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LOI NOI PAU

Cac Em hoc sinh thin mén!

Nham muc dich glup cac ban hoc sinh ldp 12 chuan bi that 16t cho KY THI
TRUNG HOC I’HO THONG QUOL GIA dat diém kha, diém cao dé tring
tuyén vao cac trudng Cao dang, Dai hoc ma minh da xac dinh nghé nghiép cho
tudng lai, theo dinh hudng mai.

B6 sach nay gom 8 cuén cho 8 chuyén dé, dé cac em tién dung trong 6n
luyén theo chuong trinh hoc va trudge ky thi:

- KHAO SAT HAM SO

- HAM SO VA PHUONG TRINH MU LOGARIT
-NGUYEN HAM VA TiCH PHAN

SO PHUC VA TO HOP

- HINH HOC KHONG GIAN

- TOA PO KHONG GIAN

- LUGNG GIAC VA TOA bO PHANG

- PHUONG TRINH VA BAT DANG THUC

Cudn LUONG GIAC VA TOA DO PHANG gém ¢6 14 phan nhd dé tién
luyén tap theo cha dé. T cac kién thic va phudng phap giai Toan can ban va
nang cao dan dan, két hgp on tap Toan 16p 10 va 11, bd sung va md rong kién
thuc va phuong phap giai khac nhau, luyén tap thém Toan khé, Toan téng
hop, cac ban rén luyén ky ning lam bai va tiing budc giai ding, giai gon cac
bai tap, cac bai toan trong kiém tra, thi cu.

Du da ¢6 gang kiém tra trong qua trinh bién tap song cang khong tranh
khoi nhiing sai s6t ma tac gia chua thay hét, mong dén nhan cac gop y cua
quy ban doc, hoc sinh dé lan in sau bg sach duge hoan thién hon.

Tac gia

LE HOANH PHO



1 GIA TRI LUONG GIAC

Don vi va cung goc luwong giac
- Cung tron ban kinh R, ¢6 do dai |, c6 s6 do radian la a (0 < o <27), ¢6 56 do
a’ (0 <a <360) thi:

o a Ta o.180

— B =I0L.= .a= 5

n 180 180 s

l°=—n—rad,1rad= 1—89 val=Ra.
180 T

- Moi goc luong gidc goc O duoc xdc dinh baoi tia dau Ou, tia cuéi Ov va sé do
do hay radian cua no.

u
u u

- Cung luong gidc ov duoc ){dc dinh boi mut ddau, mit c:ué'i va sé do g‘da nfi
trén duong tron dinh huong. Chiéu quay duong la ngicoc chiéu quay kim dong ho.
Gid tri lwgng gidc

Duong tron lwong gidc la dwong tron don vi (R = 1), dinh huéng, véi diém
goc A(1 ; 0). Cho goc lwong gidc a, xét diém M trén diong tron luong gidc xdc
dinh boi a: (OA, OM) = «.

Néu M c6 toa dé (x ; y) thi

cosa = x, sina =Yy,

: Ya At
sina ]
tana = —— (khi cosa #0) ; r
cosa B /,v >
ct
cosa .
cola = — (khi sina #0). o\
sinao C >
Truc sin la truc tung Oy. \/ 5 X
Truc cosin la truc hoanh Ox. D

Truc tang la At cung huong voi truc tung, A(1 ; 0).
Truc cotang la Bs cung huong vai truc hoanh, B0, 1).
HEé thirc co bain
sin(a + k2n) = sina, cos(a + k2n) = cosa
tan(a + kn) = tana ; col(a + kn) = cola (voi ke Z),



-1 <sina <1 ; -l <cosa <1

1 . | n
| +anifa= —— (khicosa #0); | +cola=—— (khisina #0)
cos o sim o
. 1
siffa+ cos’a=1; cola = ‘
tan o
Cha y:

1) Sit dung hé thicc co ban, cdc hdng dang thirc dé tinh cdc gid tri lwong gidc
khi biét mét gia tri cho trude, chi y dau tuwong wng voi toa dé M(x ; y) thuéc goc
phan tie nao? Ddu cua tan a, cot a la nhir nhau.

2) Diing ky thudt ding cap bdc n dé chia sinx, cos"x khdc 0 tao ra tan", cot’x.

3) Dé chimg minh hé thirc ta sir dung cdc hé thircc co bdan va cdc hang ddang
thicc. C6 thé chitng minh dang thirc boi bién doi vé nay thanh vé kia, hodc bién
déi twong dieong vé dang thire diing. Néu cdn dat an phu.

Bai toan 1.1: Kim phut va kim gi¢ theo thar tur dai 1, 75 m va 1, 26 m. Hoi trong
15 phat, kim phat va kim gio vach trén cung tron dai bao nhiéu?
Gidi

s a8 T 2 S o n = 2o AR
Trong 15 phut, mii kim phuat vach cung tron ¢6 s6 do = rad nén cung dé c6 do

. T " - S - n o
dai 5 1,75~ 2,75 (m) va mii kim gio vach cung tron cé sé do vy rad nén cung

) s

46 ¢6 do dai —. 1,26 =0, 16 (m).
24

Bai toan 1.2: Kim gio va kim phut bat dau chay tir vi tri tia Ox chi s6 12 (0 gid).
Sau t gio, kim gio dén vi tri tia Ou, kim phut dén vi tri tia Ov. Hai kim trung
nhau lan dau tién sau bao lau?

Gidi
Trong mot gio, kim phut quét goc luong giac ¢ sbé do -2m, kim gior quét goc

luong giac co so6 do - qu, nén trong t gig, kim phut quét goc lugng giac (Ox, Ov)

R g 3 7 7 37 o yi s
c6 s0 do -2mt, kim gid quét goc lugng giac (Ox, Ou) c6 so do -gt.

Theo hé thuc Salo:
sd(Ou, Ov) = sd(0x, Ov) - sd(Ox, Ou) + n2n (n € Z)

T

:-2m+£l+2nn=l—l—l—l+2n
6 6

T



Hai tia Ou va Ov trung nhau khi va chi khi:

(Ou, Ov)~2m1t(me7)nen--l6L +2n=2m ©%=2(n- m)

t—% keZ.,vit>0nénke N.

Do d6 hai kim trung nhau lan dau tién sau % g~ 1g527"
Bai toan 1.3: Tinh gia tri lugng giac cac goc véi k nguyén:
a)-§+(2k+1)n b)gﬂm(kel).
‘ Gidi

., T 2n .
a) Taco:-g +(2k+ 1) = 5, + k27 nén:

27 1 . 2n ) \/? 21 ﬁ 2n \/S

COS =— === SIN tan— = - COtl — T
2 3 2 3 3 3

b) Xét k chan va k lé, gop lai thi duoc:

V2

cos(—+k7t)—( 1) 7 n(— + km) = (-1)

;\f

tan(E + km) = cot(E +kn)=1(k e Z).
4 4
Bai toan 1.4: Tinh cac gia tri lvong giac cua goc a biét:
1. ;
a) coso = —, sina <0 b)sma=-l.—<oc<—.
4 8" 2

Giai

. . -2 2 . ~
a) Taco: sin“a + cos“a = 1 va sina < 0 nén:

sine = —V1—cos’a =— 1_L:_£

16 4

ta = =——

tana =

sino :—\/B‘, ~ sina J15

coso cosa 15

LT 3n .
b)V1;<a<-7— = cosa < 0 nén:

= 22 fz

coso = —\/l—sin'a:—~—, tano = —= , cotaL = 2\/2
3 22




Bai toan 1.5: Tinh cac gia tri luong giac cua goc o biét:
a)tana=%,-n<a<0 b)cota=-3,3?n<(x<27t.
Giai

a) tana. cotae = 1 = cota. =

. T
=2.Vi-n<a< — =>cosa <0
tano 2

Ta co: 1 + tan’a = S — = cosa = — =

1
cos’ a Jl+tan® &
NG

! 25
5

. sina
Vatana =

=> sina = tana. cosot =— ——,
cosa 5
1 1 L3¢ .
b)tanoa = ——=-—.Vi — <a <2n =>sina <0
cota 3 2

. ~1 1
sin'a Jrcota 0

Tacé: 1 + cot’a =

Va cota =

10

. 3
= cosa = cota. SIna = ——.
Sino /

Bai toan 1.6: Cho tana - 3cota =6 van <o < 37n . Tinh:

. . 2sina —tana
a) A = sina + cosa b) B = 2sinacosa; C = —M——,
cosa + cota

Giai

. 3n . . ) p
Vin<ac< —~ nén cosa <0, sina <0 va tana. > 0. Ta co:

“~

tano - 3cota = 6 < tana - -6 =0 <> tan’a - 6tano - 3 =0

tana

Vi tana > 0 nén chon tana =3 + 2\/5
1 1

= I+tan’a 2241243
= cosa =_—l sina = ——Eizi
V2241243 V241243
4+2\/§

Do d6: A = sina + cosat = ————=—x=.
J22+1243



b) B = 2sinacosa = 2(34'—2\/3)

22 +12+/3
. sinaL2— L ‘
C- 2sino —tana _ cosa
cosa + cota ( ] )
cosof 1+ ——
sino
- 24+422+12
= tan’a. M=(21+12ﬁ). 4:" \E =
sina + 1 34243 -4/22+ 1243
2
Bai toan 1.7: Cho tano = é Tinh
& = sino+cosa B 3sin® o + 12sinocosa + cos” o
sina —coso sin” o + sinacosa — 2cos” o

Giai
] 3 . T cy iR . A
Vi tano = g nén cosa # 0, chia tir va mau cua hai biéu thirc 1an luot cho cosa.,

coszot, ta co:

3
_ tana+1 _5+l 4B = 3tan®o+ 12tana+1 232 116
tana—1 3 _, ’ tano+tano—2  —26 13
5

Bai toan 1.8: Tinh: sin’a + sin’b + sinc, biét
tan’atan’b + tan’btan’c + tan’ctan’a + 2tan’atan’btan’c = 1.
Giai

sin x

Tir gia thiét, thay tanx = thi duoc:

COSX
sin®asin’bcos’c + sin’bsin’ccos®a + sin’csin’acos’b
+ 2sin’asin’bsin’c = cos’acos’bcos’c
= sin’asin’b + sin’bsin’c + sin’csin’a - sin’asin’bsin’c
= (1 - sin?a)(1 - sin’b)(1 - sin’c).
Tir d6 thi 6 sina + sin’b + sin’c = 1.
Bai toan 1.9: Cho 2sina + 3cosa = 2. Tinh tan a.
Gidai
Ta cd: 2sina + 3cosa =2 = 3cosa =2 - 2sina
= 9cos’a = - 2sina)’ = 13sin”a - 8sina- 5 =0

= sina = 1 hoac sina = —-%.



Xét sina =1 = cosa = 0 = tana khong xac dinh (Loai)

- 5 12 5
Xetsma=—1—3 =>co0sa= — —>tana=-—.

Bai toan 1.10: Ching minh hé thuec:

) 1
a) cos’a - sin*o = 2cos’a - 1 b)1- coto = 2 -

-

sin“o sin’

Gidi
a) cos*a - sin‘a = (cosza + sinza)(cosza - sinza)
= cos’at - sin’o = cos’at - (1-cos’a) = 2cos’a - 1.
b) 1 - cot'a = (1 + cot?a)(] - cot’a)

4 2P 2 I R
1 cos” o 1 sin“oa—(l—-sin" o)
I 1= 2 = a2 . 2
sin“ol  sin" o sin” o sin” o
. 7
_ 2sinfa -1 2 1
- . =" R .
sin® o sin“a sin*a

Bai toan 1.11: Chimng minh hé thurc:
a) HS# =] + 2tan’a
I-sin”a
b) 2(1 -sina)(1 +cosa) = (1 - sina + cosa)’.
Gidi

[+sin"o 1 +sin” o B

2 2
——= : — +tan“a = 1 + 2tan’a
l-sin"a cos™ o cos” o

b) 2(1 - sina)(1 + cosa) = 2 - 2sina + 2cosa - 2sinacoso
=1 + sin’a + cos’a - 2sino + 2coso - 2sinacosa
={(1-sina + cosa)z.

Bai toan 1.12: Chirng minh hé thuc:

" l+sin4a—co§a_ 2 b sina(l+cosa) sino+tana
L . ' 3 . = -
l-sifo—cosa  3cos o cos’ ol +sina) cosa +cota
Glal
. 1 +(sin®a +cos” a)(sin” o — cos” o
TR ( X )

o) 2 : . 1
1—(sin’ o + cos” aXsin®* o — sin® acos” a + cos* o)

B 1+sin’ o —cos’ a 2sin’ a 2

N i 17 32 W 2 @
1—[(sm3a+cos‘a) —(3sm2acosza)| 3sin“acos”a 3cos’a

10



sinoa(l + .
. cosa) sin"a(l+cosa)
i

sino + tana
b) VP = = z - - ‘
cosa + col o ~ cos® a(l +sina)
cosa |+
sina
Bai toan 1.13: Chung minh hé thuec:
tano —tanf3 cos® X —sin”x
————— =tanatanp b) ————— =sin*xcos’x.
cotf} —cota cot” x —tan” x
Glal
tano —tanf
. tano — (an lana — tan
a) VI = P _ = b = tanattanf3
R tano.tanf3
tan} tana

. cosTa—sin’ o cos’ o —sin” o
b) VT = > ——— =sin*a.cos’ O———5—
cos’ o sin” cos' o —sin' o

sin“o  cos” a
. 3 2 1 . 2 2
=sin“a. cos’a. —— — =sin"a. cos A.
cos” a+sin- a
Bai toan 1.14: Chirng minh h¢ thuec:

1-4sin’ xcos” x
_ ~ —(sinx—cosx)’ b)
(sinx +cosx)’ COS X —sirt X +sin' x

Giai
(sm X + cos” x)* —4sin® xcos” x

1 -4sin* xcos’ X
(sinx + cosx)”

(sinx + cosx)’

a) VT =

sin” X — cos” x
= (sinX —cosx)".
(sinx + cosx)’

sin” x(1 —cos’ x) A
=tan Xx.

sin” x —cos” x(1 —cos” x)
= ] . 7
cos” x(1—sin” x)

b) VI = ———— 3
cos x—sin” x(1—sin” x)

Bai toan 1.15: Tinh gon:
a) A = 2(sin® o + cos® o) — 3(sin* o + cos* o)

b)B = \/sin4 o +4cos o + \/COS4 o+ 4sin’ o
Gidi

5 _yy 6 . 2
a) Ta co: sin‘a + coslo = (sin“a + cos’a)
. 2 2 2 . 2

- 3sin“acos afsin o + cosza) =1 -3sin"acos a

sif x—cos$ x-+cof x 7
=tan x.

11



Va cos’a + sina = (cos?a + sin“a)? - 2sin®acos’a = 1 - 2sin®acos’a
Do dé: A = 2 - 6sin*acos’a - 3(1 - ZSinzacosza) =2-3=-1.

b) \/sin" a+4(1-sin‘a) = \/(2—sin2 a)’ = |2-—sin2 a‘ =2-sin’«

\/cos" a+4(1-cos’a) = \/(2 —cos’a)? = |2 —cos’ a‘ =2—-cos’a

Do dé: B =4 - sin’a - cos’a. = 4 - 1 = 3.
Bai toan 1.16: Tinh gon:
2 cota + 1

a)A = + (diéu kién c6 nghia).
tanaa—1 cota—1

2 =L
tan” x —sin” x s worrm_ W =
b)B = ,—2—.cot" X (dicu ki€én c6 nghia).
cot” x—cos” X

Giai
: +1
2 - 2 l+tanat  l-tana
a) A= mna ¥ = 1.
tano -1 I, tana-1 l-tano tano-1
tan o
sin“‘L ,-—I) 2 tan?
cos” X : sin® x.tan’ x E
b)B = <.cot’ x =————— cotx =1.
) 1 Cos” X.cot” x
cos” —2——1
sin®x

Bai toan 1.17: Tinh gon:

a) M = 2cos’x - sin*x + sin’x. cos’x + 3sin’x

b) N = sin’y. tan’y + 4sin’y - tan’y + 3coszy

Giai
a) Dat a = sin’x thi cos’x =1 - a
M=2(1-a)P-a’+a(l-a)+3a=2.
b) N = -tan’y(1 - sin’y) + 4sin’y + 3cos’y = -tan’y. cos’y + 4sin’y + 3cos’y
= -sin’y + 4sin’y + 3cos’y = 3(sin’y + cos’y) = 3.

Bai toan 1.18: Chimng minh bét déng thirc

a)|sinx+cosx|5\/§ b)ltanx+cotx|22,x¢k§.

Gidi
a) BDT < (sinx + cosx)’ €2 <> 1 + 2sinxcosx < 2
&> 1 - 2sinxcosx > 0 <> (sinx - cosx)? > 0: Ding
b) Vi tanx, cotx ctng dau nén:

[lanx+cotx| = |tanx| + |cotx‘ > 2J‘tanx.c0tx‘ =2

12



Bai toan 1.19: Chimg minh bit dang thire

a)sinx <x. Vx>0 b) sin'x + cos'’x < 1. 2
Giai ”
a) Xctx > 1 thisinxk <1 <x K .
T X A o
Xt <x<lthi0<x< Q} ™
2 X
Facosink  MIT<MA  ddMA  x
b) Vi ,sin\(i <. :ws‘(‘ <1 ncn:

sin'x < sin’x. cos'? < cos’x > sin'x ¢ cos'?x <sin®x ¢ cos’™x 1.
Bai toan 1.20: Tim gia tri lon nhat. nho nhét cua bicu thuc:
a)y 4 -3sinx b)v ()lcosx} - 1.
Giai
a)Vi-1<sinx<1.Vxnénl <y<7 Viyvmaxy 7.miny 1.
b) Vi0 < |cosx| <1.Vxnén-1< y 5. Vdy maxy S, miny -l.
Bai toan 1.21: Tim gia tri 1on nhat. nho nhét cua bicu thic:
a)y = SIN°X | COsX - 5 b)y Jan’x - 8tanx ¢ 3
Giai
a)y = sin"X 1 cosX -5 1 -CosX f COsX -5 -CosTX ¢t cosy - 4
Datt - cosx. -1 <t <l thi:y f(1) 4 i-41a parabol

e | \
¢o dinh t .héséa -1 <0nen:

maxy  {{ 1 ) - o
' 2 4
miny {(-1) -6.
by att  tanx. t ¢ R taco: = L ..

v = (1) 20-8t 3 1A parabol co dmht 2. 3
hé sda 2> 0nén khong 16n tai maxy. con miny  (2)  -5.
BAI TAP
Bai tap 1.1: Kim pio va kim phut bat dau chay tir vi tri tia Ox chi $6 12 (0 gicr). Sau't
pitv, kim gicr dén vi tri tia Ou. kim phat dén vi tri tia Ov. Chimg minh trong vong

12 gidn, hai tia Ou, Ov ddi nhau khi va chi khit b (2k chok 001010,

1HD-DS
[ai tia Ou. Ov doi nhau khi va chi khi (Ou.Ov) (2m-Hn(m c Z)nen
I
) 6
Vio<t<i12nénk 001,20, 10.

G
C2n 2m-1 et I)I(Zk'l).k(tl.

13



Bai tdp 1.2: Banh xc cua ngudi di xe dap quay duoc 11 vong trong S gidy.
a) Tinh goc ma banh xc quay duoc trong 1 gidy.
b) Tinh d6 dai quing dudong ma ngudi di xe da di dugc trong 1 phat, biét rang
duong kinh banh xc dap 1a 680 mm.
HD-DS

@
a) Trong 1", banh xc quay dugc F3 vong, tuc la quay dugc mot goc 22% (rad)

hay 792°.
b) Trong 1" banh xc lan duogc: / ~ 282 (m)
Bai tap 1.3:
a) Cho sinxcosx = n. Tinh A = sinx + cosx; B = sin’x + cos'x
b) Cho tanx + cotx = m. Tinh C = tan’x cotzx; D = tan’x + cot’x
HD-DS

A%

a) A”=1+ 2sinxcosx =1 +2n=> A= ++/1+2n lnz—-];

.\ )
B= (sinzx + coszx)2 - 2sin’xcos’x = 1 - 2n>

b) C = (tana + cota)? - 2tanacoto, = m” - 2.
D = (tana + cot(x)(lanza - tana.. cota -+ cotza) = m(m2 - 3).

Bai tap 1.4: Tinh cac gia tri luong giac khac cua a biét:

a) cosa = 3/3, sina <0 b) sina =-1/8, 7 /2<a <37 /2
c)tana =7, -r<a <0 d)cota=ﬁ+J§,cosa>0
IHD-DS

Str dung hé thirc co ban, chii y ddu cua gia tri luong giéc.
Bai tap 1.5: Cho tana = -2. Tinh:
e 2sina + 7Tcosa - 9sin’ o+ 2cos’ a
cosa —Ssina sin“ a +1
IHD-DbS

o 5 K x X 2
Chia tu va mau lan luot cho cos o, cos © « .

Bai tap 1.6: Chimg minh:
a)

sinx +cosx —1 2cosx tanx +tan y
= b) tanx.tan y & ——M—

l1—cosx sinx—cosx+1 cotx+coly
HD-DS
Su dung h¢ thue co ban.
Bai tap 1.7: Tinh gon:
A 3(sin8x - cossx) +4( cos® x - 2sin® x) + 6sin’x

14



B sin® x +3cos’ x -1

sin® x + cos® x +3cos" x—1
HD-DS

A=1, B=

M| W

Bai tap 1.8: Chirng minh dang thuc: | 3sina - 4cosa| < 5, Va.
HD-DS
BDT < (3sina - 4cosa)’ €25 < (4sina + 3cosa)’ > 0.
Bai tap 1.9: Chirng minh dang thic vdi a, b, ¢ 1a nhimg géc nhon:
tana(cotb + cotc) + tanb(cotc + cota) + tanc(cota + cotb) > 6.
HD-DS
Vi a, b, ¢ nhon nén tana, tanb, tanc duong. /\p dung BDT Cosi:

tana tanb tanb tanc tanc tana
- >2; - 22, —+ >2.
tanb tana tanc tanb tana tanc
2 GOC CUNG LIEN QUAN DAC BIET
Gia sir cdc biéu thirc ¢o nghia
Déi nhau:
sin(-a) = - sina; cos(-a) = -cosa ;
tan(-a) = -lana ; col(-a) = -cola;
Hon kém
mosin(r+ @) = -sina; cos(m+ @) =-cosa,
lan(r + @) = lana co(mr+ @) = cola;
Bu nhau:
sin(r- @ = sina ;| cos(m- ) = - cosa,;
lan(r- ) = - lana ; col(m-aq) =-cota;
Phu nhau:
4 7 A
.| T s .
sml ——a | =cosa; cos| ——a |= sina,
= 2%
b *
| m
lan ——ocl-—cota; coll| ——a |= lana;
2 ) 2

15



, T
Hon kém —
2
7 b Y
N 14 :
sm(a + a) =cosa; COSLE + (xJ =_gsina;

e 5 , N
(Y T

lan| —+o | = -cola, COI' —+o | =-tlanc.
2 2

Bai toan 2.1: Khong dung bang va may tinh, tinh:
a) A = cos315° + sin330" + sin250° - cos160°;
b)B = sinz—sﬁ + coszs—n + lan(— 2—572)

6 3 . 4 )
Gidi

2 1
a) c0s315° = cos(-45°) = cos45° = 7‘ , sin330° = -sin30° = -5

sin250° = -sin110° = -sin(90° + 20°) = -c0s20%; cos160° = -c0s20°.
Do do: A = %(\/5 -1)

Bai toan 2.2: Khong dung bang va may tinh, tinh:
a) A = sin’10° + sin*20° + sin?30° +... + sin’80°
b) B = cos10° + c0s20° + cos30° +... + cos180°
¢) C =tan1°. tan3’. tan5°... tan89°.
Giai
a) A = (sin’10° + sin®80°) + (sin’20° + sin70°)
F (sin?30° + sin%60°) + (sin?40° + sin?50°)
= (sin?10° + cos’10°) + (sin?20° + c0s220°)
+ (sin*30° + cos?30°) - (sin’40° + cos?40°) = 4.
b) B = (cos10” + cos170° + (c0s20° + cos160°) +...
+ (c0s80°+cos100°) + c0s90°+cos180°=0+0- 1 =-1
¢) C = (tan1° tan89°) (tan3° tan87°)... (tan43° tan47%)tan45°
= (tan1° cot1®) (tan3° cot3°)... (tan43° cot43°). 1 = 1.

16



Bai toan 2.3:
a) Cho tan15° = 2-+/3 . Tinh cac gi4 tri lugng giac cua goc -75°.

b) Cho sin(mt + o) = -%. Tinh cos(2m - a), tan(a - 7n), sin('ﬁ%Tt -a).

Gidi

a) 1 +tan’45°= ——— = cos’15° = e - =2+J3
cos’15 1+2-3F 4

Do dé cosls* = Y2*¥3 ‘F” intse= Y31

2 22 242
Vi 75°=90°-15° nén cos(-75°) = cos75° =sin15° =
\/5 +1
22
1

tan(-75°) =-cot15° = B2 (/3 +2); cot(-75%= -tan15° =+/3 -2

J3-1
2

22

sin(-75°) = -sin(90° - 15°) = -cos15° = -

. . 1
b) sin(nt + a) = -% = sina = 3 Do do:

cos(2m - o) = cosa =+ {1 —sin‘a = +&
Y 22

2
tan(a - 7m) = tana = i—4—-; sm[——ru) =—Ccos0L=F——.

0.0 g 2 23~ We T . . . T
Bai toan 2.4: a) Tinh cosa biét sin(a - ;) tsin_ = sin(a + ;)

b) Tinh sina biét:cot(a + 540°) ~tan(a - 90°) = sin*(725°)+ cos*(365°).
Gidi

SOl ool o 9 . T
a) Tur gia thiét thi: -sin( Tk a) + 1 =cosa = -cosa + 1 = cosaw = cosa =

b) Tir gia thiét thi: cota + cota = sin®50° + cos?50° = 1=> 2cota. = 1

2
= sinat = + —=

1
sin” a JE

Bai toan 2.5: Lap quan hé cac gia tri lugng giac cia 2 goc:

1 :
=> coto = E Tacé: 1 + cot’o =

. n . 3n
a)avaa-; b)avaa-T

1

2

17



Gidi

m | :
a) cos(a - ;) = cos(; - o) = sind.

=

: .
sin(at - —) = -sm(? - 0L) = -COSd.

8

=]

i
tan(a - —) = -tana; cot(o - ;) = -cota.

J

3n 3n i .
b) cos(at - — ) = cos(=—- &) = cos(m + — - o) = -cos(E - Q) = -sind.
2 2 2 2
. 3n . 3n . n . W -
sin(a - £ = sin( 5" o) = -sin(m + ik o) = sin( e Q) = cosd..

3n 3n
tan(a - T) = -cota ; cot(a - -;—) = -tana.

- &

Bai toan 2.6: Tinh gon:

P= cos(g +x) + cos(2m - x) + sin(m - X) + cos(m + Xx);

Q = 2cosx - 3cos(m + x) - 55ir1(§ - X) + cot( 3Tn - X).

P =
Giai
P = -sinx + cos(-x) + sinX - cosx = ¢cosx - cosx = 0.

T
Q = 2cosx * 3cosx - Scosx + cot(; - X) = tanx.

Bai toan 2.7: Tinh gon:
A =1an18°1an288° + sin32°. sin148° - sin302°in122°
cos(-288°)cot 72°

B= _ - tan18°.
tan(—162°)sin108°

Giai
A = tan(90° - 72°) tan(360° - 72°) + sin32°in(180° - 32°)
- sin(360° - 58°%)sin(180° - 58°)
= cot72°(-tan72°) + sin?32° + sin®58°
= -1 +5in’32° + c0s’32° = -1 + 1 = 0.

N cos(72° =360")cot 72° anlge = O 72° cot 72° .
tan(18° —180°)sin(180° —72°) tan18° sin 72°
cot” 72° tan18°
tan18° tanl8

anl8°

- tan’ 18°

\)

—tanl8’ =0.

18



Bai toan 2.8: Tinh gon:

R = cos(m - x) - 2sin( 37“ + Xx) -+ tan( 377‘ - X) + cot(2m - x).

S =tan(-3, In). cos(S, 9m) + sin(-3, 67) cot(-5, 67).
Giai

. T n
R =-cosx + 2sm(; +x) + lan(; - X) + cot(-x)

= -cosx + 2c0sx + cotX - CotX = COSX.
S = tan(-0, 1m). cos(0, 1) + sin(0, 4n). cot(0, 41)
= -tan(0, In). cos(0, 1m) + cos(0, 4m)
= -sin(0, Im) + cos(0, 4m) = 0.
Bai toan 2.9: Cho A, B, C la 3 gdoc cua mét tam giac, chirng minh:

a) sin(A + B) = sinC b) cos(A + B) = -cosC
s +B C A+B C
¢) sin =Ccos— d) tan =cot 5
Giai

A, B,Cla3 goéctam gidcnén A+ B+ C = .
a) sin(A + B) = sin(n - C) = sinC

b) cos(A + B) = cos(n - C) = -cosC.

n—-C

2

. A . .. n C
¢) sin =sin =sin(———) =cos —.
2 2 2

A+ -C n C C
d) tan = tan = tan(———) =cot —.
2 2 2 2 2
Bai toan 2.10: Cho A, B, C la 3 goc cua mdt tam giac, ching minh:
a) Sinw:_cos}_g b) CotM:tang
2 2 2
. A A . B+C A B+C
c) Sin —.CoS 4+ Cc0Ss—.SIn +tan —.tan =2,
2 2 2
Gidi
A,B,Cla3goctamgiacnén A+B +C=n
.. 3(A+B) . 3(n-C) . 3n 3C n 3C 3C
a)sin =SIn =sin(———) = —sin(———) =cos .
2 2 2 2
B = 3
b)cot3(A+ ):cot3(n C):co (g—gg)—c t(E—E—C—)—t n3—2C—



A . B+C A B+C
+ Ccos—.S1n +tan —.tan
2 2 2

A
¢) sin—.cos
2
. A LA A A A A
=sin—.SINn—+cos—.cos—+tan—.cot—=1+1=2,
p) 2 2 2 2

BAI TAP
Bai tap 2.1: Tinh sin( 7/2+k ) ; cos( - 7 /6+k 7 ); tan(60°+ k180°)
HD-DS
sin( 7 /2+k 7) va cos( - 7 /6+k ) xét k chin va k 1¢;
tan(60%+ k180°%) = tan60" =+/3 .
Bai tdp 2.2: Don gian:

A = cos(m - x) + sin(x -37” ) — tan(%Jr X) cot(%’ - X)

B = c0s(270° -x) -2sin(x -450°) +cos(x+900°) +2sin(720°-x) ;
HD-DS
Dung cac goc co6 lién quan dac biét.
Bai tap 2.3: Don gian:

- .11
C=cos(57+a)— 2sm(¥ —a)-— sm(T” +a)

L i

D= cos(% —a)+cos(wr —a)+ cos( _3;1' ~a)+cos(2r —a)
HD-DS

Dung cac goc ¢o lién quan dac biét.
Bai tiap 2.4: Tinh gon:
sin(—4,87).sin(=5,77)  cos(—6,77).cos(-5,87)
cot(—5,2r) i tan(—6,27) .

D=

~y
-~

SR ST ST SRR b o
-+ SIn 6—+Sm'—§—+sm —+SIin —.

E = sin2£+sin2»
3 18 18

N

HD-DS
D=1,E=3
Bai tap 2.5: Tinh gon:
F= sin825°0s(-15%) + c0s75%in(-555°) + tan155°tan245°

T 2 3r 97
G=cos—+COS— +COS— + ...+ COS—.
9 9 9 9

HD-DS
F=0;,G=-1.
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Bai tap 2.6: Tinh gon:

m 2w 3 Or
H=cos—+cos— +cos— +...+cos—
5 5 5 5

L2 . 2m . 27w . 27
K=sin—+sin2—+sm3—+...+sinn—
n n n n

HD-DS
H=-1,K=0.

3 B9 CONG THUC CONG VA CONG THUC NHAN

Cong thirc cong
cos(a + ) = cosacosp - sinasinfl; cos(a - ) = cosacosf + sinasinf;
sin(a + ) = sinacosf + cosasinfl; sin(a - ) = sinacosp - cosasinf

tano +tanf3

tan(a + p) = ———— lan(a - P) =

1-tanatanp’ 1 +tanatanf

tana —tan3

Cong thirc nhan, ha bdc hai
. 2 2 .2
cos2a = cos’a- sira = 2cos’a- 1 = 1 - 2sina

) ) 2tanc
sin2a = 2sinacosa ; lan2o = ————
1—tan‘

> 14+cos2a . > 1-cos2a
cos'a = —————,sina = ————.

Cong thic nhan ba

sin3a = 3sina - 4sin’ a; cos3a = 4cos’a - 3cosa.
Chu y:

1) Vén dung cong thicc cong, cong thicc nhdn, cong thuc ha bdc, cong thicc
bien doi dé dua vé goc ddc biét da biét.

2) Phoi hop véi cdc hé thirc co ban va cdc cong thuc vé goc lién quan ddc biét:
déi, bit, phu, hon kém g hon kém 7

3) Ghép gid tri luong gidc ctia géc nhdn doéi lién tiép. Néu cdan nhan chia thém
gia tri luong gidc sin hay cos cua goc dau.

4) sina +cosa = «/?i sin(a + %)’ cosa tsina = \/2_ cos(a F %)

o o .. 2t 1-t* 2t
5) Datt = tan— thi: sina = =) cosa= —=rlana = —.
2 1+t 1+t 11—t

21



a .
20 2tan — 2sin - o "
L = 2__ 2 .c053?=2sin—c055=sina.
L5 1+ tan

R

o
cos
2

N R

Bai toan 3.1: Tinh cac gia tri lugng giac cua goc:
a) 75° b) 15°.
Gidi
a) cos75° = cos(45° 4 30°) = cos45° cos30° - sin45° sin30°.

_W2(43 1 Jz(J3_l)

2 2 2,
sin75° = sin(45° + 30°) = sin45° c0s30° + cos45° sin30°

:Q(\/— V2

2| 2 %':_(‘/3

tan75° =

JJ_EH =2+ 43 ;cot75°=2- 3.

b) cos15° = cos(45° - 30°) = cos45° cos30° + sin45° sin30°

= -‘[—i[—‘@ﬁ):?(ﬁm

212 2
sin15° = sin(45° - 30°) = sin45° cos30° - cos45° sin30°

\/2(\/3 1 ‘/Z(J3-1)

T

\2
‘/3 ] =2-4/3;cotl5®=2+ 43
+

tan15° =

Nhin xét: Ha1 gdc 75° va 15° phu nhau nén cos15° = sin75%...
Ta co thé su dung cong thirc ha bac hai:
V2

3

2c0s°15° =1+ c0s30° =1 + TB = cos15° =

; o
2

&lql

2sin’15°=1-c0s30° =1 - ? = sin15° =

2~+3
15° = -
an V(2+\/3

=243 ;cotl5®=2+ 3.
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Bai toan 3.2: Cho sina = —, g

R
L | —

Giai

= n | .= R ,
Vlsma=§va5<a<nnencosa<0.Dodo:

cosat = -1 —sin’ o ——2—\/3

Ta co: sin2a = -i—g—z; cos2a = | - 2sin’o = %
tan2a = -4—\/2; cot2a = —71/2
7 8
Vileca<n= F <% <l néncoss va sin = déu duong
2 4 2 2 2 2

o [l+com {3—2\& ;
cos— = | = ; sin
2 ¥V 2 Vo6

a /l—cosa_ [3+2\/§
2V 2 ¥V e

Tird(')lan%=3+2\/§ ;cotg—=3-2\/5.

