clta ham sb thi f'(z) ddi d4u tir dudng sang 4m khi qua .
C. zp Ia diém cuc dai ciia ham sé thi £/ (zg) = 0va £(zo) < 0.
D. z01a diém cuc dai ctia ham s6 thi f/(2) = 0va f” (o) > 0.

Cau3. Cho hamsby = f(z) c6 bing bién thién nhu sau:

z —o0 0 1 +oo
¥ - - 0 +

1 +20 +00
y \ N \ » /

Tim khing dinh SAI trong cic khing dinh saw:
A. Ham sb khong c6 gid tri 10n nhét,
B. Ham s6 khong cégid tri nhd nhét.
C. Ham s6 dat gid tri nhd nhét tai 1.

D. Hamsb dat cuctiéutail.
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Ciu 4. Ham sb nao sau ddy déng bién trén R?
Ay=-1+2% -5z +6 By=—-zt4+z+2
Cy=a?—42% +3 Dy=z"+22242z-1
Can 5. Toa d6 diém cuc dai cia dd thiham séy = —z* + 622 — 8z + 11a:

A M(~2;24) B. N(—2;25) C. P(7;3) D. Q(1; ~6)
Cau6. Himsby = z° + :—2 dat gia tri nhd nhét trén (0; +o0) bing:
Ay=49 B.y=20 Cy=4 D.y=0
Ciu 7. Tung 46 giao difm cfia dd thiy = 2 — 227 — = + 1 véi dudngthingy = 1 ~ 2z 1a:
A0 B.1 C.lva-1 D.Ova-1

Cau 8. Tim tit cA cic gid tri thuc clia tham sb m déham sby = 2° — 3(m + 1)z® — 9z —mcd
hai di€m cyc tri 71,z thbéa min didu kién z? + % = 10?

Am=-2hodcm =0 B.m=0hodcm =2

Cm=2 D.om=40
Ciu9. Trong céc tiép tuyén clia dd thi ham sby = —2° — 12z + 4 c6 mot tiép tuyén 6 hé sb
géc 10n nhit, Phuong trinh tiép tuyén do 1a:

Ay=-12r+4 B.y=12r—-4 Cy=-12z—-4 Dy=12x+4

Cau 10. Cho hinh cAu tAm O ban kinh R = 10em. Trong céc hinh tru néi idp dudng tron,
hinh tru c6 thé tich 16n nhit ¢6 chidu cao k12 bao nhiéu?

Ag——— T

|
|
/b/

_ B

3 . 3 C.h=R D.h=RV3
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Cau 11, Vdi diéu kién nio ciia tham s6 m thi d5 thi ham s6 y = —z% + 2m?z? + 5m — 4céba
difm cuc tr tao thank mét tam gidc déu?

Am=+3 Bm=+V3 C.m=-v3 D.m=1v3
Cau 12. Tap xdcdinh clahimsby =log, _; zla
A (Loo)\ {2} = B.(2;+) C. (1;400) D. (0; +o0)

Cdu 13, Daoham cliahamsby = (2% — 2z 4 2)e” 14

Ay =z%” B.y = ~2ze®

C.y = (2z ~2)e” D.y = (28 — 2% +2z) "
. T
Ciul4. Gid trildn nhit cia hamsby = 2:+ - tén [0;2] 1a

e? Ve

Al B.% C.2 D. =
Céu 15. Néulog, 5 = o thilog, 1250 bing

A.%+2a B.4a -1 Cdo+1 D.%-Pa
Céu 16. Néulogy,3 = a vt logzg 5 = b thi logg, 1350 biing

A2a-b—1 B.2a—b+1 C.2a+b+1 D.a+2b+1

Ciu 17. Choa > 0,b > 0 thda min a? + 9b? = 10ab. Khing dinh nio sau diy diing

A.log(a + 3b) = loga -+ logh. B.log{a 4+ 1) + logb = 1.
C. 2log(a + 3b) = loga + log. D. log ‘”;36 = loge ;r logh.