Bai toan 3.3: Khong dung may, tinh:

1 5n = 5 T 3n Sm
a) A = sin—.cos-— b) B = cos—.cos—.cos—.
12 12 ) 7

a) A= SmE cos — L8 = sin 7t—1 1cos(£—£]
12 )

=sin21=i(l—cosg— =L l—ﬁ =l(2—\/§).
6 2 4

12 2%

w3 3n 4n S5n 2n . m 8n
b) Ta ¢6: cos— =—cos—-.cos— =—C0s—-, Sin - =~sin—-.
7 7 7 7 7 7

I R T ¢ 2n 4n | . 2n 2 4n
nén: B. sin— =sin—cos—.COS— COS— =—SINn-— COS—— COS—-
7 7 7 7 7 2 7 7 7

DodoB—-i
8

< a < 1. Tinh cac gia tri lugng gidc cua goc 2a
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Bai toan 3.4: Khdong dung may, tinh: A = c0s20°. cos40°. cos80°
Gidi
Ta co A. sin20" = sin20°. c0s20°. cos40°. cos80°

= %sin40°. c0s40°. cos80° = %sin80°. cos80°

= lsinl600 1 —sin20° => A = l
8 8 8
Bai toan 3.5: Khong dung may, tinh:
a)A = sin—=-. smgf- qmi‘E sin?_Tt b) B = sin6°. sin42°. sin66°. sin78°
16 16 16
Giai
T 3 ST Wkis L 3n ‘n 3n).(n wn
a) A = sin—.sin—.sin ~——,sin— = sin —.sin —.sin| — — — |sin| ———
16 16 16 16 16 16 L2 16 LZ 16J
. m . 3n 3n Tt[].‘/'!]‘:i‘ft\
=sin—.sin—.cos—.cos— = | —sin— || —sin—
167 16 16 16 (2 8)2 8
n) n 2
= —em—sml ———|=—sin—cos— =—sin— = —
2 8 8 4 16
b) Ta co: sind2° = cos48°, sin66” = c0s24° = cos12° nén:
B. cos6° = sin6° LOS60 cos12’ c0s24° cos48°
% sin12’ cos12° cos24° cos48°
= % sin24° c0s24° cos48° = ésin48° cos48°
i = o | . |
= —sin96" = —cos6° = B =—.
16 1 16
Bai toan 3.6: Khong dung may, tinh:
A= sin* =~ + sin® el +sin* 4 +sin* L .
16 16 16
Giai
.4 T 4 T 3Tt 437I
A=(sin — +cos —)+ (sm—+cos —)
16 16 16 16
=1-2sin®— cos21 +1 - 2sin® 3—“ 00237t =2- l sinzg-isin2§E
16 16 16 16 2 8 2 8
=2- l(sin22 +c032£)=2— o = 3
2 8 2 2
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Bai toan 3.7:

= . 4 4
a) Cho cos2a = —. Tinh sin"a - cos .

Cc W w

b) Cho cosa=-]—1—,n<a< 3771:."l‘inhtan(E - ).

Giai

a) sin'a - cos’a = (sin"a + cosza)(sinzoc - cos’at)

d 2
= sin’a. - cos’oL = -c0s20, =

[ 1 210

b) tana > 0 = tana =

|———
Vcos® a 9
b1 I—tano  121-36+10
tan(— -a) = = .
4 1+ tana 4]
Bai toan 3.8:

a) Cho sina - sinf} = El’;’ cosa - cosf = :'12— Tinh cos(a - B)

: 2 7 . 3
b)Chosina= =, = <a<mvacosp=-—
3°2 4

_}E <B<-r

2

Tinh sin(a + B), cos(a -+ B), sin(a - B), cos(a - B).

Giai

. . . . . 1
a) Ta c6: (sina - sinP)’ = (%)2 = sin’a + sin’p - 2sinasinp = 5

2

(cosa - cosP) = (—;— )’ = cos’o + cos’p -

Cong vé theo vé, ta duoc:

1+ 1 -2(cosacosf + sinasinf) = 3—) - &

i
b)TacoE<a<n:>cosa<0,-

1
2cosocosfy = —
P 4

1

(O8]

59
f— - = —
cos(a - B) =

L
(o))

<P <-nm=sinf > 0.

4 s

Do d6: cosp = \/l—sinza :___Vll__ T P

9 g -

. — | 9 f7
sinB = \Jl-cos"f =—,/l -— =———, nén

b \/ os'p \/ 16 4

cos(a + §) = cosacosp - sinasinf =

3J§-2J?l

12
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6+J3_5

sin(a + ) = sinacosP + cosasinf} = -

12
cos(a - B) = cosacosf + sinasinf = &:221/1
. . - 5
sin(a - B) = sinacosp - cosasinP = —6—ILz£

Bai toan 3.9:
a) Cho a, b la cac goc nhon, sina = %; sin(a + b) = :2;- Tinh sinb.

b) Tinh tan2a va tan2f3, biét tan(a + B) = 8 va tan(a - B) = S.
Giai

J5

a) Ta co: sin’(a + b) + cos’(a+ b) =1 = cos(a + b) = iT.

sinb = sin|[(b + a) - a] = sin(b + a)cosa - cos(b + a)sina

24 3’+£“|_31—3J5

S2-Z|+ ( thoa man dau bai).
355 St 3, 15

b) tan2a = tan[(a + B) + (a - B)]
tan(o +B) + tan(ae —fB)  8+5 13 -1

" I-tan(a+B).tan(—B) 1-85 -39 3 °
Tuong tu: tan23 = 8-5 :i.
i 1+8.5 41

Bai toan 3.10: Chung minh trong didu kién c6 nghia thi:

a) sino. + coso = 2 sin(a + E); sino. - coso = /2 sin(a - %).

| +tana

s
—tan(— + a) = ;
o 4 ] —tana
Giai

a) \/5 sin(o + 2) = \/5 (sinacos% + cosaL. sin%).

2 2 .
= \/E(sma. '2 - cosa. ——2—) = sina + cosa.

Tuong tu thi co V2 sin(a - %) = sina - cosa.
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Tt
tan ——tano
4

T 1-tana
b) tanj ——o | = =i :
n o
X /  l+tan - .tana I+tana
4
t n+l
an an
( 4 'l ttana
tan| —+ o | = = ‘
4 / l-tana

T
| —tan—.tano
4

Bai toan 3.11: Ching minh:

a) sin3a = 3sina - 4sin’a; cos3a = 4cos’a - 3cosa.

b) sina. sin(% - ou)sin( Ty o) = %silﬁ(x

l
COSQL. cos(—?E - on)cos(E +a)= —.cos3a.
3 3 4

Ap dung tinh: sin20°. sin40°. sin80°; tan20°. tan40°. tan80°.
Giai

a) sinda = sin(2a + o) = sin2ocosa + cos2asina
= 2sinacos o + (1 - 2sin’a)sina = 2sina(cos’at - sinza) + sina
= 2sina(1 - 2sin’a) + sino = 3sina - 4sin’a

cos3a = cos(2a + @) = cos2acosw - 2sinasina

= (20052(1 - 1)cosa - 2sin’acosa = -cosa + 2cosa(cosza - sinza)
= _coso + 2coso2cos’a - 1) = 4cos’a - 3cosa

. . R . I . .27 2 .3 2 T
b) sinasin( ?-a)sm( 3 +a) = sma(sm‘?cos“a - sin“ocos ?)

sina

3 - 4sin’a
4 ( )

. 3, |
= sma(zcos o- —sin‘a) =

(3sina - 4sin’o) = %sin3a

|-

n is i AT .
cosocos( 3" o )cos( 3 +a)= cosa(cosz—coszoc -sin®= smzoz)

cosa

1 B
= coso( = cos’o - = sm2a) = [cosza - 3(1 - cosza)]

~ £O5a (4cos’a - 3)= i cos3a
4 4

Ap dung:
sin20° sin40° sin80° = sin20° sin(60° - 20%)sin(60° + 20°)



= sin(3. 20) = & sin60° = Ii
4 4 8
1
Tuong tu, c0s20°c0s40°cos80° = %005(3. 20%) = 5

Do d6 tan20°tan40°tan80° = /3 .

Bai todn 3.12: Chimng minh trong di¢u kién c6 nghfa thi:

n n
tan(— - a). tana. lan(? + o) = tan3a
J R

Ap dung: Tinh tan10°. tan50°. tan110°.
Gidi
x/3—tancx \/3 + tan o
tan o 7=
1+\/§tana 1-v3tana

Ta co: tan(g— - a)tanatan(% +ao)=

3—tan’«
= ————fana
l1-3tan” o
= +tan o
tan2a +tano | _qan’ 3—tan’ o
tan3o= = l-tan’a = —tana = dpem
l-tanotan200 , 2tana |-3tan" o
j———"——-tana
l-tan" «
Ap dung: tan10°. tan50°. tan110° = tan(60° - 50°)tan50° tan(60° + 50°)

Bai toan 3.13: Chung minh:

5

.y, 32, 8 .
a)sin(— ta)-smn’(— -a)= —sin2a

) (8 ) (8 ) 5
2n 3

b) cos’a + cosz(a - E) + cosz(- — -a) = -,
3 3 M +1

Giai

.7, T -8 |
a) sin(— +a)-sin"(— -a)
8 8
. T — .o . . m.2
= (sin —cosa + sinacos — ) - (sin— cosa - sinacos — )
8 8 8 8
. T T . . 2 B
= 4sin—cos —sinacosa = sin— sin2a = —— sin2a
8 8 4 2
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Cach khac: sinz(-;£ ‘+a) - sinz(g - a).

= [sin(% +a) -+ sin(% -a)l. [sin(g + a) - sin(g -a)]

2
(Z%inzt—cosa) (ZCosisma) sm—sta = —sin2a
8 8 4 2

2

s 2
b) cos“a + cosz((x - %) + cos’(—;- a)

2 b4 3 ) 21 r . 2m 2
= cos o + (cosacos — + smocsmg) + (cos?cosa + smocsm—:-{)

NPT

1 3
= cos’o + (coso.. — -+ sina —} + (-— cosa + ——sma)“
2 2 2

. . 3
= cos’aL 1 2( lcoszot + Esn120L) = E (cosza -+ sm2(x) = —,
4 4 2 2
Bai toan 3.14: Ching minh:

a) ZSin(% +a) sin(% -a) = cos2a  b) sina(l + cos2at) = sin2acosa.

Giai

. T . T 2 : 2 .
a) 2sin(— + o) sm(J— -a) = 2—(cosa + sina) —-(cosa - sina)
4 4 2 2
= cos’at - sin‘a = cos20
b) sinau(1+cos2a) = sina(1 12cos’a-1) = 2sinacos’a = sin2ocosa.
Bai toan 3.15: Chung minh trong diéu kién c6 nghia thi:
1+sin2o —cos2a 1 2
- = tana b) tana - =— ;
1+sin2a + cos2a tano., tan2a
Gidai

14 sin2a—cos2a N sin2a +(1—cos2a)  sin2a + 2sin” o

1+sin2a +cos2a  sin2a+(1+cos2a) sin2a+2cos o

_ 2sinoa(cosa +sina)

- - =tano
2cosa(sina + cosa)
1 tan” o —1 2
b) tana — =) - .
tan o 2tana tan 2a

Bai toan 3.16: Chung minh:
a) sin(o + B)sin(a - B) = sino - sin2B = cos’p - cos’a.
b) cosda = 8cos'a - 8cos’a + 1.
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Gidi
a) sin(a+f)sin(a-B) = (sinacosP+sinfcosa)(sinacos - sinfcosa)
= sin*acos’p - sin’Bcos’a = sin*a(1 - sin’p) - sin®B(1 - sin’a)

= sin’a - sin’p = (1 - cos’a) - (1 - cos’B) = cos’p - cos’a.

Céch khéc: sin(a + B)sin(a - B) = %(cos2B - cos2a)

= %(2cosZB -1-2cos’o + 1) = cos’p - cos’a = sin’a - sin’p.

b) cosda = cos2. 2a = 2cos*2a - |
=2(2cos’a-1)*- 1 = 8cos'a - 8cos’a + 1.
Bai toan 3.17: Chimg minh trong diéu kién c6 nghia thi:

cot(a - B) = S£)I—OLLB_I; cot(a - B) = goteo Rl
cotf} +cota cot B —cota
3cot’15° -1
Suy ra: Co—q = -cot15°.
3—cot"15°
Giai

cos(a + B) cosacosf—sinasin 8

Ta co: cot(a + B) = — = -
sinfe + ) sinacosf+cosasinf

Chia ca tir va mau cua biéu thirc cho sinasinf ta duoc:
cota.cotf3—1
cota +cotf3

- cota.cotP +1
['wong tu: col(a - B) = ol ibal
cotf} —cotu

. 3cot’15° =1  cot”30°cot®15° —1
Ap dung: . = ; 5
3—cot” 15° cot”30° —cot“15°
cot*30°cot15° +1 cot30° cot15° —1
cot30° —cot15°  cot30° —cot15°
= cot(15" - 30%cot(15° + 30" = -cot15°.
Bai toan 3.18: Ching minh:
a) Néu sin(2a + b) = 3sinb thi tan(a + b) = 2tan a

b) Néu cos(a + b) = 0 thi sin(a + 2b) = sina véia + b = § ==

Gidai
a) sin(2a + b) = 3sinb = sin[(a + b) + a] = 3sin|(a + b) - a].

= sin(a + b)cosa + sina cos(a 1+ b) = 3[sin(a + b)cosa - sina cos(a + b)]
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= 4sina cos(a + b) = 2sin(a + b)cosa
— tan(a + b) = 2tan a (v6i diéu kién cé nghia).
b) sin(a + 2b) - sina = 2cos(a + b) sinb =0
vi cos(a + b) = 0. Vay sin(a + 2b) = sina.
Bai todn 3.19: Don gian céac biéu thirc sau:
b

a)A-= (1+ 1' },(H ! J...(H )

. COS2x cosdx ) | cos2"x

AY ’

b) B = tanx. tan2x + tan2x. tan3x +... + tan(n - 1)x. tannx
Giai

a)Néusinx=0thi A= (1 + 1)1 +1)..(1+1)=2"

Néu sinx # 0 thi

Al 1+cos2x 1+cosd4x 1+cos2"x

cos2x cos4x cos2"x

2 2 F =1 2 -
~ 2cos"x 2cos’2x  2cos’2"'x  2"cos’ x.cos2x.cos4x...cos2" ' x

cos2x  cos4x  cos2"x cos(2"x)
. sinxcosx.cos2xcos4x...cos2" ™' x sin2"x .
= cotx.2". - = cotXx.————— =cotX.tan(2"x).
cos(2"x) cos(2"x)
b) Néu tanx = 0 thi x = kn (k € Z)
= tanx =tan2x —...=tannx=0=> B =0

Néu tanx # 0 (x # km, k € 7)
Trong diéu kién tanx, tan2x, ..., tan(nx) c6 nghia ta co:
lan2x —tanx tan2x —tanx
tanx =tan(2x - Xx) © ————— => | + tanx. tan2x = ———
| + tanx tan 2x tan x
= tan3x —tan 2x
I'wong tu: 1 + tan2x. tan3x = ———. ...
tan x

tanx —tan(n — 1)x

1 + tan(n - 1)x. tan(nx) =
tan x

Cong vé ta co: (n - 1) + B = cotx. (tannx - tanx) = B = cotx. tannx — n.
Bai toan 3.20: Tim gia tri 16n nhat, nho nhit cta: y = sinx - 3 cosx. Téng quat
vai y = asinx + bcosx voi a’ + b2 20.
Ap dung cho: y = (sinx - cosx)(3sinx - 4cosx).
Gidi

1 3 id
Tacody =2(—sinx - —cosx) = 2sin(x - —
y (2 > ) ( 6)

Vi -1 <sin(x - %)< 1, Vx nén -2 <y <2. Vay maxy = 2, miny = -2.
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Tacéoy = \/a3+b“

2 bV .
J 1{ ——— ] = 1: nén ton tai goc @
5 'Ja"+b‘ J

2 a
dé

———==008¢ , ——— =5inQ, nén:
Va  +b° a~ +b”
y=+a’ +b’ (cosq).sinx +sin (p.cosx): \/m.sin(x + )
Vi-1 <sin(x + ¢) <1, VX nén:
maxy = Va’ +b* , miny = -va® + b’ .

. . 2 o
Ta co: y = 3sin’x- 7sinxcosx + 4cos’x

= 3.1_;052—5—7.lsin2x +4. AnFeas e Z—zsm2x+ 1 cos2x
2 2 7 2 2
— 542
Ap dung thi c6: maxy = —2\/—2 miny = i fﬁ

Bai toan 3.21: Quj dao mdt vat duoc ném lén tir gbc O, van toc ban ddu la
v(m/s), theo phuong hop véi truc hoanh Ox goc a, 0 < a < g la parabol co

&

phuong trinhy = - ————
2v*cos’ o

x*+ (tano)x, g = 9, 8 (m/s?).

a) Tinh tam xa.
b) Khi v = 80m/s, tinh gia tri 16n nhat ctia tim xa. Ap dung khi:

Gidi
a) Goi x 1a tim xa cua quy dao thi x > 0.
2 2 2
Choy =0« gx +(tano)x =0 &= x = 2v_sinocoso =Y sin2a
2vicos’ a 8 8
b) Vil <a < ; :x dat gia tri lon nhat khi va chi khi sin2a =1 < a = g
2 2802
Khi d6 x = — , vol v =80m/s thi x = v—~—~ 653 (m).
g g 98
BAI TAP
8 B
Bai tap 3.1: Cho «, f lacac géc nhon voi sinad =—;tan g = 12

Tinh sin(a - B);cos(a + f);tan(x - ).
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HD-DS
Tinh truéc cos a, tan a, sin S, cos f.

Bai tap 3.2: Tinh gon:
a) A = cos( - 53%sin( - 337°) + sin(307°)sin(113°)
0 0 0
by B = tan 225 .‘cot81 .col',69
cot261” +tan 201"

HD-DS

a)A=-% b)B=43.

Bai tip 3.3: Cho O <a, f < % a+f = % vaitanatan§ =3 -2+/2.
Tinh goc a, S.
HD-DS
Tinh tong taner +tan B suyra @ == %
Bai tiap 3.4: Tinh gon:
a) M = tan 75° + cot 75"
b) N = cosa + cos(120°+ a) + cos( 120°- a).

HD-DS
a)M=4 b) N =0.

Bai tap 3.5: Chimg minh céc biéu thirc sau khong phu thudc vao x:
a) A = cos’x — 2sina. cosx. sin(a + x) + sin’(a + x)

b) B = sin’x + cos(% - X). cos(g— 4 X)

HD-DS
a) A=cos’a b)B=%.
Bai tap 3.6: Tinh cac gia tri lugng giac cua goc 18°
HD-DS
sin3. 18° = cos 2. 18",
Bai tip 3.7: Chimg minh cac dang thirc sau:
L+ si
a)tani( +1)=tanx b) +Smx:-cot(z—ic-).
cos X cosx

HD-DS

Dung cong thirc nhdn doi x = 2.

bo | =



Bai tap 3.8: Tim m dé biéu thirc sau khong phu thudc vao x:
K = sin®x + cos®x -+ m(sin’x + cos’x) +2sin® 2x

HD-DS
5
m = =
2
Bai tap 3.9: Tim gia tri l6n nhat va nho nhét ctia ham sé:
a) y=sin ' x + cos* x b) y = a. sin’x + b. cosxsinx + c. cos’x
HD-DS
a) ha bac b)dua vé dang A. sinu 1 B. cosu.
4 CONG THUC BIEN DOI

Céng thirc bién doi tong thanh tich

+3 o—P

2 o
cosa -+ cosp = 2cos —2— cosT,

5 I
cosa - cosf} = -2sin f SmTB

a+B . a-0
Sin

sina - sinf3 = 2cos

) ) .o+ oa-B
sina + sinfl = 25m———B cos '
2 2
sin(a + B sin(ot — B
lana + tanf = sin(o + ) , lana - tanf = ——(———)
cosa.cosf} cosa.cosf3
sin(f+«a sin(f -«
cola + colf} = L cola - colf} = L
sina.sin 3 sina.sin 8

Cong thirc bién dbi tich thanh tong
1
sinasinf} = —E[C()S((I + p) -cos(a- P/
cosacosf = %[cos(a + pB) + cos(a- P)]
sinacosf = %[sin(a )+ sin(a- P

cosasinf3 = %[sin(a + f)-sin(a- P)].
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Cha y:
1) Phoi hop voi cac hé thitc co ban va cac cong thire ve goc lién quan ddc biét:

doi, bi, phu, hon kém % hon kém 7. Luu y dén cung géc luong gide, loai gid tri

luong gidc va cdc hé sé khi bién doi luong gidc, bién doi thanh tich sé.
2) Khi bién doi dang 16ng, ta cé thé ghép cap dé bién doi thanh tich, ciing cé
khi ta nhdn va chia thém gia tri luong gidc cua goc bé nhdlt, nica géc bé nhat:

. .o a L.,z Ee ¥, o =
sina, cosa, sma, cosz dé bién doi tich thanh 16ng.

Bai toan 4.1: Bién dbi thanh tong:
a) A = 2sin(a + b)cos(a + b) b) B = 2cos(a + b)cos(a - b).
Giai
a) A = 2sin(a + b)cos(a + b) = sin2a + sin2b.
b) B =2cos(a + b)cos(a - b) = cos2a + cos2b.
Bai todn 4.2: Bién dbi thanh tong:
a) C = 4sin 3x sin2x sinx b) D = 4sin3x sin2x cosx.
Gidi
a) C = 2sin3x(- cos3x + cosx) = -2sin3xcos3x + 2sin3xcosx
= -sin6Xx + sin2x + sin4x
b) D = 2sin3x(sin3x + sinx) = 2sin®3x + 2sin3xsinx
=1 - cosbx + cos2x - cos4x.
Bai toan 4.3: Bién d6i thanh tich

a) A = sina + sinb + sin(a + b) b) B = cosa + cosb + cos(a + b) + 1.
Giai
: b -b . a+ +b
a)A=2smal+ cos2 +2smd+b.cosaq
. a+b{ - at+b . a+b a b
= 2sin | cos +cos = 4sin COS—COS—.
2 \ 2 2 e P
b b _b o] ¢
b)B=2cosa+ cos- +2c 28+b

a-+ a—b a+b a+b a b
= 2cos cos + cos = 4cos COS—COS—.
2 N\ 2 2 2 2 2
Bai toan 4.4: Bién d6i thanh tich
a) C =1 + sina + cosa b) D = sinx + sin3x + sin5x + sin7x.

Giai

. a . a a
a)C=1+cosa t+sina= 200325 + 2sm§ cos 3
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= 2c0s$ = (cos =3 sin : )= 2 \/2 cos 2 cos( 2 M ).
2 2 2 2 4 2

b) D = (sin7x + sinx) t (sinSx + sin3x)
= 2sindxcos3x + 2sindxcosx — 2sindx(cos3x 1 cosx)  4sindx cos2X cosx.
Bai toan 4.5: Khong dung may, tinh:

a) cos75°cos15" va sin75 sin15" b) cos75%in15" va sin75%cos15".
Giai
Ap dung cong thire bién dai tich thanh tong:

a) cos75%o0s15" i—(cos‘)O” t cos6b0") - l

o y . ) [\ O l
sin75%in15" = cos15%c0s75" =
o vgo Loy 243
b) cos757sin15" - : (s1n90" - s1n60") 2
. 0 [ ! . o . 0 24 Vn’
sin75%o0s15 = (sin90" + s1in60") y

Bai toan 4.6: Khong dung may. tinh:

) . 3
a) A - cosld’ +cosl34” + cosl06”  b)B cos;t +eosTr,
Giai
a) A == cosl14’ + cos134" + cos106”
= ¢c0s14° + 2co0s120" cos14" — cos14" - cos14” 0
. T b1 27
= 3 I - 4sin cos  cos
b)B= cos— +cos — =2C0s$— - COs - = 5 5 5
5 5 5 gin ™
sin
s
. 2m 2n . 4n . 4n
25in cos sin sm(n — } |
LT R LT 2
2sin z 2sin 2sin

Bai toan 4.7: Khong dung may. tinh:
A: ﬁ—l - 4sin70"
sin10°
Sn 171

b) B =cos = +Cos 3—714 COS~ 4 ...+ COs
19 19 19
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Giai
1 : 1

a) A= — —4sin70° = — —4cos20°
sin10° sin10°
_ 1—4sinl0° cos2(’ 1—2(sm30° —snnl()°) 2sinl0°
sinl(° sinl(’ sinlQ°
b) B. 2sin T 2sin S cos =+ 2sin£cos3—n+
19 19 19 19
. W Sn . T 17n
+ 28iIn—.c0S— +... +28iIn—Ccos——
19 19 19 19
. 2n 4n . 18t . 16m
= sin—+ sm——sm—— m———em— + ...+ sin— —sin—
19 19 19 19 19
187 s 1
=sin——=sin— = B= —
19 19 2

Bai toan 4.8: Khong dung may, tinh:
a) A = cos10° cos50°. cos70°.
b) B = cot7, 5° + tan67, 5° - tan7, 5° - cot67, 5°.
Giai

a) C = c0s10°c0s50°c0s70° = cosl 0°[é(cosl20° +¢0s20)]

- -%cole0 g o cos10°c0s20° = -%cole° + %(cos300 + cos10%

J3

c0s30% = —.
8

_1
4

. . . 3
Nhan xét: sin20° sin40° sin80° = cos70° cos50° cos10° = —8—

cos7,5° B sin7,5° N sin67,5° | c0s67,5°
sin7,5° cos7,5° co0s67,5° sin67,5°
cos’7,5° —sin?7,5° 4 sin® 67,5° — cos® 67,5°
sin7,5° cos7,5° sin67,5° c0s67,5°
2 cosls cosl35  2(sinl35 coslS —cosl35 sinl5%)
- ) sinl 5 sin135

l—sinlS" : sinl 35’
2 2

b)B=

_ 4sin120 _ 4B =6+243.
—(cos150° —cos120°) /31
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Bai toan 4.9: a) Cho cosa + cosp = a, sino + sinP = b va a” + b’ # 0. Tinh sin(a + B)
b) Cho sina + cosa = Csin(a + ), Va. Tinh C va f.
Gidi
+B oa—p

o
a) a = cosa + cosP = 2cos > cos >

rr.+BCOSu—-B
2

b = sina + sinf} = 2sin

. : o -
nén ab = 2sin(a + ) coszTB ,a’ + b2 = 4cos’

&

a-B
2
1 ] 2
e
a - +b
b) Phin thudn:Néu ¢ C va B dé sina + coso = Csin(o + B) voi moi a thi chon

a =0, ta dugc 1 = Csinf, chona = ;, ta duoc 1 = Ccosf.

Turdo C =0, sinf = cosP = %
. - T p— -
V@yhoacB=Z'+ kK2n(ke Z)vaC = V2

3 = .
hodc B = I“ +k2n (k € Z) va C = -4/2 . Thir lai dung.
Céch khéac: Dung cong thirc bién déi téng thanh tich, ta co Va:

. . . s . n n
sina + cosa = sina + sin(a + 5) = 2sin(a + Z)COSZ

= m, .. . . 3n
= \/2 sin(a + Z) va sina + cosa = sina - sm(T - o)

3
= 2cos X sin(a - s )= -«/Esin(a = ).
4 4 4
Bai toan 4.10: Chung minh:

% T, . sina -sin
a) Néua + 3 = — va cosa # cosf thi [SIORSIND. -3
3 cosa - cosf

cosa - cos/a

b) ————— = tanda (diéu kién c6 nghia).
sin7a - sina
Gidi
a+f . a-—
sina - sinf3 —— 268"1 2B o+p - _
= : = —cot :-—co(—:-J?,
COSWECOS —2sinOL:Bsinu;B 2

38



b) cosa-cos7o.  2sindasin3a

5 3 = : =tan4a.
sin7a - sina 2 cos4asin 3o
Bai toan 4.11: Ching minh:
on 4m 6n 1 1 NE]
a) cOS— +CO0S— +COS— = —— b) — = 5 =
7 2 sinl0”  cosl0
Gidi

4
a)Pbat A= coszﬁ+cos—n+cos§5. Ta co:

¢ 2n . W 4n . @ 6n . ©
Asm; = cosTSm—Jrcos—sm—+cos—sm-—

l(.Bn o l(.Sn C 3 ll’. .S 1 . =«
— ~|sin"——sin— |+—| sin=——sin— |+—| sint—sin=— | =-—sin—.
24 “_ 7J 2 7 7J 2% 7J D 7
Dodo’A=—-l—.

2

Cach khac: Nhan 2 vé vaéisin 2—“.

1 ﬁ B cos10° —\/5 sin10° _ 2(cos 60° cos10° —sin 60° sin 10°

sin10° cosl0®  sinl10°cos10° sin10° cos10°
~ 2c0s(60° +10") 4cos70°  4cos70°
,l)sin 20° sin 20" cos 70"

Bai toan 4.12: Chung minh:
a) cosasin(f} - y) + cosPsin(y - o) + cosysin(a - ) =0
b) cos(a + B)sin(at - B) + cos(B + y)sin(P - y) + cos(y + a)sin(y - o) = 0.
Giai
a) cosasin(f - y) = % [sin(at + B -7) - sin(a - B+ 7)].
cosPsin(y - o) = % [sin(B+y-a)-sin(B-y+a)l
1
p=

cosysin(a - B) =

[sin(y + o - B) - sin(y - o + B)].

Cong vé vai vé ba dang thire, ta duge dieu can chimg minh.

b) cos(a + B)sin(a - B) = %(sinZa - sin2f3)
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cos(B +y)sin(PB -vy) = %(sin2[3 - sin2y)

cos(y + a)sin(y - a) = %(sin2y - sin2a).

Cong vé véi vé ba ding thirc, ta dugc didu can chiang minh.
Bai toan 4.13: Cho o + B +y = n. Chung minh:

. . . a
a) sina + sinf} + siny = 4cos;cos%cos%

- '
b) cosa + cosf + cosy =1 + 4sin ;sm%sm—}.

Giai
a) sina + sinf} + siny = sina + 2sin Bty cos b ;Y
y . m—a_ PB-y . a o oa  P-y
= 2sina +sin COS—— =28In—Cc0s— + 2CO0Ss— COS$———
2 2 2 2
,
= 2cosaLsm +cosB i ' = ’cos—-- (B y)+cos[3
2 2
= 2cosg cosB +cosB y]=4cosgcosgcosl.
2 2 2 2 2 2
8 _
b) cosa + cosP + cosy = cosa + 2cos - L cos By
= cosoL + 2cos— B Yoo 25in22+25ingcosB—_X
2 2
’ ~ . ~ .
—-1+’7\mELcosB Y—singJ—l+2sm B ¥ sinTt B+7)
2 2 2 2 2

BanY

F s hY
= 1+2$inchosﬁ_—y—cosEﬂ —1+4§1na91n sin
2 2 2 2

F

Bai toan 4.14: Cho a + 3 + y = n. Chung minh:

a) sin2a + sin2f + sin2y = 4sinasinfBsiny

b) cos’a + cos”P + cos’y = 1 - 2cosacosfcosy.

Gidi
a) sin2a + sin2f3 + sin2y = sin2a + 2sin(P + y) cos(P - y)
= 2sinafcos(P - y) + cosa] = 2sina[cos(P - y)- cos(P + )]
1+cos2f n 1+ cos2y
2 2

2 2 2 2
b) cos“a + cos“P + cos”y = cos‘a
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= cos’a + 1 + %—(0032[3 + cos2y) = cos’a + 1 + cos(P + y)cos(P - ¥).

= cos’a + 1 - cosacos(P - y) = 1 + cosa[cosa - (cos(P - ¥)]-
=1 - cosa[cos(p +y) + cos(P - y)] = I - 2cosacosfBcosy.
Bai toan 4.15: Chung minh trong diéu kién c6 nghia:
sinb
cosb— A~
sin(a+b+c¢)

a) Néu sina = Asin(a + b) thi tan(a + b) =

b) tana + tanb + tanc = tanatabtanc 4

cosacosbcosc
Gidi
a) sina = Asin(a + b) = sin[(a + b) - b] = Asin(a 1+ b)
= sin(a + b) cosb - sinb cos(a + b) = Asin(a + b)
= [sin(a + b)] (cosb - A) = sinb cos(a + b)
= tan(a + b) = il , (voi diéu kién c6 nghia).
cosb—-A

b) sin(a + b + ¢) = sin[(a + b) + ¢] = sin(a + b) cosc + cos(a + b)sinc

= (sina cosb + cosa sinb) cosc + (cosa cosb - sina sinb) sinc

= sina cosb cosc -+ sinb cosc cosa -+ sinc cosa cosb - sina sinb sinc.

., sin(a+b+c) sina sinb sinc  sinasinbsinc
Do dé: = ——+ + —

cosacosbcosc cosa cosb cosc cosacosbcosc
= tana + tanb + tanc - tana tanb tanc => dpcm.
Bai toan 4.16: Tinh gon:

! .2 T ] . T
aA) A= sin’x + smz(; - X) -+ sinx. sm(? - X)

b) B = sin5x - 2sinx(cos4x + cos2x) — sinx.
Giai

a)A=sin2x+sin(§-x) [sin(%-x)+sinx]
3 ;
.7 . Fis . T T 9 I ki T
=sin"x + 2sin(— - x)sin—cos(— - X) =sin"x + sin( — - X)cos(— - x
(3 ) : (6 ) (3 ) (6 )
= sin’x + L Isin(l -2x) + sinE]
2 2

=sin’x + lcost + 1 sin’x + l(1 - 25in2x) + i1 2
2 4 2 4 4
b) B = sin5x - 2sinxcos4x - 2sinxcos2x - sinx)
= sin5x - (sin5X - sin3x) - (sin3x - sinx) - sinx = 0.
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Bai toan 4.17: Tinh gon:
A g
a)M = cotE —tan & |tan =%
3 3 3

n
-tanf. tan(— + 3

anf3. tan( > f3)
b) N = (tana - tanf)cot(a - B) - tanatans.