Cédu 18. Tim m dé phuong trinh 9% — m.3% + 1 = 0 ¢6 hai nghiém phan biét
A.m > 2hodcm < -2 B.m>2 '
C-—2<m<2 D.m< -2

Cau 19. Nghiém clta phuong trinh log,(z + 12). log, z = 114
Az=-3 B.x=4
Cz=-3z=4 . D. Pép an khac

Céu 20. Tap nghiém cla bt phuong trinh logy (log,(2 — %)) > 012

A (~L;1)U(2+00) B.(-1;1) C. Dép an khéc D.(~1;0) U(0;1)
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Céu 21. M6t ngudi gl tiét kiém vdi 13i sudt 8,4%/n3m va lai hang nam dugc nhip vio von,
. héi sau bao nhiéu nim ngudi dé thu dudc gip déi s6 tién ban dau?

A. 6 nim B. 7 nam C.8nam D.9nim

1 -
Cau22. Cho f(z) 12 ham sb chin va lién tuc trén R thoa man / F(z)dz = 2. Tinh
-1

. 1
I=f flz)dz
1]
Al=2 B.I=1 Cr=1 D.I=2
- T T2 At
2 f—
Can 23. Giésﬁrr%ng/ —E1 i — aln5+bln3vdia,blicics hitutl Tinha+b
p 2+4z+3
A -1 . B.3 C.-5 D.1

Cau 24. Tim nguyén ham /(1 +sinz)idz,

1
A.§z+2cosz:—%sin2z+0 'B.gz—Zcosa:+Zsin2:.:+C

1
C.gx—Zcosx—%sinZz+C D.%z+2cos:c+zsi.u2$+0

1
Cau25. Tinh I =/ 2%’ dz
0

e2 -1 e?+1 e?
B.I= .
4 4

Ciu26. Khing dinh nio sau day ding?

(9]
b~

0

I
=}
~

Il

SR

10
A. Néu /() Ia the d6 ting trudng cin ning/nim ca mot difa tré thi / o (£)dt 12 dd
5
chénh lach can ning gitta dita tré 5 tudi va 10 tudi.
B. Néu diu rd i tit 1 cai thing véi téc dé r(t) tinh bing ga 1ong/phiit tai thdi gian ¢, thi
120
/ r(t)dt bidu thi lugng ga 16ng diu 1o 1i trong 2 gid dAu tién.
0
C. Néu (¢) 1a tbc d8 tiéu thu diu cha thé gidi, trong dé ¢ dugc tinh theo nim, bit ddu tai
17

t = 0 vio ngay 1 thing 1 ndm 2000 va (t) dudc tinh bing thing/nam thi / r(t)dt
0

bidu thi sé lugng thilng dau tiéu thy tit ngay 1 thang 1 nam 2000 dén ngay 1 thang 1
nam 2017.

D. CAA, B, C déu ding.
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_Cau 27. Tinh dién tich hinh phing gidi han bdi cdc dudng congy = o + 2z viy =z + 6

95 265 125 65
Ao —é“. B. T- C- —'6_. D' ‘*6“

Céu 28. Cho hinh phing (H) gidi han bdi Oxviy = /1 — z2. Tinh thé tich khéi tron xoay
khi quay (H) quanh Ox

3 4 3 2
Al §7r . B. 57&' C. Z’II' D. §1I’

A Py . ) - X 2(1 + 24) . o . a4 .
Cau 29. Cho s6 phic z thoa man (2 + #)z + 1 i = 7 + 8i. Tim mddun cla s6 phitc
w=z+i+1

A3 B. 4 C.5 D.6

Ciu 30. S6 phiic z théa mén hé thifc z + 2z = 3 — i cd phén 0 bing

1 1
A.—--g B'§ C -1 - D1

Cau31. Goi z; VA 2, 1 hai nghiém ciia phuong trinh 22 + 2z -+ 4 = 0. Khi d6 |21/ + |22]* béng