Giai
o Ca) . 2a
cos sin — |sin —
a)M = 3_ 3|3 +tanf.cot

sin— CcOS— |COS-——

,a s . 2a 20 . 2o

cos —3——sm — sm—3~ cos— - sin 3

a 20 1 . 2a 20

sin—cos-—  COS- — —sin—— ¢coS——

3 2 3

_ tana - tanf

—tanoctanf =1 + tanatanp - tanotanf3 = 1.
tan(o — )

Bai toan 4.18: Chimg minh trong diéu kién c6 nghia thi:
1 I m I _ tan8a - tana
cosacos2a  cos2ocos3o cos7ocos8a

Giai

Ta c6 tana - tanf} = Sud - Sinp S(a=D) n

cosa  cosf

sin o

a

cn

cosa cosf3
1 _ tan2o —tano 1 ~ tan3a —tan2a
cosa cos22a sin o cos2a cos3a. )

]

cos 7acos8a

sSino
tan8a — tan 7o

sina

’ s . . te 8 1.
Cong vé voi ve bay dang thuc trén thi VT = M (dpcm).
sina
Bai toan 4.19: Cho a # k2n, k € Z. Chirng minh:

. na . (n+1Da
sin—-sin -

2 2
a

S =sina + sin2a + sin3a +... + sinna =

sin
Gidi
n .z . a
Nhan hat vé cho 2sin— # 0, ta dugc:

. a .a . .oa . . a .
ZSsma = 231n5 sina + 2sin—sin2a +... + 2sin — sinna
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a 3a 3a Sa 1 1
= | cos——Ccos— |[+| cos— —cos— |+... +cos| n—— ja—cos| n+ — |a
2 2 2 2 2 2

a f 1 . na . (n+Da
COS— —cos| n —— |a = 2sin—sin
2 L 2 2 2

. na . (n+Da
sin——sin-—-——

Suyra: S =

. a
sin-
2
Bai toan 4.20: Choa > 0,b >0, a + b= 60°. Chiung minh: 3tana. tanb < 1.
Giai
B =it 3
3sinasinb cos(a—-b)—=

BDT & 2022 o o 2 <
cosacosb

cos(a—b)+ 5

1
Via>0,b>0,a+b=60°:>lZcos(a-b)>; nén:

BDT < 3cos(a - b) - % <cos(a-b)+

<> 2cos(a-b) <2 <> cos(a-b)<1:Dang.
Bai toan 4.21: Tim gia tri I6n nhét cua:

13| —

T = vecos’ x+2sin’ x +/sin’ x+2cos’ x .
Gidi
Tacé: |a.c+b.d| <Va+b* NP +d> &> (@ c+b. dP <@+ bH)(c? + d?)
< a’c’ + 2abed + b2d? < a’c? + a’d? + b2 + b2d?
< a’d? - 2abed + b’d* > 0 < (ad - be)? > 0: Ding. Diu = xay ra khi ad = bc.

Ap dung: VT = 1.\/cos: x +2sin* x + L/sin® x +2cos® x

< \/(11 +17)(cos” x + 2sin’ x +sin“ x +2cos” x) = \/6

a . 2 .2 o7 2
Dau "=" xay ra <> cos"x + 2sin"x = sin“x + 2cos’x.

&> sin’x = cos’X ¢ cos2x = 0 <> x = % +kg (k € Z).

Vay max T = J6.

BAI TAP
Bai tap 4.1: Bién di thanh tong;

a) sina. cos’a b)sin’a. cosb
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HD-DS
Dung cong thirc ha bac hai, bac ba trudc.
Bai tap 4.2: Bién déi thanh tich:

a) sin x - +/3 cosx + 2 cosy b) cos46° -c0s22° -2¢c0s78°
¢) 1 + sinx - cos2x d) 1 + cosx + cos2x + cos3x
HD-DS

Ghép nhom réi ding cong thirc bién doi.
Bai tip 4.3: Bién d6i thanh tich:

a) cos8a + 4cosda + 3 b) tan’x - tan’x - 3tanx + 3
¢) sinxcos3x t sin4xcos2x d) cos’x +cos?2x +cos?3x-1
HD-DS

¢) bién déi tich thanh 1dng trude.
Bai tap 4.4: Tinh gon:
A =sin® x + sin” (120%x) + sin’ (120%-x)

oM 5} 0
B= cos’ x —cos3x | Sin”x +5sin 3x

CcoS X sin x
HD-DS

A= B=3.

P | w2

Bai tip 4.5: Ching minh cac dang thic:
1 .
a) cosx - %cos 3x - > cos5x = 8sin’x. cos’x

sin(a — b) N sin(b —¢) - sin(c — a) _

b) 0

cosa.cosb cosbh.cosc cosc.cosa
c) sinx (1 + 2cos2x + 2cosdx + 2cos6x) = sin 7x
HD-DS
Bién dbi vé trai thanh vé phai.
Bai tap 4.6: Tinh gon:

2 9
a) A =cosa +cos(a + 3751) +cos(a + —;i) +cos(a + ?ﬂ) .

b) B = cos12” + cos18°- 4cos15°% cos21”. cos24%
HD-DS
1+ \/5

~

a)A=0 b)B=—

Bai tap 4.7: Tinh gon:
I =1an®20° - 33tan"20° + 27tan*20° - 3
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. T . 37 . 5Sm
./=sm7—sm——-sm=—

HD-DS

[=0, J=

)

Bai tap 4.8: Chung minh:

a) — +—1—cos2x——icos4x—Lcoséx =sin” xcos’ x
16 32 16 32

b) 128(sinl°x + cosmx) =5c0s8x + 60cosdx + 63.
HD-bS
a) Ghép theo hé sb b) Dung cdng thirc ha bac.
Bai tap 4.9: Chimg minh bat dang thic:
\sinx+siny< . X+y

aj-———<sin——0O<x<nr,0<y<nx.
2 2
tan x + tan X+ T b4
b) Y > tan y,0<x< -0<v<
2 2 2 A

HD-DS
Dung cong thirc bién déi va chu y dau thua sd.

g UNG DUNG VAO DPAI SO

Luong gidc hoda la dua ham $6 luong gidc vao bai toan dai 56

— Néu |xl <1 thi dat x = sint hay x = cost.

— Néu |x| <r,r>0thidal x = r. sint hay x = r. cost.

~Néux? + 3y’ =1 thi dat x = sint va y = cost.

—Néux’ + y2 = v’ thi dat x = r. sint va y =r. cosl.

~Néu |x| 21 thi dat x = ~.1~ hay L

sin/ cos/

—Néux € R thi dat x = tanu hav x = cotu.

~Néu co dang a + b + ¢ = abc, ab + bc + ca = 1, ... thi dat cdac dai luong
lang cua cdc goc nhw cdc goc cua tam gidc, ...

Bai toan 5.1: Chox” +y* = 1,0’ + v* = 1. Chung minh:

a) xu+tyv/ <l b) [x(u-v) +y(u+v) < V2.
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Giai
v ons 2 A A . ’ A g
Vi x“+y” =1 nén ton tai géc a dé x = cosa, y = sina
Viu® + v’ = 1 nén ton tai goc b dé u = cosb, y = sinb
a) |xu + yv| = | cosa. cosb + sina. sinb| = | cos(a — b) |[< 1
b) x(u - v) + y(u + v)| = | cosa (cosb — sinb) + sina(cosb + sinb))|

=] cos(b-a)—sin(b-a)|=| V2 cos(b—a+ %)|s 22,

Bai toan 5.2: Choab#-1;bc#-1;ca#- 1. Ching minh
a—b+b—-c_|_c—a a-b b-c ¢c-a

l+ab 1+bc l4+ca l+ab 1+bc l+ca
Giai
Dit a = tanA; b = tanB; ¢ = tanC, thi dang thirc d¢ bai thanh
tanA4 — tan BB 3 tan B — tanC . tan(C’ — tan A4
1 + tanAtanB 1 + tanBtanC | + tanClan A4

~ tan4 —tanB tan B — tanC tanC — tan 4
| + tandtanB 1 + tanBtanC 1 + tanCtan 4

<> tan(A-B)+tan(B-C)+tan(C-A) = tan(A-B). tan(B-C). tan(C-A)

Ta ching minh: o + 8 +y = kn < tana + tanf + tany = tana. tanf. tany

D¢ y rang (A - B) + (B-C)+(C-A)=0=dpcm.

Bai toan 5.3: Cho |b| <|a|. Chung minh:
la+b|+|abl=|a+ va>—b”|+|a- Ja® —b*|.

Giai

Néu a = 0 thi b = 0 nén déng thuc dung.

Néua # 0, dang thire tuong duong:

2 2
|t,.£|+11..é|f|14-‘f]—é,—|+|1- l—b—,|(1)
a (4} a” a”

b
Vi |b| <|a| nén ddt — = cost, 0 <t < 7 thi (1) twong duong:
a

| 1 + cost| +|1-cost|=|1+sint|+ |1 - sint|
< 1 +cost+ 1-cost=1+sint+1-sint <> 2 =2: ding.
Bai todn 5.4: Chimg minh véi moi X,y € R:
2 2 _ 2.2
_ls(.\ ) )’(1 xy)s_l'
4 1 +xDH)A+yH 4

Giai

Dat x = tana, y = tanf3 thi:
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P& =y =xY) Xy - i)

(1 +x)21 + v?)? 1+ xH)2.(1 + y?)?
) x’ y? - tan’ o tan” S
I+x) (1+y) (1 +tan’a)’ (1 +tan’pB)’
7 \ 2 7 2
= tan’a - -tanz[’) —1——~—
1 +tan" «a ) .1 +tan” S )

2 4 4 . 2 2 . 2
= tan’a. cos'a - tan’B. cos*p = sin’a. cos’a - sin B. cos’p

= %(sin22a - sin®2p).

Do d6: - L <- L sin2p < T < & sin®2a < ! (dpcm).
4 4 4 4

Bai toan 5.5: Cho x, y thay déi thod man x° + y? =1. Tim gié tri 16n nhét. bé nhét
2
cua P =—~—~—2(x +6xy)2 .
1+2xy+2y
Gidai
Vi x* +y® =1 nén dat x = cost, y = sint.

, 2(cos’ 1+ 6¢cost.sint
Tacod P = ( )

- —— <> (P—6).sin2t - (P +1)cos2t =1-2P
1+2cost.sint+2sin” ¢

Ap dung bét dang thirc Svac:
(P-6)2+(P-1 2 (1-2P)* < P*+3P-18<0 <-6 <P < 3.
Vay min P = - 6, max P = 3.
(x + )1 - xy)

Bai toan 5.6: Tim gia tri 16n nhét - bé nhat cua biéu thic: P = £ £
d+xH)A + y7)

Giai

x T T
Dat x =tana, y =tanp véia, 8 € (- =% ;),

y —

p- (tana +tan B)(1 — tana tan f)
(1 + tan’ @)(1 +tan” j3)

= sin(a + ). cos(a + B) = %sin2(a + B) nén -

A 1 2 T
Vay, max P = 5 chang hana + p = ik
min P = l ching han o + B = =
2 T 4
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12x* + 8x +3
@2x* +1)?

Bai toan 5.7: Tim gia tri 1on nhat, bé nhit cuay =
Gidi
= - T T .
Datx\/Z =tant, voit e ( - 5 E). Taco

4 2
3tan’'{ +‘4tan ’t +3 _3. lsin22t.
(tan~¢ + 1)” 2

y:

Visin2t< 1 & % <y<3.

5 s 5
Chot=0thiy=3,t=§thiyZ%.Véymaxy=3vémmy=5‘
' + vt =4
Bai todn 5.8: Goi x, y, z, t langhiémciahé: {z* + * =9 .
xt+yz >26

Tim gia tri 16n nht cua P = zx.
Giai
Pat x = 2cosa, y = 2sina; z = 3cosf, t = 3sinf, a, f € [0, 2]
thi xt + yz > 6 <> 6(cosasinf + sinocosf) > 6
< o6sin(at+ )26 at+ = —;—

Khi do, P = xz = 6¢cosacosp = 3[coss(a - B) + cos(a + )] = 3cos(a - B) dat giad
tri 1on nhat khi cos(a - ) =1 < a - =0.
3W2

Suyraa=B=§<:>x=y=\/5 z—t———

3J2

Vay maxP =3, khix =y = \/2 7= =
Bai toan 5.9: Tim m dé f(x) = 4x> + mx thoa: |/ <1, vxe[-1; 1].
Gidi
Phan thuén: chon x = 1, x = % thi dugc: -1 <4+m<1va-l< -;—+§ <]

suyram <-3vam=>-3nénm=-3.

Dao lai, khim=-3. Vi— 1 <x <1 néndatx=cost

Ta co |f(x)| = |4x> - 3x| = |4 cos’ t—3 cost| = | cos3t| < 1: dung.
Viy gia tri can tim lam = -3.
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Bai toan 5.10: Giai phuong trinh: JI +x - \/l - X =X.
Gidi:

o I X . T
Diéu kién: - 1 <x <1 nén dit x = cos2t, t € [0, :].

Phuong trinh trd thanh:
\/1 + cos2/ - Jl — cos2t =cos2t

o V2 |cost| - J2 |sint] = cos’t - sin’t
o2 (cost - sint) = (cost + sint)(cost - sint)

&> cos(t + -Z—)(cos(t- -Z—)— 1) = 0 <> cos(t + %) =0

Chont= % Suy ra x = 0. Nghiém cua phuong trinh la: x = 0.

Bai toan 5.11: Giai phuong trinh: x> + ya - xz)3 = x\/2(1 - x2) .
Giai:
Diéu kién: Ix] < 1 nén dat x = cosu, u € [0, n].
Phuong trinh tré thanh cos’u + sin’u = /2 sinu cosu (D
Dit t = sinu + cosu, |t| <\2.

(1) < (sinu + cosu)(1 - sinucosu) = V2 sinu cosu

2 2

@t(l-‘—i——l): 25T et 22-3t-42 =0

S U-V2)E+2V2t+1)=0 & 1=+2 hay 1 =2 £1.

Chont= \/5 thicéx=——?.

-2 - V2 -1
Chont=1-\/§thicéx= \/ \/_ .

2

V2 _1-42-21

Vay nghiém: x = o ;X 2

Bai toan 5.12: Giai phuong trinh véi x thudc doan [0, 1]:
8x(1 - 2x7)(8x* - 8x* + 1) = 1.
Gidi

Patx=sint,véi 0 < t < 5 thi phuong trinh tré thanh:
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8sint. cos2t(8sin™t - 8sin’t + 1) =1 ¢> 8sint. cos2t[8sin’t(sin’t- 1) + 1] =1
< 8sint. cos2t(1 - 2sin22t) = 1< 8sintcos2t. cos4t = 1

. . .
<> 8sint. cos2t. cos4t. cost = cost <= sin8t = cost = sin( 5 -1)

b1 k2m L k2m
&St= — + — hayt= — + —.
18 9 14 7

- - n — R . 3
Turdiéukién0 <t < - Suy raco bon nghiém thich hop la

b St s T
X=sin—;X=sin—;X=sin— vax= —.
18’ 14 14

| —

Bai toan 5.13: Giai phuong trinh: 4x® — 3x =
Gidi

o] T T T .
Taco — = cosg =4cos’ E - 3cos§ nén X = cos — la 1 nghi¢m cua phuong trinh.

. 1 m Sm . . e ia
Iuong tr — =cos— =cos— = cosTncn cos 53 va cos 7§ cing la nghiém.

Vi 3 nghiém d6 phan biét va phuong trinh cho bac 3 nén phuong trinh cé 3
St r

- n
nghiém x, =IC0s 2%, =cosT,x3 =cos?.

2x +x2y=y

Bai todn 5.14: Giai hé phuong trinh {2y + y'z = z

2z + z°x = x
Gidi:

Tir cac phuong trinh cua hé phuong trinh da cho suy rax, y, z# +1. Nén hé da
cho tuong duong véi:

2x
y = l 7
2x=(1-x2)y X
l2y=(-yhz & 1z = 22
2 b=y
2z=(1-2z%)x
: 2z
Sl -
1__ Z

bat x = tant thi y = tan2t; z = tan4t; x = tan8t.

k
Ta duoc phuong trinh tan8t = tant <> t = 7” k=01, ..6.
Céc nghiém t nay thich hop nén suy ra cac nghiém x, y, z
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N o L [xa+3y)=8
Bai todn 5.15: Giai h¢ phuong trinh «] ’

x(y'-=6
Gidi
g
ot el
Dox # Onénhg: | % = (t==)
X

y:_3:-)_:1 Ly1—-3l=1
X

suyra(l-y)(lg+ty+y2+3)=0
Vit+ty +y’+3>0nént=ydodoy’—3y=1(l)
Xét-2 <y <2 datt=2cosa

(1): 8cos® a— 6 cosa =1 hay cos3a =
Ui

"o

Vi (1) la phuong trinh bac 3 nén cé dung 3 nghiém y la

Tu d6 giai va chon 3 nghiém a la —

?

\oif\;;‘ M| —

2005%;2005—35; 2005291 suy ra 3 nghiém (x, y) cua hé.

BAI TAP
Bai tap 5.1: Cho xy + yz + zx = 1 va xyz # 0. Ching minh

(- D)y - D)y Dz D)+ (e k- 1) =4
X y ¥ z z x

HD-DS
Dat x = tana, y = tanf}; z = tany.
Bai tap 5.2: Cho xy + yz + zx = 1. Chung minh
X+ty+z-3xyz= x(y2 +2%) + y(z2 +x%) + z(x2 + yz).
HD-DS
Dat x = tana, y = tanf3; z = tany.
Bai tap 5.3: Cho sb x ma | xl < 1. Chirng minh:
a)Néup>1thi(1-x)°+(1+x)P<2\
b)Néu 0 <p<1thi(l-x)°+(1+x)°>2°
HD-DS
Vi |x| < 1 nén dat x = cos 2a.
I+ x®

2\3 °

Bai tap 5.4: Tim gia trj 16n nhat, bé nhat cua ham sb: y = R
+X)
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HD-DS
1

1 va —.
4
Bai tap 5.5: Choa,b,c>0vaabc +a+c-b=0.
. 2
Tim gia tri I6n nhat cila P = — — ,2 + ,3 .
a +1 b"+1 ¢ +1
HD-DbS

10
max P =—.

3

Bai tap 5.6: Tim tham s m dé: f(x) = 2x” - m thoa mén:| £ (x)| <1,Vx € [- 1;1].
HD-PS
m=1.
Bai tip 5.7: Tim tham s b, ¢ dé: f(x) = 8x* + bx” + ¢ thoa man:
|f ()| <1,Vx e [-11].

HD-DS
b=-8,c=1.
Bai tap 5.8: Giai phuong trinh 8x* —4x” —4x +1=0
HD-DS
hY/ 4

/4 T
X, =COS—.X, =COS— ,X, = COS—.
) 7 7 7
Bai tiap 5.9: Giai hé phuong trinh:
sz +y? =1
[16(x* +y*)=20(x" + y*) + S(x + y) = /2

HD-DS
Dat x = sina, y = cosa.
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b BAI TOAN TAM GIAC

Cho tam giac ABC goi 3 canh a, b, ¢ déi dién véi 3 goc A, B, C, tuwong ting 3
duong cao h,, hy, he, 3 trung tuyén m,, mp, m., 3 phdn gidc d,, dy, d. hay l,, Iy, I

, ; , b+

ban kinh dwong tron néi tiép r, ngoai tiép R va nua chu vip = u

- Diéu kién A, B, C la ba géc mét tam gidc la

A.B,C >0
' nénco A+B = n-C, A+B=£—g,
A+ B+C=nm 2 ) Rl

Cdc dinh 1y vé tam gidc ABC

Db lysine S =% L.

sin 4 sin B sinC
nén co a = 2R sinA; b = 2R sinB ; ¢ = 2R sinC.

- Dinh ly cosin: a’ = b’ + ¢ = 2be. cosA,
b = +d - 2ca cosB, ¢ =a’ + b° — 2ab. cosC.

b’ + ¢t - a’

nén co cosA =

2bc

2 2 2 2 2 2

] _ bt —

cosB = i g ;cosC = Ll g
2ca 2ab
- Dinh Iy trung tuyén

BC*

AB’ + AC? = 24M° +

 my=AM = %\/2(172 +c?)-a?, ..

- Dinh ly dién tich:

| | .. _abe
S—Ea. hg - ;ab. sinC —ﬁ—pr—\[p(p—a)(p—b)(p—c).

e

Cha y:
1) Phéi hop cdc hé thirc co bdn, céng thirc lugng gidc dé chirng minh hé thirc.
2) Nhiing hé thirc vé tam gidc co nhiéu lién quan nhau, nhiéu hé thirc géc
thuong duoc su dung lam nén tang dé chieng minh hé thire khac.
3) Bai todn dang loai tam gidc, dwa vé dénh gid quan hé géc, canh, gid tri géc,
.. cud tam gidc cdn, vuong, déu, ...
4) Bat dang thirc Cési: bat dang thirc giita trung binh cong va trung binh nhdn.

%P_ > \/;E, voi moi a, b khong am.
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Dau ddng thitc xdy ra <> a = b.
a+b+c

> Yabc véi moi a, b, ¢ khong dm.
Dau dang thiec xay ra <»>a = b = c.

Bai toan 6.1: Chung minh trong moi tam giac ABC ta luén co:

. . ) A B
sinA + sinB + sinC = 4cos§ cosacos— .

Giai
: B A-B )
VT=2$nA: cos == + sin(A + B)
. A+ B A-B . A+ B A+ B
= 2sin cos + 2sin cos
2 2 2 2

. A+ B -
= 2sin (cos + cos
2 9

“

B
)
A—B+A+B A-B A+ B

C
=2cosE.2cos 2 2 cos 2 2

2 2

=4cos£cosE coS E =VP.
2 2 2

Bai toan 6.2: Chiing minh trong moi tam giac ABC ta luén co
cos’A + cos’B + cos’C = 1 - 2cosA cosB cosC.
Giai
_ 1 + cos24 N 1 + cos2B

VT - + cos’(A + B)
2 2

=1+ -i—(cos2A + cos2B) + cos’(A + B)

=1+ cos(A + B)cos(A -B) + cosz(A + B)

=1+ cos(A + B)[cos(A - B) + cos(A + B)]

=1-cosC. 2 cosA. cos(- B) =1 -2cosAcosBcosC = VP.

Bai toan 6.3: Ching minh trong moi tam giac ABC ta ludn co:
sin2A + sin2B -+ sin2C = 4 sinA sinB sinC.
Gidi
Vi: sin2C = sin2(n - (A + B)) =sin(2n - 2(A + B))
=sin( - 2(A + B)) = - sin2(A + B). Nén

VT = 2sin(A + B)cos(A - B) - sin2(A + B)
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= 2sin(A + B)[cos(A - B) - cos(A + B)] = 2sinC. ( - 2)sinA. sin( - B)
= 2sinA sinB sinC = VP.
Bai toan 6.4: Chimg minh trong tam giac ABC khong vudng ta ludn co:
tanA + tanB + tanC = tanA tanB tanC.
Giai
Taco A+ B=mn-C,néntan(A + B) =tan(n - C)
tanA + tan B

Do do = - tanC
1 - tan 4 tan B

Hay tanA + tanB = - tanC( 1 - tanA tanB)
Nén tanA + tanB + tanC = tanA tanB tanC: dpcm.
Bai toan 6.5: Ching minh trong moi tam giac ABC ta ludn co

A B B C C A
tan— tan— +tan— tan— +tan— tan— = |.
2 2 2 2 2
Giai

A
tan — + tan —
2 1

. - A B n C -
[aco:tan(— + — )=tan( — - — ) =cot — nén
2 2 2 2 2 A B
1 — tan—tan-—  tan—
2 2 2

L Fa

C A B A B
hay tan—(tan— +tan—) =1 -tan—tan—
2 2 2 2 2

, A B B C C A
Do d6 tan— tan— + tan— tan— + tan— tan— = 1: dpcm.
2 2 2 2 2 2

Bai toan 6.6: Chirng minh trong moi tam giac ta ludn cé

. A . . C
sin — sin — sin —
2 2 .. 2 =9
C C A A
COS -~ COS — COS —COS — COS — COS —
2 2 2 2 2 2
Gidi
oA . B . 1 .
sin = sin Y %sm A+ Esm B
T 4 £ 4 £ —
aco B C C 4 y
COS — COS — COS — COS — COS--COS -~ COS —
2 2 2 2 2 2 2

. A+B A-B _ _
sin cos - €cOS —COS-— + Sin-—sin —
- 2 2 2 2
A B C A
COS—COS - COS — COS —- COS —
2 2 2

A B
=1+ tan—tan —.
2 2
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= [C A+ B A B . A . B
sin — cos- COS —€OS—— — sin—sin—-
Vi 2 2 . 2 2 2 2
A B A B
COS - COS — COS--- COS — COS -~ COS
2 2 2

A B
=1 -tan—tan— = dpcm.
2 2

2

sin(4-B) _ a® —b*

Bai toan 6.7: Cho tam giac ABC. Ching minh: -
sinC c?

Giai
Ap dung dinh ly sin:
(2Rsin4)" — (2RsinB)’ _ 4R’(sin® 4 — sin’ B)

VT =
(2RsinC)’ 4R’ .sin> C
1 — cos24 1 — cos2B
_sinfA-sin*B 2 T
- sin® C - sin’ C
_ cos2B— cos2A _ —2sin(B + A)sin(B - 4) _ sinC.sin(4 - B) VT
2sin’ C 2sin’ C sin’ C '

Bai toan 6.8: Chimg minh rang trong moi tam giac ta c6:

2 2 2
a +b” +c¢
cotA +cotB + cotC= —M8MM —,

4S8
Giai
2,2 2 2,2 2
Ta co: cotA= C9SA=b +C‘ ol o )
sin A 2bcsin A 48
2 2 2 2 2 2
Tuong tu: cotB = ol ) va cotC = a +b —c”
45 48

Thé vao VT thi duoc dpem.
Bai toan 6.9: Chirng minh rang trong moi tam giac ta co

S= %(azsin2B + b’sin2A).
Gidi
VP = %SRZ( sin®AsinB cosB + sin’BsinAcosA)

= 2R’ sinAsinB(sinAcosB + sinBcosA)
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(2RsinA)(2RsinB)sin(A + B) = %absinC =S=VT.

b | -

Bai toan 6.10: Ching minh vdi moi tam giac ABC, ta c6:
1+ % = cosA + cosB + cosC

Gidi
. . . A . B. C
Ta ching minh: cosA + cosB + cosC = 1 +4sin— sin —sin —

X : . A B . C
nén dé bai tvong duong 1 + IE =1 + 4sin = sin— sin —

. A . B . C
hay r = 4Rsin—sin —sin —.

e
S _ Ebc Sifl:d 4R sin Asin BsinC

Taco: VI=— = = - - -
P 2R(sinA4 + sinB + sinC)

{(a+b+c)
2
. A A . C C
8sin -~ cos—sin - cos — sin —-COS —
~97R 2 2 2 2 : 2 2 VP

A B
4¢c0s-—-cOS— COS—
2 2

] . . o L
Bai toan 6.11: Chung minh véi ABC la tam gidc bat ky: cosA cosB cosC < =
Giai
Bét dang thirc dé bai tuong duong véi:
%[cos(A + B) + cos(A - B)][ - cos(A + B)] < —2]%_

1
<> cos’(A + B) + cos(A - B)cos(A + B) + n >0

1
& cos’(A + B) + cos(A - B)cos(A + B) + 7 cos’(A - B)
| A S
+ —-—cos(A-B)=>0
4 4

1 1
<> [cos(A + B) + 5 cos(A - B)]2 +Z sinz(A - B) > 0: dang.
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Bai todn 6.12: Ching minh v&i ABC la tam giac bat ky:
1 <cosA + cosB + cosC < %
Giai

Ta co cosA 4 cosB + cosC =1+ 4sin§singsin% > 1.

3
va cosA + cosB FcosC<5
<:>2cosA+BcosA-B-.’Zcos2 il +1g§
2 2 2 2
o A+ A+B _A-B 1
& Cos ( | - COS cos — 20
- 2 4
A-B .o A -
o [cosA i I cos - 2 l ( >0: dpcm.

\ ;.

Bai toan 6.13: Chimg minh voi ABC la tam giac bat ky:

3 B C
a) cosi +cosE + cos— < i b) cosﬁcos-co - i
2 2 2 2 2
Gidi
a) Dé v ring voi: - T < X,y < <I thi COSX * o8y = cosu, nén:
2 2 2 2
A B C V4 A B C =
cos_ + cos_ cos_ + cos + 5 + 2
2 . = + 2 6 cos® 2 4 cos !
2 2 < 2
2 2
A C T
4+ + — + —
< cos 2 2 6
4

Tu d6 suy ra dpecm.
b) Ap dung bt dang thirc Cési va két qua trén thi:

'a 3 3

cosA 4 cosB 4 cosC J“
A B C P N Py 3V3
COS—COos—cos— < 2 2 2 < .

2 2 2 \ 3 8

Bai todn 6.14: Chimg minh véi ABC la tam giac bat ky:

A B J3
tan — tan — tan — <
2 2 2 9
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Giai
, A B C . A B I C C A
Tacotan—, tan—, tan— > 0 va tan—tan— +tan—1lan— +tan—tan— = 1.
2 2 2 2 2 2 2 2
Ap dung bét dang thuc Cosi:

A B B C C A
1 =tan—tan— + tan—tan— + tan— tan —
2 2 2 2 2 2

[ A B B C C A
>33/tan —tan — tan — tan — tan - tan —
V 2 2 2 2 2 2

3 A B (&
=3i/tan” Etan2 7tan2 — . Suy ra dpcm.

Bai todn 6.15: Chig minh véi ABC la tam giac bét ky:
3
cos’A + cos’B + cos’C > e
Giai
Bat dang thirc dé bai tuong duong

‘}
%(1 + cos2A) + l(1 + cos2B) + cos > =

BN

= (cos2A + cos2B) + cos (A +B)+ - 20

J:-l-—-

<> cos(A + B)cos(A -B) + cos:(A +B)+ —2>0

1
4

<> [cos(A + B) + %cos (A - B)]2 +isin2(A + B) > 0: dpcm.
Bai toan 6.16: Cho tam giac ABC. Chirng minh:

1 + %x" > cosA + x(cosB + cosC), Vx.
Giai
BDT & %x"‘ - (cosB + cosC)x + 1 - cosA 2> 0.
Vé trai la tam thirc bc hai f(x) ¢6 hé sb % >0 va:

A= (cosB + cosC)” - 2(1 - cosA) = 4sin é cos -B—Z—C~I <0

= N /S

Do d6 f(x) > 0, Vx (dpcm)
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Bai toan 6.17: Chimg minh v tam giac ABC thi:
2 = 2 = 2
a°(1 - V3 cotA) + b*(1 - 4/3 cotB) + ¢*(1 - /3 cotC) > 0.
Gidi
Bat dang thirc trong duong véi:
sin’A + sin’B + sin’C - 3 (sinAcosA -+ sinBcosB + sinCcosC ) >0

5
3

5

&> sin’A + sin’B + sin’C > 2 V3 sinAsinBsinC. (1

&> sin’A + sin’B + sin’C > (sin2A + sin2B + sin2C)

33

Sir dung bat dang thirc Cosi va bat ding thic sinAsinBsinC < e :

sin’A + sin’B + sin’C > 3 3\/(sin Asin Bsin C)’
_ 3(sin Asin Bsin C) N 3sin Asin Bsin
Ysin Asin BsinC ]3J§

8

=2 \/3 sinAsinBsinC

nén (1) ding = dpcm.

- . ., . A
Bai todn 6.18: Trong tam giac ABC biét tanz. tan

0o | =
o | —

Ching minh: ¢ = % (a + b).
Giai

I . . :
Taco:c= = (a + b) < 2sinC = sinA + sinB

< 2sin(A 1 B) = 2sin A+ B cos o

. A+ B A+ B . A+ B A-B
& 2sIn > cos = sin 5 cos

A+ B A-B
&> 2 cos

A B . A . B A B oA .
< 2¢c0s— coS— - 2sin— Sin— = c0S— cOoS— + sin— sin —
2 2 2 2 2 2
A B . A . B
&> coS— coS— = 3sin— sin—
2 2 2 2

A B
& tan —. tang

2]
>
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Bai toan 6.19: Tinh 3 goc cia tam giac ABC biét:
J3 cosA 4 2cosB + 23 cosC = 4.
Giai
Tir gia thiét, ta co:
1.2, 2+ J3cos(B + C)-2cosB -2+/3 cosC =0
2 2
3 . ey . . 3
o (l— sin’B + = sin’C - 3 sinBsinC) + (l cos’B + = cos’C +2
2 2 2 2
+ 3 cosBcosC - 2cosB - 2cosC - 2/3 cosC)=0
1 . = | =
& - (sinB - J3 sinC)* %(cosB b3 cosC-2)2=0

& sinB - \/gsinC:»Ovz‘lcostL \/gcosC—2=0
SuyraA=90";B=60";C=30".
Bai toan 6.20: Tinh cac goc cia tam giac ABC, biét rang
‘A >B>C (N
+C0S3A +cos3B +cos3C =1 (2)
‘sinSA +sin5SB +sin5C =0 (3)
Gidi
Tir (1) suy ra A > 5 ;= >B>0; 2 >C>0

£

3n 3A n 3n _ 3B
= > - —>—2>0;

2 2 2 4 2

3C

>
2

>0

Ml:i

Do do6 sin3—2Ii >0 sin % >0, nén tr (2) suy ra

sm}—AsmEsng—{)_“.>sm:;i 0= /\—k;'JTr keZ
2 2 2 2

Chon A= -23— Va tir (3) thi cos%cosiﬁcos% = (.

VA= 2t o v B = &
3 2 3

MéB>Cnén%>C>0:>cos§>0,dodé

k2 2
EJr—s—nsuyradlrorLB—EvaC— €%

cosﬁ=0:>8=
2 15
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Bai toan 6.21: Tinh 3 goc cua tam giac ABC biét:

- A - Q) B ga—c) C 3r
sin”— +sm”— +sin”-— = — .
2 2 2 4R
Giai
S
Taco & = P _ abzc - abc
R R 4R"p 2R°(a + b +¢)

sin Asin BsinC . A . B C
5 . - =4sin —sin—sin—.
smA+smB + sinC 2

Ap dung bat dang thirc Cosi
3r

3 4 3 = ‘
4R

: ) 3 . C
sin” — + SIn —
2 2

B . ;C : .
= tsin’= >3 smﬁ sin— sin
2 I
do d6 dau béng xay ra nén tam giac ABC déu: A=B=C =60".
Bai toan 6.22: Cac goc cua tam giac ABC thoa man
. . . B . o 3
sinA + sinB + sinC - 2sin g sin - = 2sin oY Tinh goc C.

Giai
. . . A X
Ta co sinA + sinB + sinC = 4COSE cos; coS —2— nén

A+ B

B ) .
4cos£ cOS — cosg - 2sm—;—sm 5 =2 cos

= 2(cos£ CoS— - sin i sin—)
2 2 2

A B )
do do cos—l cos—(2cos— -1)=0
2 2

Vi cosﬁ cosE >0 nén cosS e | = C = 120"
2 2 4 B
Bai todn 6.23: Cho tam gidc ABC thda: cosC(sinA + sinB) = sinC. cos(A - B).
Hay tinh cosA -+ cosB.
Gidi
Theo gia thiét thi co
2cosC sin A : B cos 4-F = 2sin%cosS (2cos2 .

<

- 1)

- <

A-B

-1)

C
=sin—. (2cos2

= cosC. cos

S
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. 2 C A - B . =
= (1 - 2sin® — ). cos = smg. (2cos2 -1)
2 2
—5 cos ———+ sing =2 siancos — 2sing cos’ e
2 2 2 2
s @ A-B . C A - B
= 2sin — cos (sin— + cos )
2 2
- B =
Vi sinE + cos s ¢0nén2sing.cos A-B =1
2 2 2
B A-B
hay 2cos A+ cos > =1, do d6 cosA + cosB = 1.

Bai toan 6.24: Cho tam giac ABC tuy y. Tim gia tri lon nhit cua
sin” 4 + sin® B + sin’ C
cos’ A + cos’ B +cos’C~

M.:

Giai
3
cos’ A4 + cos’ B + cos’ C
3
M +1

TacoM+ 1=

. 2 2
nén cos’A + cos’B + cos’C =

=1+ l (cos2A + cos2B) + cos’C =
2 M +1

— c0s°C - cos(A - B)cosC + 1 - 3 =0
M +1

Vé trai 1a phuong trinh bac hai theo cosC, phuong trinh nay c6 nghiém nén

2 )20 = 4(1 - 2

)$cos2(A—B)Sl
M +1 M +1

A=cos’(A-B)-4( -

=M<3.
Dau “ = “ xay ra khi cos’(A - B) = 1 va A =0 < tam giac ABC déu.

Vay max M = 3.
Bai toan 6.25: Cho tam giac ABC tuy y. Tim gié tri Ion nhét cta:

3\/ginA + ¥YsinB + 3\/sin C

P:

deosd + afeosB 4 of
ilcos— + ijcos— + 3cos—
2 V2

Vo2 N
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Gidi
Ta chitng minh: véi moi x,y >0, : x +y < J4(x’ +y?) .
Thét vy, BDT & (x +y)’ <4(x’ +y’) & (x +y)(x - y)* > 0: dung.
Ap dung YsinA + UsinB < {/4(sinA + sinB)

. B - [
=2i{smA + cosA : B =2</cosg.
2 2 2
DAu “ = “ xay ra khi va chi khi A = B.

Tuong tu: YsinB + sinC < 2{/cos% . Dau “=“ xay ra khi B = C.

. : B _; .
YsinC + YsinA < 2i/cos? . Dau “ = “xay ra khi C = A.

Do d6: i/sinA + YsinB + i/sinC < i/cosi:— + i/cos:—3 + i/cos%

& =

. %A + i/sinB + i/sinC
nén P = —

3-’rcos A + 3(,cosg + 3/cosg
V72 VT2 VT

Dau “ = “ xay ra khi tam giac ABC déu.
Viy, max P = 1, khi tam gidc ABC déu.

Bai todn 6.26: Tam giac ABC thoa man sgnC
sin

= 2cos A. Chung minh tam giac

ABC can.
Gidi
Pang thirc da cho tuong duong véi:
sinC = 2cosAsinB <> sin(A + B) = 2sinB cosA
<> sinA cosB + sinB cosA = 2 sinB cosA
<> sinA cosB - sinB cosA =0
o sin(A-B)=0«< A-B=kn.
Vi A, Blagéctamgiadcnénk=0—= A B.
Vay, tam giac thoa diéu kién di cho la tam giac can.
Bai toan 6.27: Chimg minh ring tam gidc ABC c6 cac goc thoa méan
diéu kién sin% cos’ 5 = sin?cos3 1 thi tam gidc d6 can.

Gidi
Tir gia thiét thi
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sini; sin ?— A A n 2B
= Z_ estan—(1 +tan’5 )=tan—(1 + tan’ 5
I B > ( 2) 2( o )
cos —  €OS —
2 2
A B
C e A B
< (tan% - tan%)(tan2 5 ttan” 5 +tan 5lan5 +1)=0

,A B B 1. B, § ,B
Vi:tan® 5 +tan” 5 +tan —tan_— + 1 =(tan— + —tan—)"+ — tan” o +1>0.
2 2 2 2 4
3
Nén: tan o = tan B => A w2 +kn = A=B+Kk2n.
2 2 2 2
Vi la goc cia mét tam gide nén k = 0. Suy ra A = B.
Vay tam giac thoa tinh cht da cho la tam giac can.

Bai toan 6.28: X¢ét dang tam gidc ABC thoa min: tanA + tanB = 2 cot%

Giai
Ding thirc di cho tuong duong vai:
sin A+B
M=2tanA+Bc>2sinA+BcosA+B=2 2 cosAcosB
cosAcosB 2 2 2 A+B
cos =
(A+B
&> cos’ 2 = cosAcosB
1 .
< ]5 [1 +cos(A+B)]= P [cos(A - B) + cos(A + B)]
< cos(A-B)=1 <>A-B=0 < A=B.
Vay tam gidc ABC cén tai C.
Bai toan 6.29: Xét dang tam giac ABC: S}n iy sgn i STnC = coté cotg.
sinA + sinB - sinC
Gidi
H¢ thire da cho tuong duong voi
. A+B{ A-B A+ B
sin == l cos + cos———
— - ~— < =cot—.cot—
A+ Bl A-B A+BYy 27
sin cos — — cos
G 2
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i B
MBS A C A B A C
&S —=—= =cot—.cot— & cot—cot— =cot—. cot—
. A B 2 2
sin — Sin —
2 2

c>cotE =cotg < B=C.
2 2

Vay tam giac da cho la tam giac can tai A.
Bai todn 6.30: Cho tam gigc ABC oo —2— + —S_ = 94
cosB cosC sinBsinC

Chimg minh ring tam giac ABC la tam giac vudng.
Giai

Ap dung dinh ly sin thi hé thirc da cho tuong dwong voi:

sin B - sinC_ sin4 o sin BcosC + sinCcosB sin A
cosB  cosC sinBsinC cos BcosC sin BsinC
sin 4 ~ sin4

= — - <> cosB cosC = sinB sinC < cos(B+ C) =0
cosBcosC  sin BsinC

& B+C=E c>A=E:dpcm.
2 2

Bai toan 6.31: Tam giac ABC co: u— = tanA. Ching minh rang tam
sinB + cos4

giac ABC vuong.
Giai
: sin4 + cosB in 4 . s
Ta co: m___s_ =tanA = s <> cosAcosB - sinA sinB =0
sinB + cos A cos A

<:>cos(A+B)=0<:>A+B=%+kn.

Vi A, B la géc cua mét tam giac nén k = 0.
Viy tam giac da cho la tam giac vuéng & A.
Bai toan 6.32: Xét dang tam giac ABC théa man diéu kién:
c0s2A +cos2B + cos2C+1=0
Giai
Ta co: cos2A + cos2B + c0s2C = - | - 4cosA cosB cosC.
nén dang thirc dé bai trong duong véi:
cosA cosB cosC = 0 <= cosA = 0 hay cosB = 0, cosC = 0.
Vdy tam giac da cho la tam giac vudng.
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Bai toan 6.33: Tam giac ABC c6 tinh chét gi, néu:
"sin3A + sin3B + sin3C = 0
I cosAcosB = sinz%
Gidi

Ttr hé thuc thir hai ta duoc cosAcosB = %(1 -cosC)

= % [cos(A - B) + cos(A+ B)] = % [1 +cos(A+B)]<>cos(A-B)=0 < A=B.

Thay vao hé thirc thir nhét:
2sin3A + sin3[n - 2A] = 0 < 2sin3A + sin6A =0

& sin3A(1 + cos3A) = 0 & sin3A = 0 hodc cos3A =- 1 nén A = %

Vay tam giac di cho la tam giac déu.
Bai toan 6.34: Trong tam giac ABC co6:

. A . B . C
cosA+cosB+cosC=sm5 +sm; +sm;.

“

Chimg minh rang tam giac ABC déu.

Gidi
Taco A, B, C la 3 goc cua tam giac ABC nén:
cosA+cosB=2cosA ; B cosA —= SZcosA ; g =2sin?.

D4u “=" xay ra khi A = B.
. A . B
Tuong tu: cosB + cosC < 2sm—21 ; cosC + cosA < 2smz.

a B C
n . n . .
nén cosA + cosB + cosC < sm—2— +sin— + sin—

Va déau déng thirc xay ra khi A =B = C: dpcm.
Bai toan 6.35: Cho tam giac ABC thoa mén
cosA + cosB + cosC = 2(cosA cosB + cosB cosC + cosC cosA).
Chung minh ring tam giac ABC déu.
Giai

Ta co: 1 <cosA + cosB + cosC <

o | W

Ping thirc xay rakhi A=B =C.
vz‘1xy+yz+zx§x2+y2+z1 :>3(xy+yz+zx)£(x+y+z)3.
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Ping thirc xay ra khi x =y = z. Do d¢:
3(cosA cosB + cosB cosC + cosC cosA)
< (cosA + cosB + cosC). ( cosA + cosB + cosC)

< %( cosA + cosB + cosC)

= 2(cosAcosB + cosBcosC + cosCcosA) < cosA + cosB + cosC.
Dé4u dang thirc xay ra khi

’ cosA + cosB + cosC = E

|3(cosAcosB +cosBcosC + cosCcosA = (cosA + cosB +cosC)’
<A =B=C:dpcm.

Bai toan 6.36: Xét dang tam gidc ABC théaman: b +c = % + h, 3.
Giai

a . 253 a2y 2\/5% a | be3

2 a 2 a 4R 2 2R

¢ 2sinB + 2sinC = sinA + /3 sinB sinC

Tabiéndoi: b+c=

&> 2sinB + 2sinC = sinB cosC + sinC cosB + \/5 sinB sinC

: Bl . . . 8 - .
<> (2sinB - sinB cosC + ? sinB sinC) + (2sinC - sinC cosB + l/;_- sinB sinC)=0

1 3
<> 2sinB[]1 - (%cosC + ?sinC)] + 2sinC[1 - (—’)— cosB + i;—sinB)] =0

& 2sinB([1 - cos(C - g)] +2sinC[1 - cos(B - %)] =0

p

cos| C

w |y

< (\ 4
cos(B = EJ
\ 3
Bai toan 6.37: Céc canh tam giac ABC thoa mén: a*=b" + ¢*. Chung to rang tam
giagc ABC nhon va 2sin°A = tanB tanC.

Giai

=1
= B=C=%:>dpcm.
= 1 -

B Ju>b A>B - oD . .
Tur gia thiét, suy ra = _ nén ta chi can chimg minh A nhon.
la >c A > C

) 2 2 2 2, 2
Tacé b*+c*=b% b2+ c?<a’ b’ +al ¢ = b*+c?>a’ = dpem.
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: b
Va: 2sin’A = tanB tanC <> 2a2 -_ ¢
cosBcosC
22 c’+a’?-b? a’+b*=¢?
2ca 2ab

o2

=bc & a4 = b4 + c4: dung.

BAI TAP
Bai tap 6.1: Chimg minh cac dang thuc vé tam giac ABC:
a) sin’A + sin’B + sin’C = 2 + 2cosA. cosB. cosC

. . A B .
b) sinA -sinB + sinC =4sin—.cos—.sin —

HD-DS
a) Dung cong thire ha bac.
Bai tip 6.2: Ching minh cac déng thic vé tam giac ABC:
a) cotA. cotB + cotB. cotC + cotC. cotA =1

A B C A B C
b) cot—2—+cot—2—+c0t5= cot—.cot—.cot—

2
HD-DS
Dung cong thiuc cong vo1 goc A +B = 7 -C, ﬁ+ Z = 7y JO
g 2 2 2
Bai tap 6.3: Cho tam gidc ABC. Ching minh:
a)Néu 22 + 2c = 3b thi tan 2.tan " =
2 2 5
b) Néua?=b(b + c) thi A = 2B
HD-DS
Dung dinh ly sin, cos va bién déi luong giac.
Bai tap 6.4: Chimg minh céac bat dang thirc vé tam giac ABC
a) cos’ A +cos’ B + cos’ CZ% b) coszg+coszg+cos2

33 l

c)sinA+sinB+sinC < d) cosAcos BcosC < —.

o

“

HD-DS
Bién ddi vé tong binh phuong.
Bai tip 6.5: Chimg minh cac bat dang thirc vé tam gidc A ABC

C
a) tanA4A+tan B > 2cot—q—

L

b) cot A+cotB > 2tan%

A B C
c)tan—+1g—+1¢ —Zﬁ
)tan g tig

©
2

9
<=
4

d) cot A+cot B+cotC >+/3.
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HD-bS
Dung hé thirc vé tan, cot va bat ding thirc Cosi.

Bai tip 6.6: Tinh cac gdc tam giac ABC cén biét co 1 goc thoa: tan x — tan> = %
HD-DS

3 goc A, B, C déu bang 60°.

- o . L Ja’ 26+

Bai tap 6.7: Tinh cac goc tam gidc ABC biét: { -

.sinA4 +sin B+sinC =142
HD-DS

A=90",B=C=45"
Bai tap 6.8: Xét dang tam giac ABC biét:

a)l+cosB_ 2a+c b)b+c

- = =cosB+cosC
sin B Vaa! —¢? a

c)S =%Rz(sin3 A+sin’ B+sin’ €) d) atanB+btanA4 =(a+b)cot%.

HD-bS
a) Tam giac ABC can b) Tam giac ABC vudng
¢) Tam giac ABC déu d) Tam giac ABC vudng hay cén.

Bai tdp 6.9: Cho tam gidc ABC tuy y, tim gia tri 16n nhét:

2 p o) 2
a)M=sin£sin£sin£ b)N = ta?n A.tdn)B.tan S‘
2 2 2 tan” A+tan” B+tan” C
HD-DS
1
a) = b) 3.
) 2 )
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7 CAC DANG PHUONG TRINH LUONG GIAC

Phuong trinh co ban sinx = m
Vi |sinx| <1 véi moi x nén khi |m| > 1 thi phuong trinh vé nghiém, con khi
|m| <1 thi phicong trinh c6 nghiém:

X =arcsinm + k2n . A
. tk € Z).
| X =m—arcsinm + k2n B
Néu o la mét nghiém cua phicong trinh sinx = m thi: M, m 1
_ _ x=o+k2n .
sinx = sin o < (k € Z) A 0 /A
x=m-o+k2n
— . T —/
Dac biét:  sinx = 1 <>x = 5 + k27 B

) T )
sinx = -] <x = == + k2 sinx =0 < x =k

Phuwong trinh co ban cosx = m
Vi |cosx| <1 véi moix nén khi |ml > 1 thi phwong trinh vo nghiém, con khi

|ml <1 thi phicong trinh cé nghiém: R

(k € 2). B

X =—arccosm + k27
Néu a la mét nghiém cua phuong trinh cosx = m thi: :

x =a+k2n A o\l /A
(k € Z).
x=-a+k2n M,

[x =arccosm + k2x

v

cosa = cosa <=

Ddc biét: cosx =1 <x =k2n .
. T
cosx = -1 ex =+ k2m cosx =0 ¢<x = — +knm
2
N D A A
Phuong trinh co ban tanx = m ‘ 1
o P 2 . 0 n B i
Piéu kién xdc dinh la cosx # 0. Vi tanx nhdn M
moi gid tri tir -co dén + oo nén phuong trinh luén m
co nghiém vdi moi m: >

i A ) A
x =arctanm + km, (k € Z). /
Néu a la mét nghiém cua phuwong trinh tanx = m, thi M,

tanx =tan a <3x = a + kn, (k € Z).

Pdc biét: tanx = 0 <> x =k
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Phuong trinh co ban cotx = m *

Dicu kién xac dinh la sinx = 0. Vi cotx nhan Bm ! -
moi gid tri nr -0 dén + 20 nén phirong trinh luén *
co nghiém vai moi m: ' -
X arccotm - km (k € Z). A O AT
Néu o ld mot nghiém cua phuong trinh cotx — m thi: M,
colx cota<>x  a-+ km(keZ) B

Dac biét: cotx ) <>x T4 ki

Chiu y:
1) Co don vi hodc la so thuce cua an, két hop nghiém. Han ché su dung arcsin
m. arccos m, arctanm, arccotm (gid tri x € R)
u=a" +k360"

2)  sinu o sind” ¢» k eZ.
u= 1807 —a" + k360°

) u=a"+k360" i
cosu  cosd” < ke”Z
u=-a"+k360

tanu  tand” <u - d’ kIS k e 7.
cotu — cotd’ <u - d” kIS k e 7,

o o J . S LS - N =
3) Diéu kién xdac dinh cua tanx la x # 2 km k e Z cuacorxlax 2k k e Z

hayv don vi dj ieong irng.

4) Tim nghiém thuic mién cho wrude: Giai phicong trinh roi nham chon
nghiém. bicu dién nghiém trén dudng ron heong gide. giai har phuong trinh dé
1im k nguvén, ve do thi:... dé chon nghiom thich hop.

Phuong trinh theo mot ham $6 lwong gidac

Dang: a. sinx + b 0; a.cosx - b 0
da. tanx - b 0: a. colx b0
a sinx ¢ b.osine ¢ 0 a cosx - b ocosx - ¢ 0
a. tarx - b otanx - ¢ 0: a col'x b cotx + ¢ 0

a sin'x © bosimx ¢ cosiny o d 0.

Phicong phdp: Chon mér ham s6 leong gide, biéu thire wong gide thich hop dé
cica phicong trinh cho theo ham s6 leong gide, biéu thire lheong gide dé hode tich
cac phuwong trinh co ban.

Phuong trinh dang cap (thuin nhat, dong béc)
Dang: a. sinx + b. cosx ()
a. simx © b, sinx. cosx ¢ cosx 0
a. sin'x - b sim'x cosx ¢ sinx cos'x 1 d. cos’x 0.
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Phicong phap: Véi bdc 1, 2, 3,..., n, xét cosx = 0, xét cosx # () va chia 2 vé cho
cos"x thi phuwong trinh thanh phuong trinh theo = tanx.
Chu y:

1) Néu xét sinx = 0, xét sinx = 0 va chia 2 vé cho sin’x thi phiwong trinh tro
thanh phuong trinh theo | = colx.

2) Bién doi tang giam bdc, dwa vé ciing bdc:

sin2x= 2sinx. cosx, cos2x = cos’x — sin’x.

Hcing s6:  d=d(sin’x + coszx) = d(sin’x + cos’x)’....
Phuong trinh bac nhit theo sinx va cosx (dang cé dién)

Dang: a. sinx + b. cosx = ¢ vdi a hodc b khac ().

Phuong phap: bién déi a. sinx + b. cosx vé dang A. sin(x + ) hodc B. cos(x + f§)
bdng cdch chia 2 vé cho a” + b’ #0) nén:

' &Y
) e Tk a .
a. sinx + b. cosx = x/a3 +b =—=—="SIN X + =———=C05X
\\/a“+b" \/a"+b' 5
2 \2
da b - 2 g
Vi o B e =1 nén ton tai s6 a sao cho:
Vva’ +b° Jd +b”,
cosq = ———— va sina — Taco:
x/a +b \/a“+b

. 5 d . 2 2 .
asinx + bcosx 7\/;2 +b? (cosasinx + sinacosx) = \/a +b sin(x + ).
Do do, viéc giai phuong trinh asinx + bcosx = ¢ duoc dwa vé gidi phuong (rinh

luong giac co ban sin(x + a) =

Ja? + b’
Suy ra diéu kién phuong trinh: a. sinx + b. cosx = ¢ ¢6 nghiém khi va chi khi
¢
| 51 ea tbhl2cl
Ja’ +b?
Chu y:
A < g a b S 2 .
1) Néu chon s6 B dé sinf} = ———=, cosf} = ——— thi ta c6: asinx +
va'+b’ va’+b’ -

bcosx = \/a2 +b’ cos(x - .

2) Dac biét: sinx + cosx = \/5 sin(x + %) = \/5 cos(x - %)'
sinx - cosx = \Esin(x - g) =2 cos(x + %),
\/—3_ sinx *cosx = 2sin(x i‘% ); sinx 1+ \/ 3 cosx = 2sin(x + g ).
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3) U}zg dung diéu kién c6 nghiém dé chitng minh bat dang thirc hay tim gid tri
lon nhat, nho nhat.
Phuwong trinh doi xirng theo sinx va cosx

Dang: a(sinx + cosx) + b(sinxcosx) + ¢ = ().

Phuong phap: Dat t = sinx + cosx = V2 sin(x + %), /1/_< )

N , 2 —y 2 . .
Taco: t =sin“x + cos’x + 2sinxcosx = 1 + 2sinxcosx
2

= SInxcosx = nén phuong trinh (ro thanh phuong trinh bdc hai theo t:

2

at+b +c=0.

Cha y:
1) Bién déi khdc: sinx + cosx = \/2_ cos(x - %), |t| < \/2_
2) Dang a(sinx - cosx) + b(sinxcosx) + ¢ = 0 thi

dat | = sinx - cosx = \/2_sin(X- E) |t| <2

2 . . 1=t
=" =] - 2sinxcosx = sinxcosx = —

Bai toan 7.1: Giai cac phuong trinh:

a) sin an):_l b) cos X+ :z.
5 2 18) 5
Gidi
(x+m) 1 .(x+7tw . ( nj
a) sin =——<&sin =sin| ——
L 5 J 2 - 6
x+n=—£+k2n x=—ﬁ+k10n
& . = 296 keZ.
X;n:n+£+k2n x:—67£+k1()7r

b)Vi0<%<1néncéséasaochocosa=%.Dod(’):
s 2 | n
cos(x+ —)= — o@cos(x+ —)=cosa=>x=trta- — +k2n, k € Z.
18 5 18 18

Cach khac: Vi0 < % <1 nén:
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2
cos(x + —]E‘)= g oS X+ ki = tarccos— + k2=
18 5 18 S

SSX= - + arccosz +k2n, k € Z.
18 5
Bai toan 7.2: Giai cac phuong trinh sau:

a) cos xX= - 73 b) sinx =

| W

Giai
a) cosx = -—53— &> cosx = cos150° < x =+150° + k360°% k € Z.
. 3 " _ g g 1. 3 .
b)\/10<§<1nencosoadesma=§.Dodo:

. 3 . . (x =0 +k2n
inx = = & sinx = sina & ,keZ.
5 x=n-a+k2n

Cach khac: Vi 0 < % < | nén phuong trinh:
.3
X= arcsmg +Kk2n

o 3 JkeZ.
X = n—arcsin:S—Jr k2n

sinx =

W | W

Bai toan 7.3: Tim nghiém cua cac phuong trinh sau trong khoang da cho:

a)sin2x=-%véi0<x<n. b)cos(x-5)=—3-v6i-7t<x<n.
Giai
1 2x = 1 k2n X = -~ 1 kn
a) sin2x = - — <> sin2x = sin = ¢ = (keZ)
2 Tn Tn

2x =— + k2= X=—+knm
) 6 R
Véi didu kién 0 < x < m:

e ke sy ake Bk 1 iresiRe=ilz
12 12 12

. . o 1 . P
Do d6 trong céc gia tri x = - % + kn chi c6 nghiém x = TIE la thoa min diéu

kién 0 <x <m.
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diéukiéndélak=-1nénchonng+5-2n=5-?.

-Xét0<E+kn<n<:>-—7—<k<l<:>k=0.
12 12

, , % T o W ca n , gr A .
Do d6 trong céc giad tri x = 9 +kmn chi 6 nghiém x = Y thoa diéu kién 0 <x <.

L

Vay phuong trinh ¢6 2 nghiém: x = ’17—} vax = 1—]172 thudc khoang (0; ).

b) cos(x - 5) = ? <> cos(x-95)= cosg

x—5=%+k2n x=2454kn
& | © (k e 7).
n n
X-5=-—+k2n x=——+5+kn
6 i 6

Vi didu kién -n < x <
-Xét-n<%+5+k27t<7t<:>-7n-30<12k7t<51t-30

7 30 S 30

ke B S
12 12=n 12 12n

Vik e Zva-1,38 <k <-0,37, do do chi c6 mot gia tri k nguyén thoa man céc

11n

-Xét-n<-—g+5+k2n<n<:>-57r-30<12k7r<77t—30

= _—S—i-ﬁk ﬁl—i‘
12 2n 12 2=n
Do d6 k = -1 nén c6 nghiém thi hai cua phuong trinh la:
13n

X=ed 4 5-2p=5- %
6

Viéy phuong trinh ¢6 2 nghiém: x = 5 - : :T

vax=5- 13771: trong khoang (-m; m).

Bai toan 7.4: Giai cac phuong trinh sau:

76

a) tan(2x - 1) = /3 b) cot2x = cot(--L—).
Giai
a)tan(2x - 1) = 3o tan(2x - 1) = tang
3

n

c>2x-1=£+kn<:>x=l+1+k—,kel.
3 2 6 2



b) cot2x = cot(-l) o 2x = -l +knox= -l - kE. keZ.
3 3 6 2
Bai toan 7.5: Giai cac phuong trinh sau:
a) col(% +20% =-43 b) cot3x = tanz?n.
Gidi
2) cot(% +20 =-43 & col(% +20°) = cot(-30°)

o % +20° =-30° -+ k180° <> x = -200° + k720% k € Z.

b) cot3x = tanz—TE & cot3x = cot(E--z—TE) &> cot3x = cotl
5 2 5 10

<:>3x=—n—+k7t<:>x=£+ki,kel.
10 30 3

Bai toan 7.6: Giai cac phuong trinh sau:

a) tan2x = tan(x + E) b) 2tan5x = 1.
Gidi
2x # =+ kn x¢£+k§
a) Diéu kién - = 2

nom
Xx+—#—+kn
47 2

x:tz+kn
4

Phuong trinh tan2x = tan(x + E) & 2x=x+ -} +tknex= % + kn (loai).
Vay phuong trinh vo nghi¢m.

b) 2tan5x = 1 <> tan5x = %

&> 5x=arclanl +knex= i— arctanl + kE, k € Z.
2 5 2 5

Bai toan 7.7: Tim nghiém cua cac phuong trinh sau trén khoang da cho:
a) tan(2x - 15°) = 1 va4i -180° < x < 90°.
b) cotdx = - = vdi- % <x <0.
V3 2
Gidi
a)tan(2x - 15%) =1 ¢ 2x = 15° 4 45° + k180° <> x =30° + k90°, k € Z.
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Taco: -180° <30°+k90°<90° < -2 < % +k<lo ke {-2;-1; 0}
Vay phuong trinh ¢é 3 nghiém la: x = -150°, x = -60° va x = 30°.

b) cot3x=-L=cot_—n<:>x=—g+k§,k e 7.

V3

Ta co: —E<—E+ki<0¢:>—é<k<§ <k ef-1;0}.

Vay phuong trinh ¢6 2 nghiém la x = — %t vax = —%.
Bai toan 7.8: Giai cac phuong trinh sau:
a) cos3x = sin2x b) sin(x - 120°) - cos2x =0
Gidi
a) cos3x = sin2x <> cos3x - cos(% -2x)=0
5 2Tk x=—2 +k2r
R DEne Dyegrest|2 Y =) F
2 4 2 4 S o« T 2t
———=kr  |x=—+k—
2 4 0 5

Cach khac: cos3x = sin2x = cos(% - 2x).

b) sin(x - 120°) - cos2x = 0 <> c0s(210° - X) - cos2x =0

o — 2sin(f +105" ]sinLl 05" — i’f) )
2 2

X 105" = k180"
< : &

2

105" —2X = k180"
i 2

x =-210° + k360°
x =70 + k120°

Cach khac: sin(x - 120°) = cos2x = sin(90° - 2x).
Bai toan 7.9: Giai cac phuong trinh sau:
a) tanx = cot2x b) tan(2x + 30%) + tan10® = 0.
Giai
a) Diéu kién: cosx # 0 va sin2x # 0

n T m
oOx#—tknvax# — +k—, ke Z.
2 2 2
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: T
Phuong trinh: tanx = cot2x <> tanx = tan( o 2x)

n : m . T T
SOXx=—-2xtkneo3x=—tkneoeox=— +k—.
2 2 6 3

Chon nghiém: x = i% +kmn, k e Z.

b) Diéu kién: 2x + 30° # 90° + k180° < x # 30° + k90°.
PT: tan(2x + 30°) + tan10° = 0 <> tan(2x + 30°) = -tan10°.
<> tan(2x + 30°) = tan(-10") <> 2x +30°=-10° + k180°.
& 2x = -40° + k180° < x = -20° + k90° (chon).
Bai toan 7.10: Tim tham s6 m dé phuong trinh c6 nghiém:
a) 2sin3x =m - 1 b) mcosx - 2 = cosx + 3m
Gidi
a) 2sin3x =m - 1 <> sin3x = mT—l

Tu gy a m-—1
biéu kién c6 nghiém: -1 <

b) mcosx - 2 =cosx + 3m <> (m - 1). cosx =3m + 2
Xétm =1 thi PT: 0. cosx = 2: v6 nghiém.

Xeétm # 1 thi PT: cosx = 222

m-—1
3m+2

m-—

.<,1~':>|3m+2|s|m-1[.

biéu kién c6 nghiém: ‘

& Bm+2P<(m-1) e (Bm +2%- (m-1)2<0.
& (4m+ 1)(2m +3) <0 < —%Sms—%

Viy diéu kién phuong trinh ¢6 nghiém: —% <m< ——% 3
Bai toan 7.11: Tim tham sé dé phuong trinh sau c6 nghiém:
a)2cot(x + 1)=3m - 1 b) m. tanx + 2 =m.
Gidi

a)2cot(x t 1)=3m-1&cot(x + 1) = Lol

<l1le-2<m-1<2&-1<m<3.

Vi cot(x + 1) ¢6 gid tri tir -co dén -co nén phuong trinh ludn c¢6 nghiém véi moi m.

b) Xét m = 0 thi phuong trinh: 2 = 0 (v0 nghi€ém).
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Xét m # 0 thi phuong trinh:
m. tanx + 2 = m <> m. tanx = m - 2 < tanx = mm;Z
Vi tanx c6 gia tri tir -co dén + oo nén phuong trinh ludn c6 nghiém véi moi m.
Vay diéu kién c6 nghiém la m # 0.
Bai toan 7.12: Giai cac phuong trinh sau:
a) 2cosx - V3 =0 b) J3tanx -3 =0.
Gidi

a) 2cosx - \/5 =0 2cosx = \ﬁ &5 CosX = ?3

<:>cosx=cosg @x=i% +k2n, k € Z.
b) \/gtan3x— 1=0& \/gtan3x= 3o tan3x = «/§ <:>tan3x=lan§

<:>3x=£+kn<:>x=£+k£,kel.
3 9 3

Bai toan 7.13: Giai cac phuong trinh sau:
a)2sin2x + 1 =0 b) 3cotx -4 = 0.
Gidi

a)2sin2x + 1 =0 < 2sin2x = -1 < sin2x = -% &> sin2x = sin;gE

Ix =—2 L k2 IX=—Z 4kt | x=——tkn
&> < o < ) k € 7).

T
2X:Tt+£+k27t 2x =—+k2n x=?—n+kn
6 6 12

b) 3cotx -4 =0 < 3cotx =4 < cotx = %®x=arccotg +kmn, k e Z.

Bai toan 7.14: Giai cac phuong trinh sau:
a) (sinx + 1) (2cos2x - N )=0 b) sinx + sin2x =0
Giai

a) (sinx + 1)(2c0s2x - v/2 ) = 0 < sinx = -1 hodc cos2x = —’%

& sinx = -1 hodc cost=cosg <:>x=-§ + k2m hodc 2x =i—} + k2m.

<:>x=-§+k27thoécx=i—g+k7r,keZ.
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b) sinx + sin2x = 0 <> sinx + 2sinxcosx = 0

<> sinx(1 + 2cosx) = 0 <> sinx = 0 hodc cosx = -%.

' ) 27 L 2n
<> sinx = 0 hodc cosx = cos— <> x = kn hodc x = iT + k2.
5

Bai toan 7.15: Giai cac phuong trinh sau:
a) cos’x + sinx + 1 =0 b) cot’2x - cot2x - 2 = 0.
Giai
a) cos’x +sinx + 1 =0« 1 -sin’x +sinx + 1 =0
< sin’x - sinx - 2= 0. Patt=sinx, -1 <t< 1,
PT:t*-t-2=0.Via-b+c=0nénco 2 nghiém t = -1 (chon) va t = 2 (loai).

Dod(')sinx=-1<:>x=-g+k27t,keZ.

b) Diéu kién: 2x # kn < x # k%. bat t = cot2x thi phuong trinh:

e

, t=-1 |cot2x=-1
tt-t-2=0 &>
_t=2 _cot2x=2
3n x=3—n+kE
2x =—+kn 8 2 5
= 4 = k € Z).
| 2x =arccot2 + kn x:—arccot2+kE

Bai todn 7.16: Giai cac phuong trinh sau:

I
o

a) 4cos> - 2(1 + /2 )sin(x + g) +42 =
b) Stanx - 2cotx -3 =0
Giai
a) Ta co sin(x + %) = cosx nén phuong trinh tr¢ thanh:
4cos’x - 2(1 + \/E)cosx + 42 =0. Patt=cosx, -1 <t <1 taco:

— - 1 N
A2-2(1+ 2+ 2 =0 t= 5 hozc t= == (chon).

x=i£+k2n

P P : K e Z)
cosx=—2 x=i£+k2n
2 4

COSX =

gl | -
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o5 ™ A F s
b) Diéu kién cosx # 0 va sinx # 0 <& x # k;

Ta co: Stanx - 2cotx - 3 = 0 < Stanx - 2 -3=0.
tan x

. s
tanx =1 X=—+kn

&> Stan*x-3tanx-2 = 0 < 2¢>

.k eZ.
tanx =—= %
] 5 |x =arcta{——g)+kn
Bai toan 7.17: Giai cac phuong trinh:

a) 3cos4x - 2c0s%3x = | b) 2cos2x - 8cosx + 7 = :

COS X

Gidi
a) Ta c6 3cosdx - 2cos?3x = 1 <> 3c0s2(2x) - (1 + cos6x) = 1
&> 3(2c0s"2x - 1) - 1 - cos3(2x) - 1 =0
&> 6¢08%2x - 5 - (4c08°2x - 3c0s2X) = 0 < 4c0s’2x - 6c0s°2x - 3cos2x + 5 =0
bat t = cos2x, t| <1 thi phuong trinh tvong duong;:
48 -6 -3t+5=0 (t- )AL -2t-5) =0t =]

1 =N 1+ W2
hoathThoa =

ct= ———— (loal
N (loat)
Khit=1¢ cos2x =1 < x =km;
— 4 —_J
Khit=¥,datcosa=l— 4\/&1.

R oL
PT < cos2x = cosat & x =+ — + km.

Véy phuong trinh cé nghiém: x =kn ; x =+ — + km.

R

b) Diéu kién: x # g + km, phuong trinh

2c0s2x - 8cosx + 7 =

& 2(2coszx - I)cosx - 8cos’x + 7cosx = 1.
cosx

bat t = cosx,

t] < 1, t # 0, phuong trinh tuong duong
220 -t-82 +Tt-1=0 4 -84 5t-1=0

e (- DA -4+ )=0e(t- 1)2t-1P2=0

<>t=1hodct= —;— <> cosx = | hodc cosx = b
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< x = k27 hoac x = + Z:— + k 21 ( chon).

Bai toan 7.18: Tim m dé phuong trinh: cosdx + 6sinx cosx = m c6 hai nghiém

phan biét trong doan [ 0, g].
Giai

Phuong trinh twrong duong: 1 - 2sin2x + 3sin2x = m.

Pat t = sin2x, diéu kién It] <1thi phuong trinh tro thanh: - 2% + 3t+ 1 =m.

Vérixe[0,%!@0S2x£§<:>0$t=sin2x$l.