A2 B.6 C.8 D.4
A Y4 Y4 3 L] 4 - 1 -
Cau 32. Diém biéu dién ciia s6 phiic z = Cyrr 1a

2 3 2 =3
A (3-2) B. (-ﬁ E) C.(2~3) D. (-1-5 E)
Cau33. Cho sb phiic z = 1+ bi. Khi b thay ddi tip hgp cac diém biéu dién s6 phiic z 12 duding
cb dinh nao.
A. Dudng thdngy — b =0 B. Duéng thingz — 1 =0

C.Dudng thingbz +y—-1=0 D, Dudng thingz —~y—b=0

Cau34. Cho sb phiic 2z thdéamaén |z + 3i| < |z + 2 — i} Tap hop c4c diém biu dién cla z 3
A. Nitamit phing chobdiz —y -1 <0 B. Nita mit phing chobdiz —y—1>0

C. Dudng tron tim I(~1;3) binkinhr =2 D.Pudngthingz —y~1=0-"

Céu 35. Cho khéi chép S.ABCD ¢6 ABCD 1a hinh viudng canth 3q. Tam gidc SAB cin tai §
va nim trong mit phiang vudng géc vdi ddy. Tinh thé tich khdi chép S.ABCD biét goc gitta
SC va (ABCD) bing 60°.

9215

A.18e%V3 B 5

C.9%%V3 D. 1843V15
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Cau 36. Cho khéi lang tru ditng ABC.A'B'C’ ¢6 ddy ABC la tam gidc vudng can tai 4, canh
BC = aV/2. Tinh thé tich khbi ling tru ABC.A'B'C’ biét A’C tao voi mit ddy mot géc 60°.
3 3
A% 2‘/5 B.32*V3 c.z ;/g D.6a%V3
C#u 37. Cho hinh chép 1 gidc d8u S.ABCD c6 canh ddy bing a, SA = av2.Goi M, N, P
14n luot 12 trung diém cGa SA4, SB va CD. Tinh thé tich tit dién AMNP.
a2 a®v3 VB a*VB

36 B. 18 C 43 D. 12

Cau 38, Cho hinh chép S.ABCD c6 dayla hinh vuéng canh ¢, matbén SAB1a tam gidc déu
va n3m trong mit phéng vudng géc vai day. Tinh khoang cich tit A dén mit phing (SCD)?

av21 B av/21 c® 21 aV21
3 Y T 21
Cau39. Cho hinh tru diing c6 ban kinh dédy R, chiéu cao tru }a Rv/2. Dién tich toan phén va
thé tich clia khéi tru dé che la:
A.2n(VZ + 1)R% xR® B.#(v2+ 1)R%; 7 R®
C.n(VZ+ V)R R*V2 D.2r(v2+ 1)R% 7 R*V2

A

A D.

Céu 40. M6t hinh nén cé thiét dign qua truc 12 mét tam gidc ddu. Goi V4; Vz 1an luot 1a thé
tich chia khéi chu ngoai tiép va nji tiép khéi nén trén .Khi dé ti sb 71 bing:
2

A8 B.6 C.4 D.2

Céu41. Cho lang tru ditng ABC.A'B'C’ ¢6 déiy la tam gidc déu canh a ,mit bén 13 cdc hinh
vudng. Dién tich toan phin efia hinh tru ngoai tiép khéi ling try 1a:
2 2
A. 4ra? B. 2’;“ (V3+1) C. 2ma? D. 3—’;1
Cau 42, Cho titdién déu ABCD c6 canh biing a. Tinh thé tich V clia khéi ciu tidp xitc vdi tit
cé céc canh chia tit dién ABCD