Bai toan trd thanh tim m diéu kién dé phuong trinh
222+ 3t+ 1 =mco hai nghiém thoa: 0 <t <t, < 1.

Xét parabol y = f(t)= - 2¢ + 3t + 1,0 < t < 1 ¢6 bé 16m hudng xudng va hoanh

d6 dinh t = E
4

Do d6 diéu kién: f(0) < m <f( %) & 1<m< -1-8? .

Bai toan 7.19: Xac dinh a dé hai phuong trinh sau tuong duong

2cosx cos2x = 1 + cos2x + cos3x (1)
4cos’X - cos3X = a cosx + (4 - a)(1 + cos2x) (2)
Giai

Taco (1) < cosx + cos3x =1 + 2cos’x - 1 + cos3x
&> cosX = 2€08°X < cosx = 0 hoac cosx = 5

2) 4cos’x - (4cos3x - 3cosx) =acosx +2(4 - a) cos’x
< 4cos’x + 4 - 2a)coszx +(a-3)cosx =0
<> cosx(2cosx - 1)[2cosx -(a-3)]=0

1 .
<> cosx = 0 hodc cosx = E hodccosx = ——

2
Hai phuong trinh da cho tuong duong khi
< = _oa -3 1
hoéc: =0 < a=3hoic =5<:>a=4,
a — 3 a —
hodc > 1< a>5hoiac <-lea<l.

Vay hai phuong trinh twong duong khi:
a=3hoaca=4hoiaca<]1hoaca>>5.
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Bai toan 7.20: Giai cac phuong trinh sau:
a) 3cosx + 4sinx = -5 b) 2sin2x - 2cos2x = o
Giai
a) Chia 2 vé cho Ja+b = /9416 =5 thi phuong trinh tré thanh:

icosx+ isinx=-1.Vi (E} + Lil =1
5 5 5, 5)

- - 3 . 4
nén ton tai sO a sao cho: cosa = g, sina = g

Do d6 phuong trinh:
cosaL. cosx + sina. sinx = -1 <> cos(x - o) = -
oOx-a=x +tk2neox=a+ 1 +k2n,k € Z.

| 1 ]
b) 2sin2x - 2cos2z = \/5 & —=Sin2x - —=Cco0s2Xx = —
V2 V2 2
< sin(2x - E)= i < sin(2x - E)=sinE
4 2 4 6
2x—£=£+k2n 2x =§E+k2n
o 4 6 12
137

2x——n—=1t—E+k2n 2x =—+ k27
4 6 ) 12

-~

Vay phuong trinh c6 nghiém la: x :% A 1;:1: p e

Bai toan 7.21: Giai cac phuong trinh sau:
a) cos(g— -Xx)+cosx =1 b) Ssin2x - 6cos’x = 13.

Giai

a) Ta co phuong trinh: sinx + cosx = 1 & V2 sin(x + %) =1

| x =k2n

: L L

osinx+ —)= —==sin— (ke Z
4) NE) 4 x=g+k2n )

b) 5sin2x - 6cos’x = 13 < 5sin2x - 3(1 + cos2x) = 13

~

. 5 . 3
<> 5sin2x - 3¢c0s2x = 16 & ——=sIin2x — COS2Xx =
J34 J34 J34

. ’LT 4 ;] .
\Bz) T\
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vy . E < 3
Nén ton tai sO a sao cho: cosa = 73-_4- va sina =\/—_.

16

Ner

Do d6 phuong trinh: cosa. sin2x - sina. cos2x = %@ sin(2x - a) =

Vi 715% > 1 nén phuong trinh nay vé nghiém.

Bai toan 7.22: Giai cdc phuong trinh

3 ]
a)sinllx + > sin7x + 5 cos7x =0 b) sin8x - cosb6x = v@( sin6x + cos8x).

Giai
a) Phuong trinh tuong duong vaéi

-

sinlIx = - > sin7x - ;cos7x &< sinllx = -sin(7x + %)Z sin( - 7x - %)
_ n /s kx
llx = = Tx — — + k2= X = — — 4 —
= 6 s 7108 . 9
lx =7+ Tx + % + k27 o g e x 2O
6 24 2

b) Phuong trinh tuong duong voi:
sin8x - /3 cos8x = cos6x + /3 sin6x

& —sin8x - —3c058x = b cosx + —3-sin6x < sin(8x - —TE) = sin(6x + E)
2 2 2 2 3 6

8x — X = 6x + 4 k2x x = Z 4 kn
& f & 4 "
8x — X = 6x + & + K2« E £.2 BL
. 3 6 i 12 7
Bai toan 7.23: Tim nghiém cia phuong trinh cos 7x - J3sin7x = - /2 thoa man
sy 2T 671
diéu kién —5— <X <—.
Gidi
3 . 2 . .
Phuong trinh: LI cos7X -—sin7x =- — & sm(E- 7x) = sm(-E)
2 2 6 4
St k2w | 13 k2.7
84 84 7
Nghiém thoa didu kign dé bai: x= 2o g 2% iy e 297
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Bai toan 7.24: Xac dinh m dé phuong trinh c6 nghié¢m:

a) Ssinx + 2cosx = m b) (m - 2)cosx + (m - 1)sinx = 1.

Gidi
a) Phuong trinh c6 nghiém khi va chi khi
al+bi >l P +22>m o |ml < 429.

b) Phuong trinh c6 nghiém khi va chi khi a’ +b* > c?

om-2)2+m-1>1em -3m+220em< | hodem>2.
Bai toan 7.25: Ching minh bét dang thic dung véi moi x:

2sin2x+cos2x _ 5

—-1< < -,
sin2x—-cos2x+3 7

Giai

’ . 2sin2Xx + cos2x
Hamsoy =

sin2x —cos2x +3

Ta co |sin2x| <1, |cos2x‘ <1 voi moi x

nén sin2x - cos2x >-2>-3, dodo D =R

nén 2sin2x + cos2x = y(sin2x - cos2x + 3) <> (2 - y)sin2x + (1 + y)cos2x = 3y
Diéu kién c6 nghiém: a> + b’ >c? = 2 -y)2 + (1 + y)’ > (3y)?

<:>7y2+2y-5S0<:>-ISyS%:dpcm.

v e 2 pge— L g B B Py o2 3sinx —cosx
Bai todn 7.26: Tim gia tri 1on nhat va nhé nhat cua ham so6: y =

sinx +2cosx —4
Gidi
Ta co | sinx | <1, |cosx | <1 voi moi x nén sinx + 2cosx < 3 <4, do d6 tdp xac
dinh D = R. Ta chuyén ham sd vé phuong trinh:
3sinx —cosx

y = — < 3sinx - cosx = y(sinx + 2cosx - 4)
sinx +2cosx —4

<> (3 -y)sinx - (1 + 2y)cosx = -4y

Piéu kién c6 nghiém: a’+b’>c’

& G-y +(1+2y)P > (-dy) o 1y*+2y-10<0

VI +1] VIl =1
o - <y< :
11 11

Jiti-1 . i+l
——— ,miny =-———.

11 11
Bai toan 7.27: Giai cac phuong trinh sau:

a) 3sin’x + 4sin2x + (8 V3 - 9)cos’x =0

b) 2sin’x + 3 3 sinx. cosx - cos’x = 4.

Vay maxy =
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Gidi
a) Phuong trinh: 3sin’x + 8sinxcosx + (8 \/§ - 9)coszx =0
Xét cosx = 0 thi sinx = 0 (loai).
Xét cosx # 0, chia 2 vé cho cos’x thi phuong trinh:

_tanx = —\/g

3tan’x + 8tanx * 8 \/“; -9=0& 8 _
tanx = —§+ V3

Véi tanx =-\/§ & tanx = tan(-%) SOX= -g + k.

Vai tanx=-§ +43 <:>x=arctan(-% ' \/3_)+ kn

Vay phuong trinh c¢6 cac nghiém la:

8
X = -? +kmn véx=arctan(-; + \5)4- kn, k € Z.
I .

b) Ta co: 2sin’x + 3 +/3 sinxcosx - cos’x = 4
5 N 2 g
&> 2sin’x + 3 /3 sinxcosx - cos’x = 4(sin’x + coszx)
.2 e 2
&> -2sin’x + 3 4/3 sinxcosx - Scos’x = 0.

Cac gia tri cia x ma cosx = 0 déu khong nghiém dung phuong trinh nén chia 2
vé cos’x ta dugc phuong trinh twong duong:

2tan’x - 33 tanx + 5=0c6 A=27-40<0
Phuong trinh nay vé nghiém nén phuong trinh da cho vé nghiém.
Bai toan 7.28: Gidi cac phuong trinh sau:
a) /3 sin’x - sinxcosx = 0. b) sin’x - 3 sinxcosx + 2cos’x = |
Giai
a) /3 sin’x - sinxcosx = 0 <> sinx( 3 sinx - cosx) =0

<> sinx = 0 hodc \/3_ sinx - cosx = 0 <> sinx = 0 hoac J3 tanx -1 =0

<> sinx = 0 hoac tanx = L_ =tanE <:>x=k7th0'{1cx=-Jz +kmn, ke Z.
J3 6 6

.2 . . D
b) PT < sin’x - \/5 sinxcosx + 2cos’x = sin’x + cos’x

- \/3 sinxcosx + cos’x = 0 <> cosX(cosX - \/3 sinx) = 0.

o T
V01cosx=0<:>x=5+k7t.
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Vi cosx - x/gsinx=0c>cotx= «/5 oS = % + km.

A z Al 9 T . T
Vay cac nghiém la: x = ES +knvax= i + km.

. " = 1+cos2x . 1—cos2x
Cach khac: Ta c6 cos’x = T, sin’x = T va

) 1. . .
sinxcosx = — sin2x nén phuong trinh tuong duong;:

-

o %(1 - c0s2x) - —éisin2x+ 1 +cos2x =1

ks ]

R lcost - —Jsin2x = -—l—
2 2 2

b1 9wl 2n
o cosgcos2x - sm;stx = cos?

/Tt Y
o cosL: +2x

=cos'-2£<:> ,keZ.
3 ) 3

T
X=—+kn

Bai toan 7.29: Giai cac phuong trinh:

) 2 X LI .2 X
a) — =4sinx + 6 cosx b) 4cos” - + —sinx + 3sin” — =3,
cosx 2 2 2

Giai

o va T 0 o R .
a) Diéu kién x # 3, + km. Chia hai vé cho cosx, phuong trinh:

Fa

1 sin x cosx )
— =4 +6 <> 1 +tan"x = 4tanx + 6.
cos” x cosx cosx

Dat t = tanx, ta duoc P-4t-5=0e>t=-1 hoact=15
Khit=-1=tanx < x = - it- + km;

Khit=5 < tanx < x = arctan a + kn.

Vay phuong trinh ¢ nghiém: x = - E + km; x = artano + k.

b) PT < 4coszl1£ + sinicosi + 3sin?> =3,
2 2 2 2
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. X A . . i . - X
Vi cosz; = 0 khong thoa phuong trinh, nén chia hai vé cho cosZ; # 0 ta dugc

phuong trinh tuong duong

COS

COS2

= [N =
N
L

4+ tan> + 3tan’> = 3(1 + tanzi)
2 2 2
batt= tan% thi phuong trinh

3 +t+4=301+1) <:>t=-1<:>tan%=-l

ol=-Tikmeox=-Z+knkeZ
4 2

Bai toan 7.30: Giai cac phuong trinh:

a) 2sin’x - sin’x cosx + 2sinx cos’x - cos’x = 0.

b) cos’x - sin’x = sinx - cosx.

Giai

a) Vi cosx = 0 khéng thoa man phuong trinh, nén chia hai vé ctiia phuong trinh

cho cos’x # 0 ta dugc phuong trinh twong duong:
sin® x  sin” x cosx sinxcos’ x cos'x 0

2 3 - 3 +2 3 - 3
cos X cos” x coS™ x cos™ x

< 2tan’x - tan’x + 2tanx - 1 =0
Dat t = tanx thi phuong trinh: 2t - £ + 2t- 1 =0

N | —

<:>(17'+1)(2t-1)=0<:>t'~‘%<:>tanx;

1
Sx=o+ kn véia=arctan§.

Vay nghiém cua phuong trinh x = o + kn voi1 k € Z.
b) Vi cosx = 0 khdng thoa man phuong trinh, nén chia hai vé ctia phuong trinh
cho cos’x # 0 ta duoc:

3 -3 .
COoS X Sin” x Sin X COS X

cos'x cos’x cos’x cos'x
5 = "
&1 -tan’x = tanx(1 + tan“x) - (1 + tan“x)
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Dat t = tanx thi phuong trinh: 2 - +1-2=0
S -2 +t+2)=0>t=1e>tanx =1 <> x = % +kn ke Z.
Bai toan 7.31: Giai cac phuong trinh:
a) 3cos’x - 4cos’x. sin’x + sin*x = 0 b) sin’ (x - %) = \/5 sinx.

Gidi
a) Vi cosx = 0 khong thoa min phuong trinh, nén chia hai vé cua phuong trinh
cho cos*x # 0 ta duoc phuong trinh tuong duong:
4 2 -2 - 4
cos'x ,cos x.sin"x  sin" x
3 — T + — =0 >3- 4tan’x + tan'x = 0

cos x Cos x cos x

Pat t = tan” x, t > 0 thi phuong trinh: <> ? -4t + 3 =0

< t=1hodact =3 tanx =+ 1 hodc tanx = + J3
oSx== i +km;x=+ z +kn, k € Z.
4 3
b) Ta bién doi phuong trinh da cho nhur sau

2 . . !
[7 (sinx - cosx)]3 = V2 sinx & (sinx - cosx)’ = 4sinx.
Vi cosx = 0 khong thoa man phuong trinh, nén chia hai vé cua phuong trinh
cho cos’x # 0 ta duoc phuong trinh twong duong:

p y 3

[sinx - cosx] = sin x

— ¢ (tanx - 1)3 = Hanx(1 + lanzx)
cos x cos X
Dit t = tanx thi phuong trinh (t - 1)* = 4t(1 + %)

S 3 1=0 (tt DBE+1)=0
<::>t=-1<::>tanx:--1<:>x=-%+kn,keZ.

Bai toan 7.32: Giai va bién ludn phuong trinh: (m + 1) sin’x - sin2x + cos2x = 0.
Gidi
Ta viét lai phuong trinh
(m + 1)sin’x - 2sinx cosx + 1 - 2 sin’x = 0
&> (m - 1)sin®x - 2sinx cosx + 1 = 0.
Vi sinx = 0 khong thoa man phuong trinh, nén chia hai vé cua phuong trinh
cho sin’x # 0 ta duoc phuong trinh twong duong,
(m-1)-2cotx + 1 +cot’x =0
Dit t = cotx thi phuong trinh t* - 2t + m = 0
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TacoAN =1-m.

Néum > 1 => A <0: PT vd nghiém = PT cho vé nghiém.

Néum<1= A>0:PTconghiémt=1+ \/1_3

Do d6 PT cho ¢é nghiém x = o + kn hoac x = f -+ kn, trong d6
cota =1+ m vacotf=1- \/m

Bai toan 7.33: Gidi cac phuong trinh:
a) sinx cosx + 2(sinx + cosx) = 2 b) 5sin2x + sinx + cosx + 6 = 0.
Giai
a) Phuong trinh: sinx cosx + 2(sinx + cosx) = 2.

t] <2

thi t2 = sin’x + cosx + 2sinx. cosx = 1 + 2sinx. cosx

. . m
Dat t = sinx + cosx = \/2 sin(x + Z)’

-
<

nén sinx cosx = nén phuong trinh tuong duong

2

’—'—;—1 F2t=2 0 +4t-5=0

&t=1hodact=-5(loal)>t=1= \/isin(x+ g)

J2

3

& sin(x + E)= 2 —sinl ox+ 2L + k2m hoac x + T 2%
4 2 4 4 4 4 4

<::>x=k27thoécx=g+k2n.

Vay phuong trinh c6 nghiém: x =k2n ; x = % +k2n, k € Z.

b) bat t = sinx + cosx = \/-2-sin(x t %), diéu kién |t| <2

— (=1 + 2sinxcosx = 1 + sin2x = sin2x =t - 1.
Phuong trinh:
5 -1 +t+6=05 +1+1=0.
A=1-20<0.
Phuong trinh ndy v6 nghi¢m nén phuong trinh da cho v6 nghiém.
Bai toan 7.34: Giai cac phuong trinh:
a) sin2x + sinx - cosx = 1 b)l + tanx = 2 V2 sinx.

+k2n
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Gidi
a) Datt = sinx - cosx—«/ZSm(x-—) |t| J2 thi PT:
- (t? -1)+1=1<:>t -t=0&t=0hoact=1.
Khil=0=x/§sin(x-%)@sin(x-%)=0<:>x-§=kn<:>x=£+kn.

B 2
Khil=1=x/2sin(x-§)¢35in(x-—2—}= \{2—: =sin"

3
+k21thoz§cx-§=—]T + k2n

< X-

NS

:

+ k27 hodc x = t -+ k2m.

Vay cac nghiém la: x = Z— +k2m; x = L KRm;x=n+k2nvdik € Z.

b) Piéu kién x # % + km. Phuong trinh dugc bién déi thanh

sin x

1+ =9 Jz SINX <> sinx + cosx - 2 «/2 sinx cosx = 0
cos x

bat t = sinx + cosx = V2 sin(x + Z) Itl J2 thi PT:

e | ~ ?.
—t-J2=0<:¢t=\/5hoact=-\/2_:chon.
Khit=\/§=«/§sin(x+%)<:>sin(x+§)=]
T o
ox+i="inex=L 1k
4 2 4
) =
Khit=-£—\/2sin(x+E)<:>sin(x+£)=-l
2 4 4 2
<:>sin(x+E)=sin(-E)¢:>x+E:E+k2nhoécx+£=7—”+k2n
4 6 4 6 4 6

SOSX=- 7} + k271 hoac x = M + k2m.
12 12
Vay phuong trinh c6 cac nghiém:

=—+k27t x=-£+k2n;x=l]—”+k2nvdike Z.
4 12 12



Bai toan 7.35: Giai cac phuong trinh:
a) 2sinx + cotx = 2sin2x + 1 b) cos’x + sin’x = cos2x
Giai

a) Diéu kién x # ;:— + kn. Phuong trinh:

2sin’x + cosx = 4 sin’x cosx + sinx <> (2sinx - 1) sinx - cosx(4sin’x - 1) =0
<> (2sinx - 1)(sinx - cosx - 2sinx cosx) =0

Xét 2sinx - 1= 0 < sinx = —1— = sinE
2 6

<::>x=%+k27thoécx=zé£ +k2n.

Xét sinx - cosx - 2sinx cosx = 0
= ||
2

Dt t = sinx - cosx = «/’Esin(x- g). |l| S «/’E thi: sinx cosx = -

va phuong trinh tr¢ thanh:
t+(@-1)=0t2+t-1=0

=] —4f5 14 5

ot= — (loai) hoac t = ;——j—(ch()n)

=1 % 45

-1 + \/E . T
——— o sin(x- —) =
2 4 232

—1+J§

2\2

o \/5 sin(x - %) =

i St .
<:>x=a+z+k2nhoécx=—z - o+ k27 voi sina =

. . . ¢ ) .
b) PT: (sinx + cosx)(I - sinx cosx) = (cosX - smzx)
<> (sinx + cosx)(sinx - cosx - sinx cosx + 1) =0
<> sinx + cosx = 0 hoac sinx - cosx - sinx cosx + 1 =0

P I n
Xétsinx tcosx =0 tanx=-1 =>x=- Z+kn
Xét sinx - cosx - sinx cosx + 1 = 0.

bat t = sinx - cosx = \/isin(x- %), lt] <42 thi PT:

5

1+ ! +1=0+2t+1=0t=-1

= T . n 2 .
<:>\/2smx-—=-l<:>smx-— =-— =sin(- —
( 4) ( 4) 5 (--)

93



<:3x-3=-£+k27thoécx-
4 4

<::>x=k2rthozflcx=37?t + k2x.

Bai toan 7.36: Giai cac phuong trinh:

. 10
+ sinx + — =
cos x sin x 3
b) 2(tanx - sinx) + 3(cotx - cosx) + 5 =0
Giai

a) cosx +

A yea - . kr
a)Dicukiénsinx #0vacosx #0 & x # —2—.

. 7l et s sinx + cosx _ 10
Phuong trinh duge bién doi sinx + cosx + ————— = —.
sin x.cos x 3

P o]
2

va

. = ¢ | = ey
Dit t = sinx + cosx = J2 sin(x + :1 N |l| < \/2 , thi sinx cosx =

phuong trinh tr¢ thanh
321007+ 3t+ 10 =0 & (t- 2)(3t% - 4t - 5) = 0.

J19 2—{15

Chont= 2= & sin(x + —TE)=
3 4 342

<:>x+§=a+k2nhoacx+§:n-a+k2n

= sina

3
oSX=a- r + k21 hodac x = i - o+ k2m.
4 4
Vay nghiém cua phuong trinh:

x=a-§+k2n;x=37” - o + k27 voi sinoe= ———=—

[ I k .
b) Diéu kién x # TH . Phuong trinh twong duong:

sinx . cosx
2( -sinx + 1) +3(——-cosx+1)=0
cos x sin x
o (sinx + cosx - sinX cosx) + —— (cosX - sinx cosx + sinx) =0
cos x sin x
3

_|A
cosx  sinx

<> (sinx + cosx - sinx cosx) ( )=0
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<> (SINX ! CosX - sinx cosx) (2sinx ¢ 3cosx ) ()

<3 SINX + cosx - sinx cosx 0 (1) hoac 2sinx + 3cosx 0 (2)

Datt - sinx + cosx \//2 sm(x Z). |l| < \/2 thi PI(1):
| ;
t- Oc>t-2t-1 0
2

st=14 \/2 (loar) hodact 1 - J2 V2 sin(x ¢ 4)

. T | - e :
< sim(x 2 ) sinu

J2

s ¢
> X o + k27 hode x n-0tk2n
4 4
n 3n
X - k27 hodc x - o b k2m.
4 4
3
(2) <> tanx - = tanf <> x  f + km.

Bai toan 7.37: Gial cac phuong trinh:
a)2cos;x feos2x +sinx 0.
b) sinx + sin’x ¢ sin’x  sin'x  cosx ¢ cos'X ¢ cos’x ¢ cos'x.
Giai

a) Phuong trinh <> 2cos'x + 2cos™x - 1 1 sinx 0
o 2cos*‘x(cosx Sy - (1 -smx) 0
<> 2(1 - smx)(1 Fsinx)(cosx 1) - (1 -sinx) 0
<> (1 - sinx)2sinx + 2cosx - 2sinx cosx 1) 0
<>l -sinx - 0 (1) hoac 2sinx + 2cosx - 2sinx cosx + 1 0(2)

. , . T
faco(l)e>sinx 1 ¢>x i b k2m;

. : s .
Datt- six ¢ cosx \/2 SIN(x y ). |l| < V2 thi (2):

A-(T- D15 0esF-21-2 0

d

Chont 1 - J3 s sin(x Z) 4 sina

m 1 b8
DXt o K2mhode x - b K2
4 4
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<:>x=a-§+k2nhoécx=%t -a+k2n

b) PT: cosx- sinx + cos’x - sin’x + cos’x - sin’x + cos'x - sin*x = 0
<> (cosx-sinx)[] -+ (cosx + sinx) + (1 + sinxcosx) + (cosx + sinx)] =0
<> (cosx - sinx)(2 + 2sinx + 2cosx + sinx cosx ) =0

<> cosx = sinx (1) hoac 2 + 2(sinx + cosx) + sinxcosx = 0 (2)

Tacé(1)<:>lanx=1<:>x=—;£+kn.

Dat t = sinx + cosx = \/5 sin(x + E). |t| < \/5 thi PT

? +4t+3=0¢>t=-3 (loai) hodc t=-1
. 1l 2 -
&sin(x + —)=-— =sin(-—
( 4) > (-—)

S X+ r_IT + k27 hoac x + T T+ £+k2n
4 4 4 4

<:>x=-—72E +k2n hoac x = 7 +k2n

Vay phuong trinh c6 céac nghiém: x = g + k2m;

ﬂ il Y
X=7 +k2n;x=-; +k2n voivoi k € Z.

Bai toan 7.38: Tim m dé phuong trinh

1
c— )=0
sinx  cosx

. |
m(sinx + cosx) + 1 + -2— (tanx + cotx +

c6 nghiém trong khoang (0;%).
Gidi

Diéu kién x # kar Phuong trinh tuong duong:

P 1 1 sInX + coSXx
m(sinx + cosx) + 1 + —(— + — )=0(1)
2 sinx.cosx Sin x.cos x

Dat t = sinx + cosx = \/Esin(x+ g), t| <2 t#t 1.

thi sinx cosx = nén phuong trinh (1) tuong duong

2

2
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mt+1+;1=O<:>l[mt+(l-m)]=0(2).
t_.

Vo’rixe(O,E)thi -7£<X+E<3_Tt
2 4 4 4

@72 <sin(x+§)£1<:>l<t=\/§ sin(x + %)S i

Bai toan tr& thanh tim m dé (2) ¢6 nghiém thudce (132 :

m — 1

m#0val<?Z <V2 om<-(J2 +1).

m

BAI TAP
Bai tap 7.1: Giai cac phuong trinh:
a) sinx + cosx = sin3x + cos3x b) 3sinx + 2cosx =2 + 3tan x.
HD-DS
by Z + k22
3 3

Bai tap 7.2: Giai phuong trinh:
a) tan 2x — tan 3x - tan3x = tan2x. tan3x. tanSx
b) 4sinx cosx cos2x = |
HD-DS
a)x=km.
Bai tap 7.3: Giai cdc phuong trinh:

7
a) sin(2x —15%) =£ v6i -120% < x < 90°

4

b) (1 + cosx) (2cos x - 1) =0 vai 0° < x < 700°.

HD-DS
a) -105°, 30°, 75° b) 60°, 180°, 300°, 420°, 540°va 660°.
Bai tap 7.4: Giai cac phuong trinh:
a) sin’x + cos’(x + n/4) =1 b)sinx = V2sinSx —cos x
HD-bS
by 2+ 2 ik X
8 3 16 2
Bai tap 7.5: Giai cac phuong trinh:
a) 3cosx +4sinx + 0 =6

3cosx +4sinx+1
b) 9sinx -+ 6cosx - 3sin2x + cos2x = 8.
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HD-PS
byx= 2 +K2x.
2

Bai tdp 7.6: Giai cac phuong trinh:
a) 3(sinx + cosx) + 2sin2x + 3 =0 b) sin2x - 12(sinx - cosx) + 12 = 0.

HD-DS
b) % + k2 n, m+k2n.
Bai tap 7.7: Giai cac phuong trinh:
a) i sim.( - COSX i +4sin2x =1 b) sin2x + \/isin(x - %) =1.
HD-DS

T

Bai tap 7.8: Chirng minh v&i moi tham sba’+ b*# 0, phuong trinh:
acosx + bsinx = ¢ hodc acotx + btanx = V2 ¢ luén co nghiém.
HD-DS
Xéta?+br > cPvaa’+b2<cl
Bai tp 7.9: Tim tham sb dé phuong trinh:
a) l Isin®x + (m - 2)sin2x + 3cos’x = 2 ¢ nghiém
b) cos3x - cos2x + mcosx -1 = 0 ¢6 7 nghiém thudc (-n/2, 2m)
HD-DS
a)m <-1 hodcm 2> 5 b) 1 <m <3.
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g TONG HOP PHUONG TRINH THEO

SIN VA COSIN

Sir dung bién doi luong gidc, bién doi dai s6 dé dua phu‘o‘ngltrinh cho vé
phuong trinh luong gidc co ban, phuong trinh theo mot ham so luong gidc,
phuong trinh bdc nhat déi voi sinx va cosx, phuong irinh thuan nhat (dang cap)

déi voi sinx va cosx, phwong trinh déi ximg doi véi sinx va cosx, hodc tich cdc
phuong trinh do.

Chu y:

1) Dinh huéng bién déi theo cung goc luong gidc, theo ham sé luong gidc,
theo hé so dac biét cua phuong trinh.

2) C6 don vi va khong co don vi cua dn, két hop nghiém.

3) Bdnh gia 2 vé diea trén tdp xdc dinh, dp gid tri va cdc bat ddng thicc co ban.
Bai toan 8.1: Giai phuong trinh: 4(cos’x + sin’x) = cosx + 3sinx.

Giai
'sinx =0
Khi cosx = 0 = 4sin’x = 3sinx => 3 vo nghiém.

sinx ==
4

Khi cosx # 0 chia hai vé cho cos’x:
4(cos3x + sin’x) = cosx + 3sinx.
< 41+ tan’ x)=1+ tan’x + 3tanx(1 + tanzx)

Patt=tanx > C--3t+3=0 e (t-1)(P=-3)=0t=1t=3;t=-43.
Vay céac nghiém: i‘:— + km; i% +kn, k € Z.

Bai toan 8.2: Giai phuong trinh: 5 + cos2x = 6cosx + 4sinx.
Gidi
PT: 5 + cos2x = 6¢cosx + 4sinx <> cos’X - 3cosx + 2 = 2sinx

<> (cosx - 1)(cosx - 2) = 2sinx <> 2(2 - cosx)sin2i = 4sin§cosf1

& “

X

. = sin—=0 1))
< [(2- cosx)siné - 2cos;]sin? =0 2

(2—cosx)sin% = 20051 (2)

Taco (1) < x = 2kn.
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Véi phuong trinh (2), ta thay cos% # 0, nén phuong trinh (2)

& (2 - cosx)tan— =2

o | =%

X ; .
Datt= tanE, ta c6 phuong trinh: 3t - 2 +t-2 =0

S-DEE+t+2)=0t=1 tan§=1@x=§+2kn.

Vay nghiém x = 2kn; x = — + 2kn, k € Z.

|3

Bai toan 8.3: Giai phuong trinh:
(400522x-1)sin2x + (\/i +3 )(sin3x + cos3x) + J6 +1=0.
Giai
Ta c6: (4cos™2x - 1) sin2x
= (2cos4x + 1)sin2x = 2cos4xsin2x + sin2Xx
= sin6x - sin2x + sin2x = 2sin3xcos3x
Phuong trinh trd thanh:
2sin3xcos3x + (\/5 +43 )(sin3x + cos3x) + J6+1=0

s n\
3x ——

Pat t = sin3x + cos3x = V2 cos 1
\ S

Diéu kién: V2 <t W2
Nén c6 phuong trinh:
2+ (V2 + B+ V6 =0 t=-v2 hay t=-+/3 (loai).

LB 2
Do do ﬁcos[;‘»x—%) =-\/2 o cos(3x—§j =-1 ¢:>x=-§+k—;£‘k e Z.

Bai toan 8.4: Giai phuong trinh: sin®2x = cos2x + cos3x — cosx.
Giai
PT: sin*2x = cos2X + COS3X — COSX.
& (sin2x + sinx - cosx)(sin2x + sinx + cosx) =0
Xét: sin2x + sinx - cosx = 0.

A

Dit t = sinx - cosx = \/fsian—-gJ,(M < \/i)

-5 1++/5

tz-t-1=0<:>t:——j— hodc t =

(loai).

“
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/ R &y
i—\@ l + k2n hodc x = 5—n—arcsin > + k2n
V2 4

22

7T .
X = —+ arcsin
4

Xét sin2x + sinx + cosx = 0.
o N\

. = s =

Dédt u = sinx + cosx = JZsmLx—Z ,(lu| < \/2)

/

vru-1=0ou=

= ;\/5 hodcu = \/—5_}_—1 (loai)

b1 m
X = -—+arcsin + k271 hodc x = — —arcsin + k2m.
4 242 ' 4 <)

. 1
Bai toan 8.5: Giai phuong trinh: cos3x - cos2x + cosx = 3

Giai
PT: cos3x - cos2x + cosx = % Voi: cos% =0 x=n+k2n.
Khi d6 VT =-3, VP = %, PT v6 nghiém.

na X n o I X
Vai COSE # 0, nhan hai vé voi 2cos§ 0

cos3x. 2005i - COS2X. 2cosi + COSX. 2cosi = l 2cosi
2 2 2 2 2

Thu gon duogc: cosB =0 x= £+k37E (k € 7).
2 7 7
So sanh voi diéu kién thi k # 3 + 7h; k e Z.
3
Vay PT ¢6 nghiém x = %+k%,k¢3 +7h; bk € Z.

Bai toan 8.6: Giai phuong trinh: cos2x + 5 = 2(2 - cosx)(sinx - cosx).
Gidi
Bién dbi phuong trinh
c0s2x + 5 = 2(2 - cosx)(sinx - cosx) <> 4(sinx - cosx) - sin2x -4 =0

Dit t = sinx - cosx = \/Esin(x—g (|t| < \/5):>sin2x= 1. 2

X /7

Khi d6 phuong trinh trén thanh: t* + 4t- 5=0 < t =1 hodc t = -5 (loai)

Nghiém phuong trinh la: x = % +k2n, x=n+k2n,k € Z.
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Bai toan 8.7: Giai phuong trinh:
8(sin6x + cos®x) + 3 «/g sindx = 3 /3 cos2x - 9sin2x + 11.
Giai
Bién doi PT:
8(sin® + cos®x) + 3 V3 sindx = 343 cos2x - 9sin2x + 11
e 3(1 - 25in2x)(1 + +/3 cos2x - sin2x) = 0

Xét: 1-2sin2x =0 < sin2x=l <:>x=1 ’rknhozflcx=5—7t + kn

Xét: 1 + /3 cos2x - sin2x =0 < sin( 2x—% )= %

SX = % +knhoécx==-?—n + kn
Vay nghiém cua phuong trinh la:

x=——+k7t;x=§—7E +k7t;x=£+k7r;x=-§—7E +kn, ke Z.
12 12 4 2

Bai toan 8.8: Giai phuong trinh: 2sin’x - cos2x + cosx = 0.
Giai
Bién d6i phuong trinh:
2sinx( 1- cos” x) - 2cos’x + 1 + cosx =0
&> 2sinx( - cos’ X) - (cosx —1)( 2cosx + 1) =0
& (1 - cosx)(sinx + cosx)(sinx + cosx +2) =0

A%
= = T
Vi sinx + cosx = \/2sml X+ 2—\/5

\ /

= sinx + cosx + 2 > 0 nén: 1 - cosx = 0 hay sinx + cosx =0
<> cosx = | hay tanx = -1

Vay nghiém cua phuong trinh la x = -% +kn,x=k2n (k € Z).

Bai toan 8.9: Giai phuong trinh: (2cosx - 1)(2sinx + cosx) = sin2x — sinx.
Gidi
Ta cé (2cosx - 1) (2sinx + cosx) = sinx(2cosx - 1)
< (2cosx - 1)(sinx + cosx) = 0
5 cosx = 1 COSX = x=i§+k2n
=1 = = (keZ).
sinx 603 =0 7 Bl =0 [ x-~E ek

b | —
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Bai toan 8.10: Giai phuong trinh: 1 + sinx + cosx + sin2x + cos2x = 0.
Giai
Ta co (sinx + cosx) -+ 2cosx(sinx + cosx) = 0
<> (sinx + cosx)(1 + 2cosx) =0 <> sinx + cosx = 0 hodc 1 + 2cosx = 0

X =2 +kn
o 4 (keZ)
2n
X=iT+k2ﬂ

Bai toan 8.11: Giai PT: /3 (sin2x - 3sinx) + S = 2cos’x + 3cosx.
Giai
Bién d6i phuong trinh thanh
(\/f‘: sin2x - cos2x) - 3( V3 sinx + cosx) +4=0

o cos(2x+§)+3sin(x+gJ—2=0

: . sian+
= 2sin3[x+§J—3sin(x+—2—J+l=0<:>

):1
6):

a2 oA

sin| x +

M| -

Giai duoc nghiém cua phuong trinh:

T 2n
x=§+k2n;x:k2n;x=T+k27t,keZ.

Bai toan 8.12: Giai phuong trinh: 2sin’x + 3sin2x + 1= 3(cosx + V3 SInx).
Gidi
Bién d61 phuong trinh:
2sin’x + /3 sin2x + 1 = 3(cosx + \Esinx)
& (\/g sinx + cosx)2 - 3(\/5 sinx + cosx) =0
= (\/5 sinx -+ cosx - 3)( 3 sinx + cosx) =0
Xét /3 sinx + cosx = 3: vo nghiém

g A

. . . i
Xetﬁsmx+cosx=0<:>sm x+g] =0 x=-— +kn.
/

\

Vay nghiém x = -g +kmn, k € Z.
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Bai toan 8.13: Giai phuong trinh: 1 + sinx + sin2x = cos3x.
Gidi
Phuong trinh da cho twong duong voi
1 - cos3x + sinx + sin2x =0
b
< 2sin’ 3—x+2sin3—xcosi =0 & 2sin3—x(sin3—x+ cos~|=0.
2 2 2 2 2 Y.

Xét: sin3—x=0<:>3—xzkn<:>x:ﬁ
2 2 3
. 3x X ‘3x n\J X
sm—+cos—:0<:>cos[—+— = COS——
/) 2 2 2
SX=- Ayt k2nhoacx—-—+kn
2 4
oS ca i'c27r T . T ,
Vay nghiém x=—*—;X:-5+k2nhoacx=—Z+kn,keL

Bai toan 8.14: Giai phuong trinh: 2(sin3x + sin2x) = sinx + NEY (1 + cosx).
Giai

Ta ¢6 PT: 2(sin3x + sin2x) = sinx + V3 (1 + cosx)

&2 2sin5—x—- «,/"gcosi—sinijcosi =0
2 2 2 2

\

Xét:cosi=0<:>—;—=121-+k1r¢:>x=n+k2n
5x X X Sx. . )
Vasm——\/3cos——sm——0<:>sm =sin —+—l
2 2 2 2 . 3,
)
Do do: x—g+k7thayx "n+k3ﬁ.

2n k2=

Vdy nghiém x = &t + k2, x—g+k1t hayx=F+ ,keZ.

.)
Bai toan 8.15: Giai phuong trinh:
sindx + 2cos2x + 4(sinx + cosx) = 1 + cos4x.
Gidi

Phuong trinh sindx + 2cos2x + 4(sinx -+ cosx) = 1 + cos4x

& 2sin2xc0s2x + 2¢0s2X - 2¢0s*2x + 4(sinx + cosx) = 0

<> cos2x(sin2x + 1 - cos2x) + 2(sinx + cosx) = 0

& c0s2x(2sinxcosx + 2sin2x) + 2(sinx + cosx) =0

<> (sinx + cosx)(cos2xsinx + 1) =0
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& (sinx + cosx)( (1 - 2sin®x)sinx + 1) =0

& (sinx + cosx)( 2sin’x - sinx - 1 ) =0

<& (sinx + cosx) (sinx - 1)(2sin3x + 2sinx + 1) =0 ( bac 2 VN)
<> sinx + cosx = 0 hoac sinx - 1 = 0.

L. T

Vi sinx + cosx =0 <> x "-Z + k.
— T

Voisinx=1<>x= 5 + 2kmn.

Vay nghiém cua phuong trinh la: x = -g +km, x = g + 2kn, k € Z.

Bai toan 8.16: Giai phuong trinh: (1 + sin2x)(sinx + cosx) = sinx + 3cosx.
Gidi
Ta co6 (1 + sin2x)(sinx + cosx) - 3cosx - sinx = 0
< cosxsin2x - 2cosx + sinxsin2x =0
<> cosx(sin2x - 2 + 2sin’x) = 0 < cosx(sinxcosx - 1 + sin*x) = 0
& cosX(SINXcosx - cos’x) = 0 < cosx(sinx - cosx) = 0

T
- - X =—+Kkm
cosx =0 cosx =0 )

o o
sinx —cosx=0 tanx =1 s
- = x=z+k7r

Vay phuong trinh cé nghiém: x = §+ km, x =§+ kn, (k € Z).

Bai toan 8.17: Giai phuong trinh: 2cosxcos2xcos3x - 7cos2x = 7.
Giai
Ta co 2cosxcos2xcos3x - 7cos2x =7
<> (cosdx + cos2x)cos2x - 7cos2x -7 =0
o (2cosz2x + cos2x - 1)cos2x - 7cos2x -7 =0
& 2008°2xX + c0s?2x - 8cos2x - 7 =0
bat t = 2cos2x, t| < 1. Phuong trinh trd thanh
[ =-1
20+0-8t-7=0| 1157
[ =

4

Chon nghiémt=-1,tacocos2x=-1 < 2x=n+k2n & x= g + km.

Vay nghiém cua phuong trinh la x = %t— +kn, ke Z
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Bai toan 8.18: Giai phuong trinh:
(sin2x - cos2x)sinx + sin3x = (sinX + COSX)COSX.
Giai
Phuong trinh tuong duong voi:
sin2xsinx - cos2Xsinx + sin3x = cosx(sinx + cosx)
&> sin2xsinX - cos2xsinx + sin2xcosx + cos2Xsinx = cosx(sinx + cosx)
&> sin2x(sinx + cosx) = cosx(sinx 1 cosx) <> cosx(2sinx - 1)(sinx + cosx) =0
&> cosx = 0 hay 2sinx — 1 = 0 hay sinx + cosx =0

2| =

<> cosx = 0 hay sinx = — hay tanx = -1

@x:g+knhayx=%+k27r hayx=%+k2” hayx:_%ﬂm

Vay nghiém cua phuong trinh la:

N

i

X = £+kn’x:—ﬁ+k7’[,x:-—-+k7t,x=—_n+kﬂ ,k eZ.
2 6 6 4

Bai toan 8.19: Giai phuong trinh:
sin3x + sin2x + sinx + 1 = cos3x + c0s2x — cosx.
Giai
Phuong trinh tuong duong
(sin3x + sinx) + sin2x + (1 - cos2x) = cos3x - cosx
&> 2sin2xcosx + 2sinxcosx + 2sin’x = -2sin2x. sinx
<> sin2x(cosx + sinx) + sinx(cosx + sinx) = 0
<> sinx(2cosx + 1)(cosx + sinx) =0
Xét sinx = 0 < x = km.

Xét2cosx+1=0<:>cosx=-%c:n(:iz—?r +k2nm.

Xét cosx +sinx =0 <> tanx =-1 &> x = —% +kn ke Z.
Vay phuong trinh da cho c6 nghiém
2n s 3
x=kn, x= i? +k2n, x = -Z +kn, k e Z.
Bai toan 8.20: Giai phuong trinh: 3(cos’x - sin’x) = (4 + sin2x)cosx.
Giai
Phuong trinh tuong duong voi:
3cos’x - 3sin’x = 4cosx + 2sinxcos’x
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Ta c6: cosx = 0, khong thda man phuong trinh nén chia ca hai vé cua phuong
trinh cho cos’x # ta duoc:
3 - 3tan’x = 4(1 + tanzx) + 2tanx < 3tan’x + 4 tan’x + 2tanx + 1 =0

<> (tanx + 1)(Gtan’x +tanx + 1) =0 <> tanx =-1 & x = ~74t + km.

Vay phuong trinh c6 nghiém x = —% +kn,k € Z.

Bai toan 8.21: Giai phuong trinh:
(1+ sinzx)cosx + (1 + cos’x)sinx = 1 + sin2x.
Gidi
Phuong trinh tuong duong vai:
CcOosX + sin’xcosx + sinx + cos’xsinx = (sinx + cosx)>
<& sinx + cosx + sinxcosx(sinx + cosx) = (sinx + cosx)’
&> (sinx + cosx)(1 - sinx - cosx + sinxcosx) = 0
& (sinx + cosx)(1 - sinx)(1 - cosx) =0
<> sinx + cosx = 0 hay sinx = 1 hay cosx = 1

.. m
Taco: sinx +tcosx =0 tanx=-1 & x=—z + k.

sinx =1¢>x= g +k2m.
cosx = | & x=k2n.
Vay phuong trinh cé nghiém la: x = -% +km, x = % +k2rn, x =k2n, k € Z.

Bai toan 8.22: Giai phuong trinh:

ra A
] . = b1 = .
sinx. sindx = 2\/2 cos| ——x |— 4\/3 cos’ X.sin X.cos2x .
.6 )]

Giai
Bién d61 phuong trinh:
b

sinx. sindx = 2\/§cos(g— X —4\/§cos2 X.Sln X.cos2x

\ /

= cos[lf-— x\)(sin 4x —J§)= 0
H

4

<> sindx(sinx + V3 cosx) =2 \/icos(%— X
\ /

Vi sindx <1 = sindx - \/5 <0
Do d6 cos(%—x)zO@x=—§+kn,ke 7.

A\ /
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- .
... . 3
Bai toan 8.23: Giai phuong trinh: sm(i)S —E) —cos(E —E) = \Ecos—E .
2 4 2 4 2
Giai
Phuong trinh da cho tuong duong vai

S5x T ™ T X = 3x
in(—-—)-sin[— +(— - =)]= J2cos—
sin( 2 4) m[2 (4 2)] 2

s 3x 7« 3x b 3x 3x
& 2cos(x + —) sin(—-— =«/§cos——¢:>-2cosx+— cos—=\/§cos—
(c+ ) sint=r=o) 2 (x+ Z)cosy 2
] n k2=
5 cos-—_;:O
X = m. L T
& cos— \/2+2cos x+—=)|=0 & x=—+k2n
COS(X+Z)_—7 x=-n+k2n
R - N 11 T k2=
Vdy nghiém cia PT la: x = » + k2w, x = 3 + 5

Bai toan 8.24: Giai phuong trinh: (1 + 2sinx). cosx(2x + g) = %
J
Gidi
Phuong trinh tuong duong

(1+ ZSinX)(%COSZX - \? sin2x) = l—@ (1 + 2sinx)(cos2x - 3 sin2x) = 1

&> c0s2x - /3 sin2x + 2sinxcos2x - 2+/3 sinxsin2x =

&> 1 - 2sin’x - 24/3 sinxcosx + 2sinxcos2x - 2 /3 sinxsin2x = 1
<> 2sinx(-sinx - J3 cosx + cos2x - /3 sin2x) =0

< sinx = 0 hoic /3 cosx + sinx = cos2x - /3 sin2x

Khi sinx =0 <> x =kn

Khi cos2x - «/5 sin2x = /3 cosx + sinx

<> cos(2x + g) = cos(x - E)
3 6

<:>2X+E:x.£+k2nhoz§c2x+£=-(X-E)+k27‘

3 3 .

=Y = +k2nhoécx=i+k2—n
2 18 3

Vdy phuong trinh cé nghiém: x = kn; x = -—;— +k2n; x = :18E + k23—n(k € 7).
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Bai toan 8.25: Giai phuong trinh: cosx(1 + 2 NE) sin2x) = cos3x - 4cos(§_,E - 2x).
Gidi
Bién dbi phuong trinh di cho nhu sau:
cosx + 24/3 sin2xcosx = cos3x + 4sin2x
<> (cos3x - cosx) + 4sin2x - 2 V3 sin2xcosx = 0

& 2s1n2x(2 - sinx - V3 cosx) =0

- . kr
sin2x = 0 sin2x =0 x:?
<> N5 =1 T 1<:> (keZ)
sinx ++3cosx =2 sm(x+§)_ e kon
) 6
- (x m)
Bai toan 8.26: Giai phuong trinh: (cosx—sinx—\/2)cosx=25inJ E+§ .
N\ s
Gidi
Ta co: 25in2( i+£‘ =1- cos(x+£)
\2 8(; 4
. 1
&> 2sin?| =+ = | =1- —(cosx - sinx
\2 8/ 7 )

N

o A2 (cos“x - sinxcosx) = -2¢0sX + cOSX — Sinx — V2
<> 42 cosx ( cosx - sinx) - \/2_(\/5 cosx 1 1) + (cosx - sinx) =0

& (\/Ecosx + 1) (cosx - sinx - \/2-)= 0.

Xét cosx = ——1-=<:> X =i3—n+k2n.
J 4

Va cosx - sinx = \/5 & X =—§+k2n.

Vay nghiém x=i3—75+k27r;—%+k2n,k A

s hY

3n
X . —
\ /

Giai

Phuong trinh da cho tuong duong véi:

Bai toan 8.27: Giai phuong trinh: 1+ 2cos’ + /3 cos2x = 4sin’ % .

+ \ﬁ cos2x = 2(1 - cosx)

’ 3m
2+ cos| 2x ——
\ 2)
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& 2 -sin2x + \/5 c0s2x = 2 - 2c0osx <> -sin2x + \/§ Cc0S2X = -2c0SX

=COSX

o ——30052x+lsin2x = COSX <> COS 2x——SE
2 2 6

s

q
2x——i1—=x+k21t x =22 4 k2n
Sn 2n

2x—5—n=—x+k27t x=—+k—keZ
6 ) 18 3

Bai toan 8.28: Giai phuong trinh: sin x cos4x +cos’ 2x = 4sin’
Giai
Phuong trinh da cho tuong duong véi:

\ 2

14 NN
sinxcos4x + cos’2x = 2(1 ~cos| x — ZZEJJ L3

. 2 . 1 . . 1
&> sinxcos4x + cos 2x = -2sinx - 5 smx(2cosz2x - 1) + cos®2x = -2sinx - 5

A -

n
_ 1 | Xx=——+k27
& (2sinx + 1)(cos22x+— =0 oOsinx= —— 6
, 2 2 5wt
X :——?+k2n

Vay nghiém cua phuong trinh la: x = -g— +k2n, x = -5% +k2n,k e Z

Bai toan 8.29: Giai phuong trinh:

4cos* x +2cos’ x(2sinx —1) —sin 2x — 2(sin X + cos x) _0

2sin’ x -1
Giai

PK: x # EH{% . Bién ddi phuong trinh:

4cos’x + 4cos’xsinx - 2cos’x - sin2x - 2(sinx + cosx) =0
& 2(sinx + cosx)(2cos’x - cosx - 1) =0

bid
. X=——+kn
cosx+sinx =0 4
& lcosx =1 S| x=k2n
cosx=—l x=i2—n—+k2n
i 2 = 3
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Bai toan 8.31: Giai phuong trinh:

So sanh diéu kién, duoc x = %lf—n, keZ.
J

1+ cosx+cos2x+cos3x

Bai toan 8.30: Giai phuong trinh: =

COS X + COS2x
Giai

1+ cosx +cos2x +cos3x

COSX +COS2X

2 . J3
PT & 2005x=§(3— \/gsmx) o cosx+'Tsmx =1l

< sin(x+§) :73. Chon nghiémx=k27z,k € Z.

=%(3— J3sin x). bDK: cosx #-1;1/2

COSX(COSX + 2sinX) +3sinx(sin+ \/5) u

sin2x—1
Gidi
Diéu kién sin2x # 1, khi d6 PT <
cos’x + 2sinxcosx + 3sin’x + 3 v/2 sinx = sin2x - 1

& 1+ cos2x + 2sin2x + 3 - 3cos2x + 6«/5 sinx = 2sin2x - 2

& -2c082X + 64/2 sinx + 6 = 0 <> -1(1 - 2sin’x) + 3v/2 sinx + 3 =0

> 2sin’x + 3\/§sinx+2=0

sinx =—J2(VN) x=—§-+k2ﬂ
= sinx = -——— = sin(—f) - S
] 2 4 x:—4—+k27r(VN)

Vay nghiém cua phuong trinh la x = -% +k2n (k € Z).

3(sin’ X _cos? i)
Bai toan 8.32: Giai phuong trinh: 2 - 2 _ cosx.
2 +sinx

Giai

Tacosinx +2>0, Vx
Phuong trinh da cho tuong duong

X X X X
3(sin— - cos—)(1 4 sin—cos—) = cosx. (2 -+ sinx
(sin ) - cos 7 )(1 4+ sinZ-cos 7)) = cosx. (2 + sinx)

3. .. x X ) .
& > (sm; - cos;)(2 + sinx) = cosx(2 + sinx)

%(3- V3sinx).
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& 3(sini - cosl(—)=cosZi - sinZi
2 2 2 2 2

-
0

X X X X
& (sin— -cos—)[= +(sin— +cos—)]=0
(st = 2)[2 ( 5 2)]

X X 3 .X X
& sin— - — =0(1) hodac — + —4+cos=)=0(2
sm2 0052 (1) hodc > (Sm2 2) (2)

Giai (1): \/Q_Sin(%-%)=0<—_¢>x=g+2kn,kel

Giai (2): < sin(~ + Z) = ;!33 < -1:Phuong trinh vé nghiém.
2 4 2P

Viy nghiém cta phuong trinh la x = % +k2n,k € Z.

4cosx — \Esin 2x

Bai toan 8.33: Giai phuong trinh: : =2(l+sinx).
1 -sinx

Gidi

Diéu kién: sinx # 1. Ta c6:
&> 2c0sx - /3 sinxcosx = (1 + sinx)(1 - sinx)
&> 2c08x - /3 sinxcosx = cos’x < cosx(2 - 3 sinx - cosx) =0
<> cosx = 0 hodc \/5 sinx + cosx = 2.
) s
Xétcosx=0<=x=— +kn
2
4 Y

T
X +—
\ J

Xeét \/3 sinx + cosx = 2 < sin

='-1<:>x=§+k27t

Vay nghiém PT la: x = % + k27 hoac x = -% +k2n, k e Z.

| +cosx

Bai toan 8.34: Giai phuong trinh: = 2sinx + 23 cosx — /3.

sin X
Giai
Diéu kién: sinx # 0. Ta c6
PT < | + cosx = 2sin’x + /3 sin2x - +/3 sinx
<1+ cosx=1—cos2x + \/i sin2x - \/i sinx
&> c082x - /3 sin2x + /3 sinx + cosx =0

s

J3

<:>lcos2x— sin2x+—3$inx+lcosx=0
2 2 2
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b Y

o cos(Zx +E] + sin(x +-EJ =0
3 6

/

Dat: t = sin Lx+gJ.DK: -1 £t<1.

Y=l
Taco: 20 -t-1=0 & 1 (chon).
2

Vay nghiém: x = ig— +k2n; x=n+k2n, k e Z.

Bai toan 8.35: Giai phuong trinh: cos2x ~ /2 cosx - 1 .=

\/2 +2co0sx
Giai

Vi diéu kién cosx # "

PT < 2sinxcosx + \/5 sinx + \E cosx+ 1 -cos2x=0
<> cosx(2sinx + V2 )+ /2 sinx + 2sin’x = 0

< (2sinx + V2 )(sinx + cosx) =0

Xét sinx = ——2<:>x=-E + k2m hoac x = R0 + k2n
2 4 4

Xét sinx + cosx =0 < tanx =-1 & x=-—} + k.

Vay nghiém PT lax = ——475 +k2n,k € Z.

sin3x —4cos(x — g) -3

Bai toan 8.36: Giai phuong trinh: =0.

sin3x —1

Giai
w7 T 2n
Di€ukiénsin3x 21 < x # ‘. +k—3—.

Vi diéu kién trén phuong trinh da cho tuong duong vai:

sin3x - 4cos(X - %) -3=0<¢ cos(3x - g)-4cos(x - %) -3=0

&> cos3u-4cosu-3=0(voru=x- %) & 4cos’u - Teosu -3 =0

sSinx.
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_7_rt+ k2n
cosu =-1 6
x——=mn+k2n
1 Sn
= cosu=—5 = 5 = x=—6—+k2n
- ‘X—E:i~'§§+k2n .
9 _-
cosu==> (VN) 6 x ="+ k2n
2 2
4 reogeA N J o] \ n
Két hop véi diéu kién ta c6 nghiém la x = = + k2n.
)
Bai toan 8.37: Giai phuong trinh: 8cos4xcos?2x + v1—cos3x +1=0.
Gidi
Ta cé: (1) < 4cosdx(1 + cosdx) + VI=—cos3x +1=0
& (400534x +4cosdx + 1) + JI-cos3x =0
< (2cos4x +1)" +4/1—cos3x =0
[2cosdx+1=0 I e ’4 —+——+k2
' O T e 3 ke

Eh e
ll—cos3x = lcos3x =1 |3x 2r

9
(k,le?) <:>x=il;—-+m27r (me Z).

Bai toan 8.38: Giai phuong trinh:: (1 + sinx)” = cosx vai |x| < 10.
Gidi
Diéu kién: cosx > 0.
PT < (1 +sinx)*= cos’x < (1 + sinx)* = 1 - sin’x
<> (1 + sinx) [(1 + sinx)® — (1 =sinx)| =0
< (1 + sinx) (sin’x + 3sin’x + 4sinx) = 0
&> (1 + sinx) sinx(sin®x + 3sinx + 4) =0

< sinx = 0 hay sinx = -1
Chon nghiém x = k27, x = —g +K2m ke Z

5 3
Ma [x| <10nénx=-22% _2n, - 0, 2% 2.
2 el
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Bai toan 8.39: Tim cac nghiém thudc khoang (~g,g) cua phuong trinh:

Fa
sin3x + ﬁ cos3x + cos2X - \B sin2x = sinx + /3 cosx.
Giai
Ta co: 2cos2xsinx - 2 J3 sin2xsinx + cos2x - \/3 sin2x =0

& (1 + 2sinx)(cos2x - /3 sin2x) = 0

Xét]l +2sinx=0 & sinx=-—;—.

= 1
Xét cos2x - \/3 sin2x =0 & tan2x = —

&

Do d6 nghiém: x = £+k£;x=—£+k2n;x=—5—ﬂ+k2n,k e 7.
12 2 6 1

Chon céc nghié¢m thudc khoang (—E;E) la x= = (X = L. :—5_7t

b

X 2
L 272 12’ 6 12

Bai toan 8.40: Tim nghiém x € [0; ] cua phuong trinh:
2cos4x - (\/5 - 2)cos2x = sin2x + J3.
o Giai
Bién doi phuong trinh luong giac da cho
2(cos4x + cos2x) - \/i(l + c0s2X) - sin2x = 0
<> 2cosx(2cos3x - V3 cosx - sinx) =0

- cosx =0
cosx=0
T

= R T
2¢0s3x = /3 cosx +sin x cos3x = cos(x —g)

x="tkn
2

olx=-" 1k (keZ)
12

Tk

24 2

Chon cac nghiém x € [0, ] cua PT la: ¢ —;—:—
27127247 24

Bai toan 8.41: Tim cac nghiém cua cac phuong trinh:

[n lln = Hn}

sin?2x - cos?3x = sin(5x + %) thudc khoang (0; %).
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Giai

Ta c6: PT sin?2x - cos’3x = sin(5x + g) <> -cosdx - cos6x = 2c0s5x

<

Hay: 2cos5x + 2cos5xcosx = 0 <> cosSx (1 + cosx) =0
Do d6: cosS5x =0 & 5x = g +kneox= l+k—n,k e Z.
Hodc cosx =-1 < x=n+k2n, k € Z.

Viy nghiém cén tim thudc khoang (0; %) lax= L.

Bai toan 8.42: Tim nghiém x thudc khoang (0; 7 ) ciia phuong trinh:

sin2x +2cos’ x + 2sinx + 2cosx N \/gcos2x
7 B - .
cos[ X —
N /

sin x

Giai

\ 4,

sinx # 0

o
B |cos(x—— =0
biéu kién: -

Phuong trinh da cho tuong duong voi

2cosx(sinx +cosx) + 2(sin X + COSX) J6cos2x

1 . i
\ﬁ-(cosx +sinx) SUIRE

< (2cosx + 2)sinx = ) 3 cos2x <> sin2x + 2sinx = V3 cos2x

1. NE) : ; )
= —2—sm2x——?-cos2x:—smx<:>sm 2x—; = sin(—x)

x-L = xik2n x=£+k2—7r
< 2 o ? < (théa man ).

3x—£f—z7r—(—x)+k27r x=7ﬁ+k27r

)

o . T T
Chon nghiémx € (0, 7 )1a x= ;,x =T.
Bai toan 8.43: Giai phuong trinh: sin®®'®x + cos™"*x = 1.
Gidi
) ) R . _ 3 _ . o 2018 .2
[acd cos™ "x <cos™x, ddu = xay ra khi cosx =0 hodc cosx =+ 1 vas X < sin‘x,

ddu = xay ra khi sinx = 0 hoac sinx = + 1.
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~ . 8 d
Nén sin?*"®x -+ cos?®'®x < sin®x + cos’x = 1.
'sinx =0 kx

,keZ.
2

Do dé, phuong trinh tuong duong véi: X =
| cosx =0

Bai toan 8.44: Giai phuong trinh: cos2x - J3 sin2x - /3 sinx - cosx + 4 = 0.
Giai

PT:2=- l cos2x + —zsin2x + TSinx + 5 CcOSX

T
<> 2=sin(2x - —) +sin(x + —).
( 6) ( 6)

Vi sin(2x - %) <lva sin(x+ E) < 1 vé1 moi x nén VP <2,

Do d6 phuong trinh dé bai tuong duong

L P i
sm‘2x—g'=l o =K 5.8 n =5 ¥ = & o
y \ =3 7r6 7r2 =) T
sin(x+£=l X+ — = — + k2n X = — + k2n
\ 6, 6 2 L 3
X = LA k2n.
3
Bai toan 8.45: Giai phuong trinh hai an:
) 1 i
cos*x + sin’x + + _14 = 8 + S0
sin” x 2

cos’ x
Giai

A v A kﬂ' ,
Piéu kién: x # —. Ta co
2
L 4 . 4
VT =(cos'x +sin’x)(1 + —— "
sin” xcos” x

= (1 - 2sin’x cos’x)(1 + 16
. 4
(2sin x cosx)

1 17
2(1-=)1+16)= —.
J2(- S X1+16)= 5

1 .
=(1- —=sin2x)( 1+
¢ 2 ( sin® 2x

kr

Dau “ = “ xay ra khi
2

sin’2x=1<:>cos2x=0<:>2x=g+k7t E>X=

1

+

NG

~

vaVP= 84 90Y g, L
2 2

I\Jl



Diu “=“xay rakhisiny=1oy= g + m2n.

Vay nghiém: x S i vay = T+ m2n véi k,me Z.
4 2 2
BAI TAP
Bai tap 8.1: Giai cac phuong trinh sau:
a) cosxcosSx = cos2xcosdx b) sin2x + sin4x = sin6x.
HD-DS
a) x=k" by x=k"; x=k_.
3 3 2

Bai tap 8.2: Giai cac phuong trinh sau:
2

. g ) m
a) sin4x + sin’3x = sin’2x + sin’x. b) cos’x + cos’2x + cos’3x + cos’4x =2

HD-DS

a) xzkz; x=k—7£.
5 2

b) x = 4] + kn hoac x = £ +kE hoécx=1 +k£.
2 4 2 10 S
Bai tip 8.3: Giai cac phuong trinh sau:
1 1 2 . CcoS2Xx
- + =— b) sinx + cosx = —————
sin2x cos2x sin4dx 1 -sin2x
HD-DS

a)

a) Phuong trinh v6 nghiém.
b) x = -% + km hodc x = k2n hodc x = -g + k2m.
Bai tap 8.4: Giai cac phuong trinh:

l;
a) sin(2x + '—;i) - 3cos(x - %T) =1+ 2sinx

b) 1+ sin1 sinx - cosﬁ sin’x = 2cosl( =: i).
2 2 4 2
HD-DS
a)x =km; x = % +k2n,k € Z;b)x=kn, k € Z.
Bai tap 8.5: Giai cac phuong trinh:

) . .3 o
a) 2sin2x + 3sinx = - 3cosx b). 2sm(—”- - £) = sm(—”— + 3_x) .
10 2 10 2
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HD-DS
byDatt= %X
10 2

Bai tap 8.6: Giai phuong trinh:

a) 2sin(3x -+ %) — V1 +8sin2xcos? 2x

b)cos%(f%x—\/%(2 —-16x-80) =L,xe Z.

HD-DS
b)x=-21vax=-3
Bai tap 8.7: Giai cac phuong trinh:
a) cosx. cos3x=1 b)(cos4x - cos2x)> =4 + cos?3x.
HD-DS

a)x=kmn
Bai tap 8.8: Giai cac phuong trinh:

a) z?islll:l +22+cos'r :_16x3 +24‘x‘_1

1 81
——)’ +(cos’x + ——)* = —cos’ y.
sin” x cos’ x 4

HbD-bDs

a) Ding bt dang thirc Cosi b) VT > -34-1 > VP.

b) (sin’x +

Bai tap 8.9: Tim diéu kién 2 phuong trinh twong duong:
(1): sin3x + cos2x = 1 + 2sinX. cos2x
(2): sin3x - msinx = (4 - 2|m|) sin’x
HD-DS
0<m<l,m=3,m=4,m>5.
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9 TONG HOP PHUONG TRINH THEO TANG
VA COTANG

Sir dung bién doi luong gidc, bién déi dai s6 dé dwa phwong trinh cho vé
phueong trinh lwong gidc co ban, phuong trinh theo mét ham s6 luogng giac tang
hay cotang, hodc tich cdc phuong trinh dé voi phuong trinh bdc nhdt doi véi sinx
va cosx, phuong trinh thudn nhat (ddng cdp) doi véi sinx va cosx, phuwong trinh
doi xieng doi véi sinx va cosx.

Chua y:

1) Dinh hudng bién doi theo cung géc heong gidc, theo ham sé lwong gidc,
theo hé so ddac biét cua phuong trinh.

2) Co don vi va khong co don vi cua an, két hop nghiém.
3) Piéu kién xdc dinh cua tanx 1a x = % +kmk eZcuacolxlax zkn k e Z
hay don vi dj twong ung.

4) Ddnh gid 2 vé dira trén 1dp xdc dinh, tdp gid tri va cdc bat dang thirc co ban.

Bai toan 9.1: Giai phuong trinh: tanx + tan2x = sin3xcosx.

Giai
DKXD: cosx # 0 va cos2x # 0. Vai diéu kién do, ta co:
. sin3x .
tanx + tan2x = sin3xcosx < ———————— = sin3Xcosx
COSXCOS2X

<> sin3x(1 - cos’x. c0s2x) = 0 < sin3x = 0 hoic cos’x. cos2x = 1
<> sin3x = 0 hodc (1 + cos2x)cos2x = 2
<> sin3x = 0 hoac c0s™2x + cos2x -2 =0

<> sin3x = 0 hodc cos2x = 1<:>x=k§ hoacx=kn<:>x=k§.

Bai toan 9.2: Giai phuong trinh: tan’x - tan’xsin’x - (1 - cos’x) = 0.
Gidi
o) " Fi .
Diéu kién: cosx # 0 & x # IE 1 kn(k € Z)
PT: tan’x - tan’x. sin’x - (1 - cos’x) = 0
sin’ x

—(1-sin’ x)=1-cos’ x <> sin’x (1 - sin’x) = cos?x(1 - cos’x)
cos’ x

&> (1 - cosx)(1 - sinx)(sinx - cosx)(sinx -+ cosx + sinx. cosx) = 0

120



[1—cosx =0

l-sinx=0
A=
sinx—cosx =0
sinX +cosx +sinx.cosx =0
= - x=k2rm
l-cosx=0 cosx =1
, ! ) b4
Xét: |1 —-sinx=0 Slsiny =1 & x=7)-+k27r
sinx—cosx=0 tanx =1 ;
=—+ k27
i 4

Xét: sinx + cosx + sinx. cosx =0

Dit: t = sinx + cosx = \/2 COSLX_ZJ (te] \/5, \/5]) => SInX. COSX = l—?_l—

2

Khi do: t+ L0 0> tP+2t-1=0.

=2-1

Chon: t= \/2 N =" \/2cos

== _x—£+a+kn
:E=cosa«::> 2 keZ)

X = T a+kn
4
So sanh diéu kién, phuong trinh cé nghiém la: x = k2,

X = +k1t,x=;+a+k2nvéx=g-a-'fk27r(keZ).

n
4
Bai toan 9.3: Giai phuong trinh: 3tan’x + 22 cos’x = 2+ 32 )sinx.
Giai
Piéu kién: cosx # 0.
PT: 3tan’x + 242 cos’x = 2+ 342 )sinx
< 3(tan’x - V2 sinx) + 2( V2 cos’x - sinx) =0

& Jl——(smx V2 cos? x)+2(\/2005 X—sinx)=0
cos’ x

< (2c0s’x - 3sinx)( V2 cos’x - sinx) =
Xét: 2cos’x - 3sinx = 0 <> 2sin’x + 3sinx -2 =0
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Chon: sinx:—1—<:>x=£+k27r; x=§£+k2ﬂ
2 6 6

Va \/Ecoszx-sinx=0 o \/Esinzx+sinx- J§=0
= _ -
Chon: sinx = ~3-<:>x=%+k27r; x=%r~+k27r )

] J 3
Vay nghlém:x=%+k2ﬂ; x=%+k27t; x=g+k2n ; x=7n~:~k27t,k A

Bai toan 9.4: Giai phuong trinh:(1 - tanx) (1 + sin2x) = 1 + tanx.
Giai
Vi dicu kién cosx # 0, dat t = tanx.
2t (1+0)?

=1 +sin2x=1+ - = 5
1+t 1+t

(1+1)°

Phuong trinh: (1 - t) =l+tea (- +02=1+1)1 +th)

3

[+t
<21 +1)=0<>t=0hodct=-1.
tanx =0 x=kn
Do do6 T (chon)
tanx = -1 X =——+Kkmn

Bai toan 9.5: Giai phuong trinh: tan’x + sin2x = 4cos’x.
Giai

Diéu kién: x # % + kn. Bién d6i phuong trinh vé:
| - cos’x. cos22x = 4cos’x < 2 - cos® 2x (1 + cos2x) = 2(1 + cos2x)*
Dat: t = cos2x (-1 £t < 1). Khi dé phuong trinh trén thanh:
C+30+4t=0 (1 +3t+4)=0 & t=0
Vaycos2x =0 x = E+k—7t
4 2

So sanh diéu kién, nghiém cua PT: x = §+ —l\;— ,(k € 7).

Bai toan 9.6: Giai phuong trinh 2sin’(x - g—) = 2sin’x - tanx.

Gidi
Diéu kién: cosx # 0
Phuong trinh di cho twong duong

T . . .
1 - cos(2x - ;) = 2sin’x - tanx < 1 - sin2x = 2sin’x - tanx
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. P C)
&> 2sinX. cosx + 2sin“x -tanx-1=0
Sin X +cosXx

& 2sinx(cosx + sinx) - -————— =0 < (cosx + sinx)(sin2x - 1) =0
COSX
- _ T _ LI
cosx +sinx =0 sin(x+z):0 L
&
S 2=l sin2x =1 X=E+k7t
1" km - o - o) YA

& x= — + —, k € Z (thoa mian diéu kién).