V3mad Vera® 2/%a3 V3a3
A. V = e = - = 3 = —
3 B.V i C.V 3 D.V 24

Céu 43, Trong khéng gian véi hé toa do Ozyz, cho hai vectd @ =(%11)va7? = (3-1;2).
Tim toa d§ cliavectd b thdéa man bidu thiic: 25 - @ +32 = 02

3 5 1 5 7 5 3 1
__.1.___ R —a—t =D . —— TR 2 —_— s -
A( At 2) B( 22, 2) C( g 2) D (2.2, 2)

Cau 44, Trong khéng gian véi hé toa d Oxyz, cho diém A(1;1;1) vA mit phing (a) : 2z +
2y + z + 1 = 0. Khoang cich til diém 4 dén mit phang («) Ia;

A2 B.3 C.4 D.5
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Cau 45. Trong khong gian véi hé toa dd Ozyz, cho diém A(0;0;2) va hai mit phing (o) :
T—y+3=0va(ay): y—z+3 = 0. Phuong trinh mit phing (o) di qua diém A va vubng géc
v6i hai mit phing (a;) va (e3) ta:

Az+y+2-2=0 Bz+y+2:2-4=0
Cz—2y+z—-2=0 D2z+y+z-2=0

Cau 46. Viét phuong trinh duding thing di qua diém A(1; 3;1), vuéng goc véi dudng thing
x=1_y-1_z-

d:—p= = = 32vésongsongv6imétph5ng(a):2z—y—3=0.
c=1+3t z=1-3t r=1+4+3¢ z=1-3t
A.{y=3+6t B.{y=3-6¢t C{y=3+6¢ D<{y=3+6t
z=1+15¢ z=1-5¢ z=1-5¢ z=1+5t
, . -8 _y-5_z- - -1 _z-
Chu47. Chohaiduongth%ngdﬂz—ls:%é:2_18,d2:$73=y2 =231.Viét
phuong trinh mat phing (P) chita d; va song song véi ds.
A(Q):z24+2y—2-10=0 B.(Q):7"z+2y+32~26=0
C.(P):4z - 5y~62+41=0 D.(Q:z~2y—2z+10=0
Cau 48. Cho M(2;1;0) vad: xz;l = .”—‘:—1 = .. Viét phuong trinh dudng thing A di qua
M, cit va vudng géc vdi dulng thing d.
z~2 y—-1 =z 22 _y-1 z
AL 12_ —11‘1 B.A: 11_ —41“—2
,Z-2 _y—-1 =z LEol _y+l 2
C.A.1—2—4 D.A.1—2—4

Cau 49, Cho I(2; —5;6) v mat phing (P) :  — 2y + 2z + 3 = 0. Viét phuong trinh mit ciu
(8) ¢ tam I va tiép xic véi (P)

AS):(z—22+{y+5*+(z—6)% =81

B.(S): (-2 +{w+5°+(z-6)2=9

C.(9):(z—-2%+y+57+(z—-6)2=27

D.(S):(:z:—‘2)2+(y+5)2+(z—6)2=%1

Cau50. Cho cic diém A(1;0;0), B(0;1;0), C(0;0;1) v (Q) : £ + y + z = 0. C6 baa nhidu mit
ciu c6 tim nim trén (Q) va tifp xiic vdi ca ba dudng thang AB, BC,CA

A.C61mitciu B. C6 4 mit cdu

C. C6 7 mat cdu ' D. C6 v 56 mit ciu
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Céu 1|2 314|516 |7 |89 (10[11(12}13|14|15]|16]17

Papani{C (D|(D|D|C|B|{D|D[C|D|D[A[B|A|C|D|A

Cau 18{19{20{21|22[23}24|25|26(27|28|29(30|31|32}|33]34

Pipan |C|{D|B}JA[CID[B|A|(D|B|[A|A|C|C{B|D]|C

Cau 35136137(38|39(40|4142|43|44(45)| 46| 47| 48| 49| 50
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