Bai toan 9.7: Giai phuong trinh: sin3x — cosx. sin2x = sinx. cos2x. tanx.
Giai
DK: cosx # 0
VT = sin3x - ! sin3x - i sinx = L] sin3x - L SINX = sinXcos2x
2 2 2 2
PT <> sinxcos2x(1 - tanx) = 0 < sinx = 0 hoac cos2x = 0 hoac tanx = |

<:>x=k7tho:§1cx=£+5—n—hoacx=£+kn
4 2 4

Vay nghiém PT la: x =km; x = g— + g,ke Z.

Bai toan 9.8: Giai phuong trinh: sin’x (tanx - 1) = 3sinx(cosx + sinx) — 3.
Giai
Diéu kién: cosx # 0. Chia hai vé cho cos’x # 0.
Phuong trinh twong duong vai
tanzx(tanx - 1) = 3tanx(1 + tanx) - 3(1 + tanzx)
& tan’x - tan’x - 3tanx + 3 =0 < (tanx - l)(tanzx -3)=0

- _R- k
tanx =1 X=g T

= L
tanx = i\/ 3

( thoa man)
n
x=x—+kn

Vay nghiém cua phuong trinh: x = §+ km,x = i§+ kn, ke Z.
Bai toan 9.9: Giai phuong trinh: sin3x = cosx. cost(tanzx + tan2x).
Giai
Diéu kién: cosx # 0, cos2x # 0
Phuong trinh twong duong véi:
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AN | . b
sin“ X  sin2x
+

Sin3x = cosxcos2x 5
L Cos” X cos2x )

& sin3xcosx = sin’xcos2x + sin2xcos’x

& sinx(3 - 4sin’x)cosx = sin’xcos2x + 2sinxcos’x

&> sinx(3 - 4sin’x)cosx = sin’xcos2x + 2sinxcos’x

Xét sinx =0 < x =kn, k € Z: thoa man

Xét sinx # 0 thi (3 - 4sin’X)cosx = sinxcos2x - 2cos’x

&> (3 - 4sin’x - 2cos™x)cosx = sinxcos2x < (1 - 2sin’x)cosx = sinxcos2x
<> COS2XCOSX = SINXCOS2X <> cosX = sinx (vi cos2x # 0)

@tanx=1c>x=§+kn,kel(loai).

Viy nghiém cua phuong trinh lax = kn, k € Z.
Bai toan 9.10: Giai phuong trinh luong giéc:
(cot3x + cotx)cotdx = (cot3x - cotx)cot2x.
Giai
i Ca km km .. n
Diéu kién: x # P X # — v&i k nguyén
b
PT (cot3x + cotx)cotdx = (cot3x - cotx)cot2x
cos3xsinx +cosxsin3x cosdx  cos3xsinx —cosxsin3x cos2x

sin3xsinx sindx sin3xsin X sin 2x
o cos4x ) cos2x
& sin(3x + x). — - = -sin(3x - x). — < cos4x = -cos2x
sin4x sin 2x

<> cosdx +cos2x = 0 <> 2cos3xcosx =0 <> x=(2n + 1)—76E vO1 n nguyén

Bai toan 9.11: Giai phuong trinh: (1 - c0t2xtanx)sinl X _E] = 2COSX.

Giai

DKsian:tOc:x:tkzzt-.

=
Véi DK nay, PT < Msin(x—g—)=2cosx

sin 2X cos X
1 [ﬁ

3. 1
& ————| ——sInX——CcosX | =2Cc0sX
2c0s” X 2

2

e (1+tan’ x)(+/3 tanx —1) = 8
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Dat t = tanx ta co:
V30 = +43-9=0 & (1- VW3 +2t+3V3) = 0 t =43

Két hop nghiém, nghiém phuong trinh la: x = % +kn (ke Z).

Bai toan 9.12: Giai phuong trinh: (tanxcot2x — l)sinL% - 4x) = %sin2 2x - % x

Giai
Dicu kién: sin2x # 0.
. sINXC0s2X —cosSxX Sin2x 1 . 1
P e - .COS4X =—sin’ 2X ——
cosxsinx 4 2
—sinXx 1. 1 1.
—————— cos4x = —sin® 2x — — <> -cosdx = | —sin’ 2x —1 |cos® x
2c0s” Xsinx 4 2 2

1+cos2x

& 2c082x + 1= (%(1 —cos’ 2.‘()“1)

& cos’2x - 7cos™2x + cos2x + 5 =0
& (cos2x - 1)(cos’ 2x - 6cos2x - 5) =0
cos2x =1 (VN)

& p
_cost =3-414

& x = i%arccos(B—\ﬁZ) +km

Vay nghiém cua phuong trinh la: x = + %arccos(3 - «/I—Z) +kn, keZ.

Bai toan 9.13: Giai phuong trinh:
(1 - cotx)sin’x + (cosx - sinx)cos’x = cosx + sinx.
Gidi
Diéu kién: sinx # 0 & x z km, k € Z.
Phuong trinh tuong duong vai
sin’x + cos’x - (sin’xcosx + cos’xsinx) = cosx + sinx
&> (sinx + cosx)(sinzx + cos’x - 2sinxcosx - 1) =0
& 2sinxcosx(sinx + cosx) = 0 <> cosx( tanx + 1) = 0 (vi sinx # 0)

w
Xx=—+kn
( thoa man)

cosx =0

 tan x) = -1 x——£+k7r

Vay nghiém la: x = 1':— +kn,x=-§ +kmn, ke Z

4
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Bai toan 9.14: Giai phuong trinh: (tanx + colx)Z - (tanx + cotx) = 2.
Giai
m
bK: x;tkE. batt =tanx + cotx = |1| = hanx‘ + ‘cotxl >2.

Phuong trinh: ' -t =2 < - t-2=0
Chon nghiém t =2 <> tanx + cotx = 2.

&> tanx + =2 o tan’x - 2tanx + 1 =0

tan x
o (tanx - 1)* =0 <> tanx = 1 —tanl e x= 2 + kn
Cac nghiém diéu thoa diéu kién.
Bai toan 9.15: Giai phuong trinh: tanx + cot2x = 2cot4x.
Gidi
Vi sindx = 2sin2xcos2x = 4sinxcosxcos2x nén diéu kién: sindx = 0.

sin X + cos2x 2cosdx

Ta co: tanx + cot2x = 2cotdx &

cosX sin2x sin4x
sin Xxsin 2x + COSX cos2x 2cosdx

cosxsin 2x 2sin2x cos?2x
cos(2x—x) cos4dx
o =

coS X cos2x

&> cosdx = cos2x

x=kn
S A4x=12x+k2n ﬂ<:>x=kg
x=k— 3

Néuk =3m (m e Z) thi: sindx = sin4mn = 0: loai.

s

% .. . 4n . T N
Néuk =3m £1 (m € Z) thi: sindx = smLiT +4mn =ism§=i 5 #0
J /

Vay nghiém cua phuong trinh la x = 3m * 1)% vl m nguyén.,

ey 1 sin 2x i T
Bai toan 9.16: Giai PT: ——cotx+ ——— =2sin| x +— |.
V2 sinx + cosx 7.
Giai

05 s \ Tt
Diéu kién: x zknvax#-— +kn

sin 2x

Bién déi phuong trinh: ——cotx + ————— = 2¢cos x
i17) sin x + cos X
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1 2sin X 3
<> cosXx ———af — -2{=0
\\/-2—smx sinx +cosx

< cosx(sinx + cosx - 2 V2 sinxcosx) =0

- s
Voicosx =0 x= > + kn
Véi sinx + cosx - 2/2 sinxcosx = 0 (1)

s A
. g = . m
Pat t = sinx + cosx = \/2 sm' X +—
b ;

s

PK: |t] < +/2 . Khidé (1) thanh:
VIt +1+ V2 =0 1= V2 hoict= ———

5
11
Vay x = _2F +k2n; x = LA +k2m; x = T ik
12 12 4
So sanh diéu kién, nghiém cua phuong trinh la:
n k2n

x=£+kn;x=—+——,keZ
2 4 3

tanx +1  1+sin2x

Bai toan 9.17: Giai phuong trinh: = - .
tanx —1 tanxsin2x

Giai
Diéu kién: sin2x = 0, tanx # 1.
Phuong trinh da cho tuong duong véi:
(tanx + 1) tanxsin2x = (tanx - 1)(1 + sin2x)
Sin X + COSX Sinx sin X —COs X

. . ]
.2sInXcosx = ————  (SIn X +COS X))~
COS X CoSX COSs X

<> 2(sinx + cosx)sinzx = (sinX - cosx)(sinx + cosx)2

& (sinx + cosx)(2sin’x - (sinx - cosx)(sinx + cosx)) =0
< (sinx + cosx)(sinzx 1 cos’x) =0

< sinx + cosx =0

otanx =-1 & x = —% + km ( thoa man)
Vay nghiém cua phuong trinh la: x = —g +kn, ke Z

0 - .. . ) 4 2 Y
Bai toan 9.18: Giai phuong trinh: 2tan x +sin ST S ] cosx

. 2 ) l-sinx
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Giai
Diéu kién: cosx # 0, sinx # 1. Phuong trinh tuong duong
cosX COs X

) m
2tanx+sm(x+~ = —— ¢ 2tanx + cosX = -
2) l-sinx 1 -sinx

& (2sinx + cos™x)(1 - sinx) = cos’x
& (2sinx + cos’x)(1 - sinx) = 1 - sin’x
& (2sinx + cosx - 1 - sinx )(1 - sinx) =0
<> 2sinx + cos’x - | - sinx = 0 vi sinx # | <> sinx - sin’x = 0
<> sinx = 0 vi sinx # |
Vay nghiém cua phuong trinh la x =kn, k € Z.

Bai toan 9.19: Giai phuong trinh: Loy =2—tan’x - .

1+cosx coSsx

Giai

Diéu kién: cosx # -1, cosx # 0
Khi d6 phuong trinh tuong duong:
2(1-cos’x) _ LB 2(1-cos’x) 3cos’x —2cosx -1

3 -
1+ cosx Cos’X  CosX 1+ cosx cos’ x

2(1-cos’x) (cosx —1)(3cosx +1)

1+ cosx cos’ x
<21 - cosx)coszx =(cosx - 1)(3cosx + 1)
& (cosx - 1)(2cos™ + 3cosx + 1) =0 <> (cosx - 1)(cosx + 1)(2cosx + 1) =0
&> (cosx - 1)(2cosx + 1) =0 (vicosx #-1)
cosx =1 x=k2x,

= =
cosx=~% x=i—2375+k27r

&

Vay nghiém cta phuong trinh la: x = k2n, x = + 2% + k27, k € Z.

( n} cos3x —1
+tan| 2x —— |[= ——.

Bai toan 9.20: Giai phuong trinh: -
2) sin 2x

2sinx
Giai

sinx # 0

e g JT\ .
Diéu kién: < cos(Zx—E ’ #0 = sinx #0,cosxz0
F

LS

sin2x # 0
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PT twong duong voi —cot2x =

2sin x sin2x
&> COSX - €0S2X = ¢0S3X - 1< 1 - cos2x = cos3x - cosx

. 2 . o o
<> 2sIn"X = -2sIn2XSInx<> 51x12x(1 +2cosx) =0

cos3x —1

o cosx=-% (do sinx # 0)&= x = i%g+k2n ( thoa man)

Vay nghiém phuong trinh la: x = + 2_:r +k2n,k € Z.

J

Bai toan 9.21: Giai cac phuong trinh:

3(sinx + tanx)

tanx — sinx

Giai
o [ cosx # 0 kmr
bicu kién: J ] OXE—.
tanx # sinx 2

Phuong trinh

<> 3(sinx + tanx) - 2cosx(tanx - sinx) = 2(tanx - sinx)

<> sinx(3 + —3— +2cosx) =0
cosx

-2cosx = 2.

& sinx ( 2cos’x + 3cosx + 3 ) = 0<> 2cos’x + 3cosx + 3 =0

Vi A <0 nén phuong trinh cho vo nghiém.

Bai toan 9.22: Giai phuong trinh: 1

- \/f(cosx — sinx)

tanx + cot2x

Gidi
cosx # 0
km
= sin2x # 0 S Wy
Diéu kién: - > = =
tanx + cotl2x # ¥ 2 £ o dm
cotx = 1 4
] cosxsin2x  +2(cosx — sinx
Phuong trinh: o2 . )
CoS x COSX — sinx
sin x

&> sin2x = V2 sinx <> /2 sinx cosx - sinx = 0 <> sinx (\/2_ cosx-1)=0

. 2 .
<> sinx = 0 hodc cosx = - ex= kn (loai) hoac x =+ E + k2m.

Ta chon nghié¢m x = - % +k2n voik € Z.

cotx — 1
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. t*x - tan’
Bai toan 9.23: Giai phuong trinh: —or >~ % X 1601 + cosdx).
cos2x

Giai

o k
biéu kién: x # % + —?ﬂ Phuong trinh:

4 oaind 1 2
€OS X = SIN X _ 141 + cosdx) ¢ ——s———— = 32c0s?2

cos’ x sin’® xcos2x cos” x sin’ x
) . k
& 1 = 8c0s%2x sin’2x <> 1 - 2sin*4x =0 <> cos8x = 0 <> x = L %
LT o . a w f(ﬂ'
So vai dicu kién ta chon nghiém: x = — + —.
16 8
Bai toan 9.24: Giai phuong trinh: (sin3x - 23inx)L2cosx - J =3tanx.
COSX

Giai
Diéu kién: cosx # 0.
Phuong trinh da cho tuong duong vai
(3sinx - 4sin’x - 2sinx). cos2x = 3sinx < (1 - 4sin"x)sinx. cos2x = 3sinx
<> sinx [(1 - 4sin2x). c0s2x - 3 ]= 0 < sinx (2cos 2x - cos2x - 3)= 0
&> sinx = 0 hodic 2c0s°2x - c0s2x - 3= 0 <> sinx = 0 hoidc cos2x = -1
Vaisink =0 x=kn
Vi cos2x = -1 <> 2cos’> x = 0 <> cosx = 0 (loat)
Vdy phuong trinh cé nghiém x =kmn, k € Z.

6

Bai toan 9.25: Giai phuong trinh: 3(tanx - cotx) = 4sin2x - .
sin 2x

Gidi
Diéu kién: sin2x # 0.
Phuong trinh da cho tuong duong vai

_sin?x—cos’x 4sin’2x—6
=3 =

- = — o 3(si112x - coszx) = 2sin’2x - 3
Sin X cos X 2511 X COSX
& -3c082x = 2(1 - c0s?2x) - 3 & 2c0s72x - 3cos2x + 1 =0
cos2x =1 x=kn
g ] < I8
c052x=§ x:ig+kn,keZ

Chon nghiém cua phuong trinh lax = +— + kn, k € Z.

r
6
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Bai toan 9.26: Giai phuong trinh: 2sin x(sin3x + 2sin4x) =

tan x +cot2x

Gidi
Piéu kién: sin2x # 0, tanx + cot2x # 0.
Phuong trinh tuong duong voi

tan x + 2\/3-0052x

2sinx(sin3x + 2sin4x) = — -
sIn XSIn2X + coS2X cos X

cosXxsin2x
<> 2sinx(sin3x + 2sin4x) = (tanx + 2 NE) cos2x)sin2x
&> sin3x + 2sindx = sinx + 2 /3 cos2xcosx
< (sin3x - sinx) + 4sin2xcos2x = 2 /3 cos2xcosx

&> 2¢0s2xsinx + 4sin2xcos2x = 2 \/5 COS2XCOSX

L —-—E_{,.klt_
cos2x =0 XT30S
=] o
_sinx+2sin2x=\/§cosx

Y

. . (m
sin2x =sin ot
3 P,

="k Z x=" vk Z
4 2 4 2
7
= 2x=§—x+k27r & x=£+k%— (thoa man)

s 1

2
2x=m— £—xl+k27r x=?ﬂ+k27r

A¥ F

Vay nghiém cua phuong trinh la:
X = £+klr-’x:£+k2—7£, x:ZE-i-szt.k e Z.
4 2 9 3 3

sin 2x

Bai toan 9.27: Giai phuong trinh: —‘jl,_ cotXx + ———— — =2cosX.

sin X + cos X
Gidgi
Diéu kién: sinx # 0, sinx + cosx # 0.
cosx 2sin X cos x

Phuong trinh tr¢ thanh: i —2cosx =0
J2sinx  sinx +cosx

cosX 2cos’ X . 7o .o
o ————— =0 cosx|sin(x+—)—sin2x |=0
x/ismx sin X + cosx X 4 Y

tan x + 2\/5 cos2x
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.. n
Vmcosx=0<::>x=5+kn.

Véi sin2x = sin(x + g)

2X =X + =+ m2n x=2 s mn
4 4 x k2w
2= = S x=—+—.
s T m2 4 3
2X =T—X——+m2n X=—+4—
L 4 4 3
T k2x i
Chon nghiém cua phuong trinh: x = 5 +km, x = a + ,k e Z.
.'I
Bai toan 9.28: Giai phuong trinh: ——+ — =cotx +2sinx.
sinx sin2x
Gidi
Diéu kién: sin2x # 0. Phuong trinh tro thanh
1 . 1 1-2sin® 1-2cos®
1 sinxs— _c?sxzoa 'sm L . oS X
sin X 2sinxcosx sinx sin x 2sin x cos x

&> c0S2X. 2¢0sx - c0s2x =0 <> cos2x (2cosx — 1) =0

cos2x =0 x=2 kX
o 1 & F 2 (thdéa man)
cosx =— 4
2 xX=x—+k2rx

3

Vay nghiém cua phuong trinh la: x = I + k— b= : +k2m .,k e Z.

Bai toan 9.29: Giai phuong trinh: (2cosx —1)cotx = 3, plsinx

sinx cosx—1
Giai

Diéu kién: sinx # 0, cosx # 1.

Phuong trinh da cho tuong duong voi

2cos’ X —cosx — 3 _ 2sinx = (2cosx —3)(cosx +1)  2sinx
sin x cosx —1 sin x cosx —|
&> (2c0sx - 3)sin’x = -2sin’x < 2cosx - 3 = -2 (vi sinx # 0)

<> COSX = % &yx=1 % + k27 (chon).

.‘-i

Vay nghiém cua phuong trinh la x = ; k2n, k € Z.
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-3
Bai toan 9.30: Giai phuong trinh: Cf)SX i S.m, ® 1isinx+colx.
$inx —sin” x
Giai
Diéu ki¢n: sinx # 0. sinx # 1.
Phuong trinh di cho tvong duong vin
COSX ¢+ sin'x (1 - sinx)(sinx ! sin"x COSX)

<> cosx | sin'x - SinXcos’x  Cosx - SINXCOsX

. 2 2 S R 2
& 8InTX 7 CosX - cosx (visinx # 0) <> 2cos'x -cosx -1 0

cosx =1 x=k2r

< 1 %= 2r
COS X = — xX== + k21

2 3

o — 2 .
Chon nghiém cua phuong trinh la: x -+ + ﬁn + k2n, k € Z.
i |

- n e . COS X
Bai toan 9.31: Giai phuong trinh: tan2x + cotx = ————.
COS X —SIn X
Giai
cos2x # 0
Dicu ki¢n: {sinx # 0
lsin X —cosx # 0
. " o sin2X  cosx COS X
Phuong trinh trd thanh: t———= :
COS2X SINX  COSX —sIinX
2sin X Cos X COSX Cos X
< - ¢ =)

COS X -SIN X COSX—SINX  SInX
25N XCOSX — (COSX + SINX)COSX  COSX
e

0

(cosx +sInx)(CosXx —S$IinX) sin X
—COSX COS X

o =0¢>cosx =0
COSX +S8inNX  sinx

n . T s ,
x4+ knt (chon). Vay nghiémlax _ +kn.k € Z.

o T :. _l
Bai toan 9.32: Giai phuong trinh: 2(1 + cosx)(1 + cot” x) = e .
Sin X + COS X
Giai
o sinx # ()
Diéu kién: §
151nx +cosx #0
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Phuong trinh da cho tro thanh
sinx —1 = 2(1+cosx)  sinx-—1

\
2(1+cosx) ——5—=— 7 :
sin” X  SInX + COSX l-cos"x  sinx+cosx

& 2(sinx + cosx) = (1 - cosx)(sinx - 1) <> sinx + cosx + 1 + sinxcosx = 0
< (sinx + 1)(cosx + 1) =0 < sinx + =0 hay cosx + 1 =0

Vaisinx =-1 < x = -% + k27 (théa man)

e

Véi cosx = -1<> x = -7 + k2n (loai)

Véy phuong trinh c6 nghiém la x = -% +k2n, k € Z.

N L . & ) =
Bai toan 9.33: Giai phuong trinh: | —— + tan2x = 2+/2.
sinx  cosx,
Gidi
s .. [sin2x=#0 T T
Diéu kién: ¢ o2x2zk—oxz2k—
|cos2x #0 2 4
sinX +cosx sin2x — SinX +CcO0SX 2sinXxcosx
PT o — ‘ =2J2 & = =22
SINXCOSX COS2X SInXCOSX COS” X—sin™ X
1 — ] = ) 1
<:>——_:\/2<:>——,———=\/2 = cosl x+— |=—
COSX —SIn X \/,; s 4 2
2 cos x+4

S x+£=i£+k27r @x:£+k2ﬂ; x:—?—ﬁ+2k7r
3 12 12

So sanh diéu kién, vy nghiém: x = %+ k2n, x= —%+ 2kn. .k € Z.

3(cosx +cotx)

Bai toan 9.34: Giai phuong trinh: —2sinx =2,
CotX —CcosSX
Giai
U sinx #0 kr
biéu kién: X F—
cotX # COSX 2

5 3(cosx + cotx)
cotx —cosx

Tac —2sinx =2 < (1 +sinx)(1 + 2sinx) =0

&1+ 2sinx =0 < sinx = —lzsin(—£)¢:>x=—E+k2n,x=—?—n+k2n
2 6) 6 6

Vay nghiém PT la: x = —%+k2n,x =_'%+k27t, k e Z.
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Bai toan 9.35: Giai phuong trinh: 3tan3x + cot2x = 2tanx +

sin4x
Giai
PK: cos3x # 0, sindx = 0
Phuong trinh d3 cho bién déi nhu sau:
| —cos” 2x
3tan3x = 2tanx + ——————— <> 3tan3x = tan2x + 2tanx

cos2xsin 2x

<> (tan3x - tan2x) + 2(tan3x - tanx) =0 < Lo L : a1 4J =0
cos3x \ cos2x

1 1 1 !
o +4=0& cos2x=-—<:>x=i—arccos(———) +km, k € Z.
cos2x 4 2 4)
2cos4x
Bai toan 9.36: Giai phuong trinh: cotx =tanx + — .
sin 2x
Giai
kn - A .
PDK: x # i Bién do61 phuong trinh:
2cos4x ) kn
cotx =tanx + = & cos’x = sin’x + cosdX <> 0s2X = COS4X &> X = —

sin2x

So sanh diéu kién, duoc nghiém ctia phuong trinh la: x = i% +krm,keZ

2 X 2cos2
Bai toan 9.37: Giai phuong trinh: 4sin’ =sinx——— ~\/2(1 +sinx).
2 1--cotx
Giai
Piéu kién: sinx # 0; cotx # 1.
2 . .
Ta co: 2c082x -sin2x - 2sin’x
1 —cotx

Lo 2X . . . .
Va 451112;. sinx = 2(1 - cosx)sinx = 2sinx - sin2x

Do dé: PT < 2sin’x + (2 - V2 )sinx - J2 =0 sinx = -1 hodc sinx = —

2
2
i 1S T

Véi sinx = -1 < XZ-E + k2m,

2

Vi sinx = —2 <:>x=£+k2nhoacx=£ +k2n
2 4 4
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Két hop nghiém, vdy nghiém PT la
x=-% + k27 hodc x = BT“ +k2n (k € 7).

.9 2571 3 9
2sin (x—~4—]—2cos (x + 5)+tanx
Bai toan 9.38: Giai PT:
(\Ecosx +1J(ﬁsinx+l)

Giai

=0.

' Sn
COSX # ——= Xxz+t—+k2n
2 4

oy . . 1 m
Diéu kién: - smx;t—T & x¢—z+k2n
2

cosx =0

n
X #—+km
)

Bién d6i phuong trinh:

2sin’ (x—z—)-2cosz( +v;)+lanx

(\/Ecosx+l)(\/_sinx+l)

=)

& 2sin’ l X_ZJ 7c092(x+5}+tanx =0¢ cos2x - sin2x +tanx =0

Dat t = tanx thi phuong trinh trén thanh:
C--t+1=0a-Dt-1)=0 t==*1

Chon t = 1 suy ra nghiém x = §+k27t,k el

Bai toan 9.39: Giai phuong trinh:
4cos’x + 3tan®x - 4+/3 cosx + 243 tanx + 4 =0.
Giai
Phuong trinh tuong duong
4c0s’x - 4+/3 cosx + 3 + (\/gtanx)2 -43tanx + 1 =0
< (2cosx - \/5)2 + (\/3_tanx +1)2=0

CoOsx =

Il
I+

X

c:'x=-£+k27t,keZ.
tanx = — 6

&|_m|&'
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BAI TAP

Bai tap 9.1: Giai ciac phuong trinh sau:

a) cot’x - 3cotx - 10 =0 b) 3 - tan® 5x = 0.
HD-DS
a) it t = cotx thi phuong tinh: t* - 3t- 10=0
t=-2 [cotx=-2 |x=arccot(-2}+kn
« t=5 cotx =35 X =arccotS +kmn

b) tanSx = - V3 hay tan5x = NEY
Bai tap 9.2: Giai cac phuong trinh:

a) tan’x -3tan’x 2tex +4=0 b) sin2x + tanx =2
HD-DS
a) bat t = tanx b) Bat t = tanx.
Bai tap 9.3: Giai cac phuong trinh:
a) tan2Xx - tanx = 2+/3 /3 b)tan3(x-%)=tanx—1.
HD-DS

a) bat t = tanx
: a 7 A i P A T
b) Dung cong thic cong. cd thé datt=x — —

Bai tap 9.4: Giai cac phuong trinh:
a) (1 - tanx)(1 + sin2x) =1 + tanx b) tanx + tan2x = tan3x
1ID-DS
a) 1 +sin2x = (sinx + cosx ).
Bai tap 9.5: Giai cac phuong trinh:
a) (1 -tanx)(1 +sin2x) =1 +tanx  b) 3tanx + 2cot3x = tan2x
HD-DS
b) Tach hé sé 3 thanh 2 va 1 rdi ghép tuong img
Bai tap 9.6: Tim tap xac dinh cua cac ham sb sau:

sin X.cos x

a)y= ——5—— b)y=\/tanx
tan® x —1
HD-DS
cosx#0
a) PK: D=R\{E +kn;+ Z +kn| ke z).
tanx = *1 2 4
[cosx %20

b) Diéu kién <:>kn$x<§ +km, k e Z.

]taanO

LY
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Bai tap 9.7: Giai cac phuong trinh:
a) tan” x + cot” x = 2sin’(x + 7 /4)
b) 16sin’xsin’y + tan’xtan’y + 18 = 24sinxsiny + 6tanxtany
HD-DS
ayVi>2>2 b) Dua vé téng cac binh phuong bang 0.
Bai tap 9.8: Giai cac phuong trinh:
a) tan’x + lan4y + 2cot “xcot 2y =3 +sin’(x + y)
b) (tanx + %cotx)“ =cos"x +sin"x véine N,n>2
HD-DS
b) Khi n > 3 thi phuong trinh v6 nghi¢m

Bai tip 9.9: Dinh m dé cac phuong trinh sau c6 nghiém:
a) sinx. cosx - sinx - cosx + mtanx. cotx =0

b) +3tan’ x +m(tanx +cotx)—1=0

L]

sin” x
HD-DS

1
a) —;Smsl b) dat t = tanx + cotx, |x| > 2.

10 LAP PHUONG TRINH PUONG THANG

- Vecto phdp tuvén (VTPT) cua mét duong thang vecto khdc 0 va co gid
vuong goc voi duong thang.

- Vecto chi phirong (VTCP) cua duong thang: vecto khdc 0 va c¢é gia song
song hodc trung dicong thang.
Dang tong quit

- Tim mét diém I(x,; y,) thuéc diecng thang

- Tim mét VIPT n (a; b) cua dwong thang,, a’ + b° #0.

- Viét phuong trinh a(x - x,) + b(y - yo) = 0 réi suy ra dang 16ng quat:

ax + by + ¢ =0, @+ b =0

- Hodc, viél dang 16ng qudt: ax + by + ¢ = 0, tim ¢ nho dwong thang cho di

qua diém 1. r

v y
. /A

B
0 // % 0 \A
7 ® [\

X
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- Phuong trinh duong thang theo doan chin: di qua hai diém A(a; 0), B(0; b)
véia b=0la >+L=1
a
Ddac bigt: d'7/d-ax +by tc=0=d" ax+by+c' =0 c"=c
d"ld:ax tby+c=0=d"bx-ay +c¢" =0
Dang tham so, chinh tic

- Tim mét diém I (x,; y,) thuéc ducng thang y i /
- Tim mét VICP u (a; b) cua ducng thang o / e
. . [x=%;+at _, / >
- Phuong trinh tham so.: ,(a + b #10) ’ X
y=y,+bt
“Néua, b #0thicé dang chinh ldc: X=Xy = ¥ _by“
a

Ddc biét, d qua A, B thi c6 VICP u (x5 - X4 yg- V)
d'Ld:-ax+ by +c=0thiVICP u'= (a; b)
d"//d-ax + by +c=0thi VICP u " = (-b; @) hay (b;-a)
d c6 hé s6 goc k thi VTCP u ~ (1; k).
Chu y:
1) Duong Ihdng cat 2 truc toa do thi nén chon dang phurong trinh doan chan.
2) Khir va dat tham s6, bién doi va qui dong, doi VIPT va VICP,... dé chuyén
thanh dang phu(mg trinh khac.
3) Co v6 56 VICP, VTPT ciing phitong, ta cé thé chon toa do 11 [é va thoa diéu
kién vecto khdc 0 .
4) Phuong trinh duong thdng theo hé so goc: di qua I(xo; yo) va cé hé s6 goc
k = 1an(Ox; A): y - Vo = k(x - X,)
y=kx tm=kx-y+m=4(.

5) Phuong trinh tong qudt ciia cdc dwong phan gidc
cua goc xQy:

h

|
\)/ :
SN

y = (tand5’). x = x>x-y =0

vay = (tanl35°). x = -x &<x ty=0
Bai toan 10.1: Lap phuong trinh tong quat ciia duong thang

a) d qua M(3; 4) va co vecto phap tuycn n = =(-2; 1)
b) d qua M(2; -3) va c6 vecto chi phuong a = (4; 6).
Gidi
a) Duong thang d di qua M(3; 4) va c6 vecto phap tuyén n = (-2: 1).
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Phuong trinh tong quat cua d ¢ dang:
Ax+By+C=0Thay A=-2;B=1vaotaco:-2x +y+C=0
Med=-6+4+C=0=>C=2

Vay phuong trinh tdng quat cta d la:
2x+ty+2=0hay2x-y-2=0

b) Duong thang d di qua M(2; -3) va ¢ vecto chi phuong a = (4; 6) nén
VTPT n = (6; -4) hoic (3; -2):3(x-2)-2(y +3)=0

Phuong trinh tdng quat cia d la: 3x - 2y - 12 = 0.

Bai toan 10.2: Lap phuong trinh 16ng quat cia dudng thang
a) qua A(2; 0) va B(0; -3) b) qua M(-5; -8) vi c6 hé sb goc k = -3.
Gidi

a) Phuong trinh thco doan chan: §+ % =13x-2y-6=0

b) Phuong trinh theo hé s6 goc: y =kx + m=-3x + m

Duong thang qua M(-5; -8) nén -8 = 15 + m = m = -23

Do d6 phuong trinh téng quat: y = -3x - 23 = 3x +y + 23 = 0.
Bai toan 10.3: Viét phuong trinh tdng quat ciia duong thing d

a) Qua M(-1; -4) va song song véi duong thang 3x + Sy -2 =0

b) Qua N(1; 1) va vudng goc véi dudng thang 2x + 3y + 7 =0.

Giai
a) Vecto phap tuyén cia d ciing la vecto phap tuyén cua duong thing
3x + 5y - 2=0nén phuong trinh ciad la 3x + Sy +¢c =0

Vid di qua diém M(-1;-4)nén -3 - 20+ ¢ = 0 = ¢ = 23.

Vay phuong trinh téng quéat d: 3x + 5y + 23 =0

b) Dudng thing d vudng goc véi duomg thang 2x + 3y + 7 = 0 nén ldy VTCP (3; -2)
lam VTPT cua d.

d:3(x-1)-2(y-1)=0<3x-2y-1=0.

Bai toan 10.4: Lap phuong trinh tham s6 cua duong thang d:

a) di qua diém M(2; 1) va co vecto chi phuong Iy = 3;7)

b) di qua diém M(5; -2) va ¢6 vecto phap tuyén n = (4; -3).

Gidi
([x=2+3t
1)' =1+7t

b) d c6 vecto phéap tuyén n = (4; -3) nén ¢6 vecto chi phuong e (3; 4).

a) Phuong trinh tham sb cua d la:
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A : £ . jx=5+31

Vay phuong trinh tham so cua d la: .
y=-2+4t

Bai toan 10.5: Viét phuong trinh tham sb cua duong thang d

a) di qua diém M(5; 1) va co hé sb goc k = 8

b) di qua diém A(3; 4) va B(4; 2).

Gidi
a) d c6 hé sb goc k = 8 nén d c6 vecto chi phuong u =(1;8)

[x =5+1
Vay phuong trinh tham sd cua d la: 1 .
y=1+

b) d di qua A va B nénd cé vecto chi phuong u = AB =(1;-2)

R " £ . . [x=3+t
Vay phuong trinh tham so cua d la: 1 et
y=4a-

Bai toan 10.6: Cho hai diém P(4; 0) va Q(0; -2). Viét phuong trinh tdng quat cua
duong thang
a) Qua diém A(3;2) va song song voi duong thang PQ
b) Trung truc cua PQ.

Giai
a) Puong thing PQ c6 phuong trinh theo doan chan:
X Yy
—+-—=lhayx-2y-4=0
PRI

Puong thang d song song véi PQ co phuong trinh x - 2y + ¢ =0 véic # 4.

Vidqua A(3;2)nén3-2.2+c=0=>c=1.

Vay phuong trinh d: x -2y + 1 = 0.

b) Duong trung truc cua doan PQ di qua trung diém I cua PQ la I(2; -1) va
vuong goc vai PQ = (-4; -2). Phuong trinh dudng trung truc cua doan PQ la:

A(x-2)-2Ay+1)=02x +y-3=0.

Bai toan 10.7: Cho diém A(-5; 2) va duong thing d: x—l——2~ =—X%3 Viét phuong
trinh duong thang d":
a) qua A va song song vai d b) qua A va vudng goc vai d.

Gidi
a)d c6 VTCP u = (1; -2) ciing 1a VICP cua d'. Viy d': > :5 . ”"?2,

b) d' vudng goc véi d nén co VICP 1 (2; 1). Vay d" 5:—5 y_l—_z

141



Bai toan 10.8: Mot duong tbéng di qua diém M(5; -3) cat truc Ox va Oy tai A va
B sao cho M la trung diém cua AB. Viét phuong trinh tdng quat cua dudng
thang do.

Giai
Gia sir A = (a; 0), B = (0; b). Vi M(5; -3) la trung diém cua AB nén:
=210, 5 040 a0, b=-6
2 2

Phuong trinh ctia duomg thang di qua A, B la % += yg =1 hay 3x - S5y - 30 = 0.

Bai toan 10.9: Cho diém M(1; 2). Hay lap phuong trinh cua duong thang di qua
M va chan trén hai truc toa d¢ hai doan c6 d6 dai bang nhau.
Giai
Xétd qua goc O thid:y =kx =y = 2x. Y 4
Xét d khong qua goc O thia,b#0 \
A 1.
a b 2
Theo gia thiét thi |al = |b] /
Néub=athid:x +y=a. P 0
Vidqua M(1;2)néna=3dodod: x+y=3.
Néub=-athid:x-y=a
Vid qua M(l;2)néna~=-1,dodé x-y =-1.
Viy c6 3 duomg thang: 2x -y =0,x +y-3=0,x-y+ 1 =0.
Bai toan 10.10: Viét phuong trinh duong thang di qua M(2; 5) va cach déu hai
diém P(-1; 2), Q(5; 4).

Giai
Xét d//PQ thi thoa man cach déu P va Q. \M d
o x=2+31
VTCP PQ =(6;2) nénd:
y=5+t
. : P Q
Xét d' khong song song vai PQ, dé d cach déu P, Q AW
thi d' di qua trung diém 1(2; 3) cua PQ.
o Xx=2
VTCP MI =(0; -2) nén d": s
y=5-21

Bai toan 10.11: Duong thang d: 2x -y +8=0 cat cac truc Ox va Oy lan luot tai
cac diém A va B. Goi M 1a diém chia doan AB theo ti s6 -3. Viét phuong trinh
duomg thang di qua M va vudng goc vai d.

Gidi
Chox=0=>y=8;y=0=x=-4. Do d6 A(-4; 0), B(0; 8)
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Kraes, il o

Goi M(xy; Yo) thi x, =

-k 4
3 - =6.Viy M(-1; 6
Yo =T i ay M(-1; 6)

Vecto chi phuong ciad: 2x -y + 8 =01a u (1; 2). Do d6 phuong trinh duong
thang d' qua M va vudng goc vai d la:
d:I(x+1)+2(y-6)=0hay x +2y-11=0.

Bai toan 10.12: Cho duong thing di: 2x -y - 2 = 0; d»: Xty 3 =0 va diém
M(3; 0). Viét phuong trinh duong thang A di qua M, cat d, va d, lan luot tai
diém A va B sao cho M la trung diém cta doan thang AB.

Giai

A(XA;¥A) € df = yA =2xp -2

B(xp; yn) € d2 = yp =-xp -3
Vi M la trung diém cua AB nén:
(X +Xp =2Xy :)jx/\ +x,=6
IYA+Yi;:ZYM LZXA—Z—XB—Z;ZO
D XA T %2%\—1—3{)— Vay A—(u 1—39)
Duong thing A la duong thang qua A va M. Tir d6 ta tim dugc phuong trinh

chaAla: 8x-y-24=0.

Bai todn 10.13: Lap phuong trinh duong thang A di qua Q(2;3) va cit tia Ox. Oy

tai 2 diém M, N khac diém O sao cho OM + ON nho nhat.

Giai
Goi M(m; 0), N(0; n) véi m, n > 0.
Phuong trinh cua A la:
i-fl=1Q = 3+z=1:>n=—im— (d& thay m # 2).
m n m n m-—2

Don>0nénm> 2.
Ap dung bét dang thirc Co-si, ta co:

OM+ON=m+n=m+ 0
m-—2
. . )
=m-2+ +522‘/(m—2). +5=2J6+5
m-—2 \ m-—2

6
m-2

Dau "=" xay ra khi va chi khim -2 =
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Chonm=2" 6 (dom>0).Suyran=3+\/€.
Vay OM + ON nho nhit bing 246 +Skhim=2+ V6 van=3+ V6 .

a . . : X Yy
Khi d6 phuong trinh cua A la: -+ =)l
2446 3+46
. L . x=3+2t _[x=t'
Bai toan 10.14: Cho hai duong thang: va
y=-4+1 y=—-10+1t
a) Viét phuong trinh téng quat ciia mdi dudmg thang trén.
b) Tim giao diém cua hai duong thang.
Gidi
, . _ o [x=3+21
a) Khu t trong hé phuong trinh 4
ly=—4+t

Taduoc:x =y+4hayx-2y-11=0

~

Tuong tu d6i véi dudong thang thir hai ta dwoc x -y - 10 =0
b) Giao diém hai duomg thang di cho la nghiém cua hé:
(x-2y-11=0 [x=9

= .
1x—y—10=0 iyz—l
Viy giao diém 1a 1(9; -1)
, oo [Br2a=t (2t —t'=—3
Cach khac: X¢ét hé o :
1—4+t =-10+t"  [|t—-t'=—6

P . . p . . (x=2+2t

Bai toan 10.15: Cho duong thang c6 phuong trinh tham so: -
y=>+
a) Tim diém M nam trén duodng théng d6 va cach diém A(0; 1) mot khoang bang 5.
b) Tim toa dd giao diém cua duong thing d6 déi véi duomg thing x +y + 1 =0.
Giai

a) Diém M thudc duomg thing da cho nén M = (2 + 2t; 3 + t).
Taco: AM = 55 ,[(2+2t-02 H3+t—1)? =5

SR+ + 2+ =2552+12t-17=0

¢:>l=1hayt=—¥.Véy c6 hai diém M (4; 4) va M’ (—%‘3;%1
2 - /
b)Théx=2+2t;y=3+tva‘10phuonglrinh:x+y+1=O
2+2t43+t+1=0=t=-2.Dodox=-2;y=1
Vay toa do giao diémN=(-2; 1)
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Bai toan 10.16: Lap phuong trinh ciia duong thang d di qua giao diém cua hai duong
thang 2x -y + 5 =0, 3x + 2y - 3 = 0 va thoa mot trong cac diéu kién sau:

a) d di qua diém A(-3; -2).
b) d cung phuong véi duong thang x + y +9 = 0.
¢) d vudng goc voi dudng thiang x + 3y + 1 =0.
Giai
(2x y+5=0 Jx=—1
Toa do giao diém M(x; y) la nghiém cua hé: =
[3x+2y-3=0 ly=3

Vay ta c6 giao diém M(-1; 3).

a) d di qua hai diém A(-3; -2) va M(-1; 3) nén c6 phuong trinh la:
BRE . bR
R 352

b) d cing phuong véi dudng thing x +y + 9 = 0 nén phuong trinh cua d ¢6

dang:x +y +C=0,ddiqua M(-1;3) => C=-2

Viy phuong trinh cua duong thiang d la: x +y -2 =0.

¢) d vudng goc véi duong thing x + 3y + 1 = 0 nén phuong trinh cua d ¢é

dang: -3x +y+ C=0.
d di qua M(-1; 3) = C = -6.

Phuong trinh cua duong thang d 1a: 3x -y + 6 = 0.

Bai toan 10.17: Cho dudng thing d: x - 2y + 4 = 0 va diém A(4; 1)

a) Tim toa d6 hinh chiéu vuong goc cua A lén d.

b) Tim toa d6 diém A' dbi xung voi A qua d.

Gidi

a) Phuong trinh d' qua A, vudng géc véidco dang: 2x +y +C =0

dquaA@;1)nén8+1+C=0=>C=-9

& S5x -2y +11=0.

4
Dod6d:2x+y-9=0
Hinh chiéu H 1a giao diém ctad va d" ‘A

: ’x 14 .JH d

Xx—-2y+4=0 B

X2y o vayu[ 1, —7} A

l2x+y-9=0 17 g5 0 51

Y=
5

b) A' dbi ximg ctia A qua d khi H 12 trung diém cta AA'

. . _8 29
XA T XA = 2X1, YA YA =2y = XA' = g,yA =

VayA(ﬁ—9 .
\5 51
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. : (x=—2-21
Bai toan 10.18: Tim hinh chiéu cua M(3; 1) lén dudong thang d: J ‘

l_y=1+2t
Giai
Hed=H(-2-2(; 1 +2t) M
dco VICP u =(-2;2)
Didukign MH € d < MH. u =0 v :
& 2(-5-20) +2.2t= 0<3t—--§ Vayli(] =
’ 2 2 J
Bai todn 10.19: Tim hinh chiéu cua diém P(3; -2) 1én mdi duong thang:
X=t _
md:j S ¢)d:Sx-12y+10=0
ly =1 3 -4

Gidi
a) Phuong trinhd:y - 1=0
Goi H 1a hinh chiéu cua P trén d thi H la giao diém cua d va d', trong d6 d' 1a
dudng thang di qua d' L d.
Phuong trinh cua d'la: 1(x-3) + O(y +2)=0<>x-3=0
(x-3=0 [x =3

Toa do H la nghiém cua hé < = . Vay H(3; 1)
ly-1=0 "~ |y=I
e ! 9 .. K4 X = 1 + 3t
b) Viét phuong trinh cua d du¢i dang tham s6: ”
y =~
Puong thing d' di qua P va vudng goc vai d ¢6 phuong trinh:

3(x-3)-4y +2)=0<>3x-4y-17=0.

Thay vao ta dugc: 3(1 +3t)-4(-4t) - 17=025t-14=0t = %
Vay toa do hinh chiéucua P la ' —61 &
25725

¢) Goi d' la duong lhang, d1 qua P va vudng goc vai d. Do d' vudng goc véi d
nén d' c6 vecto chi phuong il = =(5;-12)

. e L x=3+51
Phuong trinh tham s6 cua d' la:
y=-2-12t
Thay x =3 + St vay = -2 = 12t vao phuong trinh cua d, ta dugc:
9
S(3+5t)-12(-2-120) +10=0 <> 1691 + 49 = O@l—l—g()—.
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Vay toa d6 hinh chiéu cua P 1a 2—62 2—59 l

L1697 169 ,

Bai toan 10.20: Cho dudng thing A: 2x - y + 1 = 0 va diém I(1; 2). Tim phuong

trinh duomg thang A' d6i xing vdi A qua diém 1.
Gidi

Liy mot diém M nim trén duomg thang A: 2x -y + 1 = 0, chang han M (0; 1).
Piém M' déi ximg véi M qua diém I (1; 2) c¢6 toa dd M'(2; 3). Puong thang A’
ddi ximg véi A qua I 1a duomg thang di qua diém M' va song song vdi A, tic 1a c6

vecto phap tuyén n = (2; -1).
Vay phuong trinh cua A'la 2(x - 2) - 1(y -3) =0 hay 2x -y - 1 =0.

Bai toan 10.21: Cho hai duomg thang d;: x +y - 1 =0 va dy: x - 3y + 3 = 0. Hay lap

phuong trinh cuia dudng thang d; déi ximg véi d; qua d,.

Giai di
Giao diém M(x; y) cua d, va d; c6 toa dd 1a nghiém 2
cua hé phuong trinh: M 4
x+y-1=0 x =0 T 2
Jx+y .y 2
|x-3y+3=0 " |y=1 .
Vay M(0; 1). ds

Lay A(1; 0) thudc d;, phuong trinh duong thang AH vuéng goc véi ds:
3x-1)+1(y-0)=0e3x+y-3=0
Toa dd cua H la nghiém cua hé phuong trinh:

3
Ix+y-3=0 |*75 112
J Y =S 3 H\2 QJ:Bll;El.
x—3y+3=0 I " 5.

Phuong trinh duong thang MB hay duong thang ds la:
)
(x-0)(l?"- 1)-(y- 1)(% -0)=0=>7x-y+1=0.

Bai toan 10.22: Cho tam gidc ABC c6 phuong trinh 3 canh:
AB:2x-3y-1=0;BC:x+3y+7=0,CA:5x-2y + 1 =0.
Viét phuong trinh dudng cao BH.

Giai A
Toa do cua diém B la nghiém cua hé phuong trinh H
2x-3y+l=0 |*T72 5
y = 5.Vay B(-2;-2). =
X+3y+7=0 y=—= 3

3
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Puong thang AC c¢6 VTPT n = (5;-2) = VTCP u = (2;5)
BH vudng goc voi AC nén c6 VTPT (2; 5), do d6 phuong trinh

BH:2(x+2)+5(y+§)=0<:>6x+15y+37=0.

Bai toan 10.23: Cho tam giac ABC, biét phuong trinh
duong thing AB: x - 3y + 11 =0,
duong cao AH: 3x + 7y - 15 =0,
duong cao BH: 3x - Sy + 13 = 0.
Tim phuong trinh hai dwong thing chira hai canh con lai cia tam gidc.
Gidi
Ta co: A la giao diém clia AB va AH.
{x—3y=11 {x=—2 ) _
=t . Vay A(-2; 3). f
3x+7y=15 y=3
Vi AC L BH nén AC c6 dang 5x + 3y + ¢ =0, ta co:
Ae AC-10+9+c=0=c=1
Vay phuong trinh duong thing chira canh AC: 5x + 3y + 1 =0
Ta c6 B la giao diém cua AB va BH:

(x -3y =11 (x=4__
<:>1 _s Vay B(4: 5).

A

3x—-S5y=-13
Vi BC 1L AH nén BC ¢6 dang 7x - 3y + ¢' =0 ta co:
BeBCo28-15+c' =0« c'=-13.
Vay phuong trinh duong thang chira canh BC: 7x - 3y - 13 =0.

Bai toan 10.24: Cho tam giac ABC c6 A(-2; 3) va hai dudng trung tuyén: 2x - y +
1 =0vax+y-4=0.Hay viét phuong trinh ba duong thang chira ba canh cua
tam giac.

Giai
Hai trung tuyén che khong qua A.
batBM:2x-y+1-0,CN:x+y-4=0.
B € BM = B(t; 1 + 2t).

Trung diém cua AB 12 N(%; 2 + 1) thudc CN

_l;2+2+t-4=0<:>t=2nénB(2;5)-

Tuong tr C € CN = C(t'; 4 - t").
Trung diém M cua AC thudc BM ta tim duoc C(3; 1).

148



Tu 3 dinh A(-2; 3), B(2; 5), C(3; 1) ta lap phuong trinh 3 canh AB:
x-2y+8=0,BC:4x+y-13=0vaCA:2x+S5y-11=0.

Cach khac: Tim trong tam G la giao diém cua BM, CN va tir B(t; 1 + 2t) va
C(t'; 4-t") suy ra dugc t, t'.
Bai toan 10.25: Cho tam giac ABC c6 trong tam G(3; S) va phuong trinh AB:

2x -3y + 1 =0; AC: 4x +y - 5=0. Tim cac dinh

Giai
. o [2x43y+1=0 [x=1 __
Toa do A la nghiém hé: < o . Vay A(1; 1).
4x+y-5=0 ly =1

Goi B = (x1; y1), C = (x23 y2).

ViBe AjvaC e Aynén: 2x;-3y; + 1 =0vadx; +y,-5=0.

Vi G(3; 5) la trong tam cua tam giac ABC nén:

3:]+x’+x3v35:1+y‘+y3
3
=X +tx-8=0vay; +y>-14=0
Giai hé bon phuong trinh ta duoc: B:(%l:i—:; :C= —é;iﬁ—l ;

, , . 2b+1. .
Cach khac: Goi B (b; —T) va C(c; 5-¢).

Goi G la trong tam tam giac ABC suy ra B, C.
Bai todn 10.26: Viét phuong trinh duong thing di qua diém M(-2; -4) va cit truc
Ox, Oy lan luot tai A va B sao cho OAB la tam giac vudng can.

Gidi
Goi A = (a; 0), B = (0; b). Vi OA = OB nén |a| = |b| hay a = +b. Phuong trinh
dudng thiang AB: LS 1, di qua diém M(-2; -4) nén — 2R =\
a b a b
£ . 2 4 6 . . .
Néu a=b thi ——-—Ezl =——=I,néna=b=-6, va ta dugc phuong trinh
a a
i+—¥-6—=lhayx+y+6=0.
£ . 2 4 2 4 . .
Néu a=-b thi hay —__E:I => ——+—=1 =» a=-b=2 vata duoc phuong trinh
a a a
X y
—+-—-—=1 hayx-y-2=0.
> "o yx-y

Bai toan 10.27: Cho tam giac ABC véi A(2; 4), B(4; 8), C(13; 2). Viét phuong
trinh duong phan giac trong cua goc A.
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Gidi
Tacéd AB = ,/(4—2)* +(8—4) =+/20

AC=/(13-2)* +(2—4)* =125

Chan phén giac trong AD, chia doan BC theo ti k =~ 2D

5 . .
=—= nén co toa do:
AC 2

5

5 A
) _13+§'4_46.y 2+§.8 44
D T == D~ =
TE 1+2 7
2 2
Puong phén giac AD cé phuong trinh: B c
D
:6 . _4y4 4 hay x -2y + 6 = 0.
-2 —-4
7 7

Bai toan 10.28: Cho tam giac ABC co6 phuong trinh canh AB: 2x + 6y + 3 = 0;

=2-t .
AC: Jx : va trung diém cua BC 1a M(-1; 1). Lap phuong trinh canh BC.
=

Giai
: A - F
Tacé:B e AB = BLb;—————
3 2
Ce AC=C(2-1;1)
M e trung diém BC nén: . \
9 M b
(b+2—l:—2 b—t=_4 b:_z
" b o1 = o
[-5-5 =2 |-2ber=1s 7
E 8 2 t=
4
f q B
DodéB——:l) va C(lzz).VéyphuorngtrinhBC:xTI:X__l_
. 4 4 4 4)

3
Bai toan 10.29: Lap phuong trinh 3 canh tam giac ABC biét dinh C(4; 3) va trung

tuyén AM: 4x + 13y - 10 = 0; phan giac AD: x + 2y - 5 = 0.

Gidi A
Ta tim diém doi xting cua C qua phan giac AD.
Phuong trinh CI vuong géc AD
2x-4)+ 1(y-3)=0 -
<2x-y-5=0 B
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Il

Hinh chiéu I ¢o toa do: 13

(x+2y—5=0 <

lox—y-5=0" {

Do d6 1(3; 1) nén diém ddi xung K(2; -1)

J4x+13y—10=0 (x=9
<

X
b

Toa do A la nghiém hé:

|x+2y-5=0 y=-2
Vay A(9; -2) nén phuong trinh AB qua A, K:x +7y +5=0
Taco B € AB = B(-5-7b; b) va trung diém ML —]2—?b3—;hJ
-1-7b 3+b

ViM € AM nén 4——2~ . 13-5-—10:0 =b=1

Do d6 B(-12; 1) nén phuong trinh BC: x - 8y + 20 =0
Vay phuong trinh BCqua B, C: x +y-7=0.
Bai toan 10.30: Cho hinh binh hanh ¢6 tdm ddi ximg 1(3; 5) va phuong trinh 2
canh: x + 3y - 6 =0; 2x - Sy - 1 = 0. Lap phuong trinh 2 canh con lai.
Giai
Pat AB: x + 3y -6 =0, AD: 2x- 5y - 1=0 i B
Toa do A la nghi¢m hé:
(x +3y—-6=0 x=3 _
4 o . Vay A(3; 1).
|2x-Sy-1=0 {yzl o c
I 1a trung diém ctia AC nén C(3; 9), canh BC qua C, song song AD:
2(x-3)-5(y-9=0<2x-5y+39=0
Canh CD qua C, song song AB:
1(x-3)+3(y-9)=0<x+3y-30=0.

Bai toan 10.31: Cho diém A(-1; 3) va dudng thang A c6 phuong trinh x - 2y + 2 = 0.
Dung hinh vuéng ABCD sao cho hai dinh B, C nim trén A va cac toa do cua
dinh C déu duong. Tim toa d6 cac dinh B, C, D

Giai
Duodng thang d qua A va vudng goc vai A co
phuong trinh: 2(x + 1) +y-3=0hay 2x +y -1 =0.
‘Toa d6 cua B l1a nghiém cua hé:

x-2y+2=0 x=0

fam .

2x+y-1=0 y=1
VayB=(0; 1) vaAB = V1’ +2> =/5nén CB = /5.

I'x 2y+2=0
Toa d6 cua C 1a nghiém cua hé ‘ \/

x’ +(y -1y =5
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L Xe=—2 Xc=2

Giai hé nay ta duoc hoac :
Ye = 0 Ye=2

Theo gia thiét, nghiém dau bi loai do yc = 0. Vay C = (2; 2).
Do ABCD la hinh vuéng nén CD = BA
suyra 127710y o7 Vi p- (g
uy ra ay 4 . Vay D =(1; 4).
y 1."0‘2:3“1 y Ly, =4 ay

D

Bai toan 10.32: Cho diém P(1; 2) va Q(3; 4).
Tim diém M trén truc hoanh dé MP + MQ bé nhit. y4 Q

Giai

Ta c6 P, Q la hai diém ctng phia déi véi truc hoanh. _\
Léy dbi xung P qua truc hoanh 1a P'(1; -2) 0 il
Ta co: _VP
MP + MQ = MP' + MQ > P'Q: Khéng d6i.

Do d6 MP -+ MQ bé nhét khi M la giao diém cua duong thing P'Q véi truc hoanh.

TR . ‘ [x =1+2t
P'Q = (2; 6) nén phuong trinh P'Q: <
ly =-2+6t
1 5 .. 5
Choy=0=>1= 3 = x=—.Viy M(-,0).
- | J

Bai toan 10.33: Cho hai diém P(1; 6); Q(-3; -4) va duong thang A: 2x -y - 1 = 0.
Tim toa do diém N trén A sao cho | NP - NQ|1én nhét.
Giai
Ta c6 |NP - NQ| < PQ. D4u "=" xay ra khi va chi khi N, P, Q thang hang va N
0 ngoai doan PQ.
— x=1+2t
VTCP PQ =(-4;-10) hay (2; 5) nén phuong PQ :
{y =6+ 5t
Thé vao phuong trinh A thi duoc t = -5.
Vay giao diém cua duong thang PQ va A la N = (-9; -19).
Vi xn < Xp, X@, nén N la diém phai tim.
Bai toan 10.34: Cho diém M(4; 6). Viét phuong trinh cua duong thing di qua M
va cdt céc truc Ox, Oy theo thir tu tai A(a; 0) va B(0; b) véi a, b > 0 sao cho:
a) Dién tich tam giac OAB bing 60
b) Dién tich tam giac OAB bé nhit.
: Gidi

Phucng trinh ciia dudng thing di qua A(a; 0), B(0; b) c6 dang Xy % =1
a
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Di qua diém M(4; 6) nén i+%=1 & 6at4b=ab
a

a)So/\;3=60<3ab=120<:>b=@
a
: 120
Dodo:6a+4b=120<3a+2b=60¢>3a+2 —— =60
a

< 3a*-60a+240=0<a*-20a+80=0
©a;=254+V5)a=2(5-+5)
Tirdosuyra:b; =3(5- v/5)vaby=3(5+ +/5)
Ta nhan dugc hai duong théng thoa man diéu kién:
X y X y
d: — =1:dy: + — =1
" 25+45) 35-45)  2(5-45) 3(5++5)

b) Tacd S = %ab. Ta tim a, b > 0 thoa man 6a + 4b = ab sao cho tich ab b¢

nhit. Ap dung bat dang thic Cési:
ab = 6a + 4b > 2\/6a.4b =4/6ab = Jab > 446 = ab > 96
Vay ab nho nhét bang 96 <> 6a=4b = 9-,?- =48 >a=8;b=12

Vay dién tich tam gidc OAB bé nhat khi M la trung diém cua AB.
BAI TAP
Bai tap 10.1: Tam giac ABC vai A(1; -2); B(2; 3); C(-3; 1)
a) Lap phuong trinh chinh tic cua trung tuyén AM.
b) Lap phuong trinh tong quét cua duong cao AH.

IHD-PS
b) 5x + 2y — 1=0
Bai tap 10.2: Lap phuong trinh duong thang qua 2 hinh chiéu K(4; -3) 1én Ox, Oy.
HD-PS
21 + XKoo 1.
4 -3

Bai tap 10.3: Lap phuong trinh duong thiang qua A(2; 4) va cat Ox, Oy tai M, N
trong cac truong hop:

a) A trung diém MN b) OM = ON
HD-bS
a)2x+y-8=0 b)y=2x,y=x1+2,y=-x+6
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Bai tap 10.4: Cho tam gidc ABC vor A(-1:4). B(2: 0). C(0: 4)
a) T'im chéan phan giac trong AD. 1.ap phuong trinh AD.
b) Xic dinh AB.AC. AM voi M(x. y) thudc AD. Suy ra la1 phuong trinh phan
glac trong AD.
1D-DS
u)l)(l; f)}_x 2y T 0.
Bai tdp 10.5: lim 3 dinh tam giac ABC va phuong trinh BC biét phuong trinh
ABISX -2y 260 OCACdx 0+ 7y =21 0 va true tam fa goe O.
11D-DS
A: 3). B4 7. CCL D,
Bai tap 10.6: 1.ap phuong trinh duong thang ddi ximg cua:
aA)d:dx-3y 6 Oqua A:27x-99y + 28 ()
byd:x-2y-5 Oqua A:3x +y+4 0.
1HD-DS
a)Sx ¢ 12y + 10 0.
Bai tap 10.7: Cho hinh chir nhit ABCD v A(S: 1), C(0: 6) va 1 canh
X+ 2y - 12 0. Lap phuong trinh cac canh con lar
1HD-DS
X' 2v-7 0.2x-y-9 0.2x-yi6 0.
Bai tap 10.8: Cho A(-1:3). B(2:5). C(4: -3).
1Tim qu§ tich cac dicm M ma MA™-MB™ BC.
1HD-DS
Duong thang 6x ¢+ 4y 87 (.
Bai tap 10.9: Cho A (0: 6): B(2: 5):d:x-2v 12 0
a) 1im N ¢ d d& NA + NB bé nhat.
b Tim K e d dé KA - KB lon nhit.
HHD-DS

1119
A N( ).
4 8
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1 LAP PHUONG TRINH PUONG TRON

Yéu té ciia duing tron

- Dua vé phicong trinh: (x - xo)? (v - yo)’ =k néu k > 0 thi dé la phicong
trinh duang tron (C) tam I(x,, y,), ban kinh R = \/ k

- Dica vé phuong trinh: X’ +y? + 2ax + 2by + ¢ = 0, néu a + b —c>0thido
la phuong trinh duong tron (C) tam I(-a; -b), ban kinh R = Jal+hi-c.
Phuwong trinh duong tron

- Puong tron tam I (x,, y.), ban kinh R ¢6 phuong trinh:

(x-x)” + (v-y))’ = R’

- Phuong trinh: x* + y + 2ax + 2by + ¢ = 0 vi diéu kién a® + b*—c > 0la
phcang trinh duong tron tam I(-a; -b), ban kinh R = \/a2 +b’—c

- Dé tim quy tich tam I cua ho cdc duong tron, ta phai tim diéu kién xdc dinh

dwong tron, tim toa do tam, khir tham so giita x va y. Chuyén diéu kién cua tham
$0 néu co vé diéu kién cua x (hodc y).

- Dé tim quy tich (1dp hop) cdc diém M, ta goi M(x; y) roi diing quan hé cho dé
lap phuong trinh duong tron.
Chui y:

1) Phuomg trinh duomg tron (C) ¢o 2 dang nén ¢ 2 huong:

- Timtam [ (x,. y,) va ban kinh R: (x —x) - yo)z =F

~Timcichéséa, b, c:x’ + y2 + 2ax + 2by + ¢ = 0.

2) Cdac quan hé thuong dung voi duong tron (C).

- Diqua | diém A: toa do A thoa man phuong trinh.

- Di qua 2 diém A, B: toa dé A, B thoa man phicong trinh va tam I thuéc dieong
trung truc cua AD.

-Piqua 3 diém A, B, C: toa do A, B, C thod man phicong trinh va

IA=IB=IC R=1IA

- Puong kinh PQ: Tam I la trung diém cua PQ, R = PQ-

- Tdm I thuéc duomg thang d: toa d I thoa man phuong trinh d.

- Dueong trom tiép xiic véi truc hoanh: 1im I(x,, vo) va R = |1,| !

- Duomg tron tiép xiic voi truc tung: tam I(x,; y,) va R = Lxol.

- Duedng tron tiép xiic véi duong thang A: d(I, A) = R

- Dudmg tron ngoai tiép véi tam gide vuong. tdm I la trung diém ctia canh huyén.
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Tuwong giao va tiép tuyén

- Tuong giao cua dieomg tron (C) tam I, bdn kinh R va duong thang A: d(l, 4) > R:
khong co diem chung; d(l. A) = R: tiép xiic (tiép uyén); d(l, A) < R: dwong thing
cat dicong tron theo mét day.

- Twong giao cua duong tron (C) tam I, ban kinh R va (C') tadm I', ban kinh R':
I[' > R + R': ngoai nhau; 11' - R + R tiép xvic ngoai; | R—R'| <II'<R +R"
cdt nhau, II' = | R — R'| - 1iép xiic rong; 1I' < | R—R’|: dung nhau.

- Duong thing A: ax + by + ¢ = 0 la tiép tuyén duong tron (C) tam I, ban kinh
R khi d(l, 4) = R.

- Tiép luyen vGi ducng tron (C) tam I tai diém A: dwong thang tiép tuyén qua
A, c6 VIPT n= Al

- Tiép tuyén voi duong tron (C) tam I bdn kmh R di qua diém B: Ldp phu(mg
trinh dwong thang qua B ¢6 VIPT 6 = (a; b), & + b* = 0. Tir diéu kién tiép xic
deé tim a va b.

Tiép tuyén chung Avéi 2 duong rron (C), (C) 41,0 =R
- Jep en crnun Vol uong ron (C.), (C ). ]
P tuy g i id(l',A'):R'

Bai todan 11.1: Tim tam va ban kinh cua dudmg tron:

.a) (x- 12+ (y +2)2=5 b) 16x* + 16y* + 16x — 8y = 11.
Gidi
a) (x - 1)’ + (y +2)° = 5 la duong tron tam I(1; -2), R = /5
b) 16x* + 16y° + 16x — 8y = 11 & x> +y* + x — L y = =0cba= l;b'— ——l;
27 16 2 4

1
c=-— mal+bl-c=1 >Onénléphuonglrinhduémgtr(‘)nléml(-_li; 'y R=1.

Ly
=

Bai toan 11.2: Cho (@) x* + y> + mx —2(m + 1)y + 1 = 0.
a) Véi m nao thi (€,) la duomg tron.
b) Tim tap hop cac tdm khi m thay déi.
Gidi
a) (ém) 1a phuong trinh duong tron khi

a+b-c>0e % +(m+1)2-1>0<:>5m2+8m>0<::>m<—% hodc m > 0.

b) Tam dudng tron ¢ toa do: {
y

Kht m tir hé trén ta duoc 2x +y — 1 =0.
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Gioi han: m < -% — 2x < "% 8= L
m>0=-2x>0=x<0.
Viy tap hop tdm cta cac duong tron la phian duong thang 2x +y — 1 = 0 ¢6

hoanh d6 x <0 hodc x > %

Bai toan 11.3: Cho dudng tron (%) cé phuong trinh:
X2+y’+(m+2)x-(m+4)y+m+1=0
a) Chung minh rfmg () luon la duong tron vol moi gia tri cia m.
b) Chung minh rang khi m thay déi, ho cac dudng tron (@) luén di qua hai
diém c6 dinh.

Giai
a) Phuong trinh (%) c6 dang x>+ y2 +2ax +2by+¢c=0
- m+ 2 m+4
vola= ,b=— -,c=m+1.
2 2

Taco:a* +b’-c= (m; 2T +l/m:4\l_ —-(m+1) =w >0, vdi moi m.
« 2 J & 2 .2 2
Vay (€,) 1a duong tron vé1 moi gia tri cua m.
b) Goi M(xo; Yo) 1a diém cb dinh ma ho (%) luén di qua.
Khi d6 ta co: x§+y3 +(m+2)X,-(m+4)y,tm+1=0,Vm
<> (Xo- Yot 1)m + x(z, +y(2) 1+ 2Xo - 4y, + 1=0, Vm
[xg =y, +1=0 ()
<ij +yl+2x, —4y, +1=0 (2)
Tur (1) suy ra x, =y, - 1, thay vao (2), ta duoc:
Yo- 17 y5 +2(¥o-1)-4yo+ 1 =06 2y] -4y0=0

Vo=
<:> 2y0(y0 - 2) = 0 @
Yo =2

Vi yo = 0 thi x, = -1. Ta duoc diém M,(-1; 0)
Vi y, =2 thi x, = 1. Ta duoc diém My(1; 2)
Viy ho dudmg tron (€,,) uén di qua hai diém cb dinh la M(-1; 0) va My(1; 2).
Bai toan 11.4: Cho hai diém A(l; 1) va B(9 7). Tim quy tich céac diém M sao cho
2MA? — 3MB? = k%, trong d6 k 1a mét sd cho trudc.
Giai
Goi M = (x; y) ta co:
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IMAZ-3MB? =K ¢ 2(x — 1P + 2y — 1P = 3(x =9 — 3(y — 7 =Kk
< X" —y? +50x + 38y — 386 - k=0
& x2+y?—50x—38y + 386 + k2 =0 ¢ (x =25 + (y — 19)* = 600 — k*
Bién luan:
- Néu k? < 600, quy tich M 1a dudng tron ¢6 tam [ (25; 19)
va ban kinh R = Y600 -k .
- Néu k*= 600, quy tich M la mot diém [ (25; 19).
- Néu k*> 600, quy tich M 1a tap rong.
Bai toan 11.5: Lap phuong trinh dudng tron:
a) Tam I(1; 3) va di qua A(3; 1).
b) Tam I(-2; 0) va tiép xtic vdi A: 2x +y — 1 =0.
Giii
a) Duong tron tam I(1; 3) va di qua A(3; 1)
nén bén kinh dudmg tron la R =1A = /(3-1) +(1-3)" =242.
Vay phuong trinh duong tron 1a (x— 1)+ (y - 3)° = 8.
b) Duong tron tim I(-2; 0) va tiép xic voi A: 2x +y—1=10

2.(-2)-1
nén ban kinh duong tron la R = d(I; A) = M =5

J5

Vay phuong trinh dudmg tron la (x + 2)° +y* = 5.
Bai toan 11.6: Lap phuong trinh duong tron:
a) Duong kinh AB voi A(-1; 1) va B(S; 3).
b) Tam I(4; -7) va tiép xuc vdi truc hoanh.
Gidi
a) Puong tron duomg kinh AB ¢6 tam I 1 trung diém AB:
12;2), R=1A= 9 +1=410.
Viy phuong trinh duong tron 1a (x—2)* + (y —2)* = 10.
b) Duong tron tam 1(4; -7) va tiép xuc voi truc hoanh nén R = |y1| =71 =7
Vay phuong trinh duong tron 1a (x—4Y + (y+ 7) = 49.
Bai toan 11.7: Lap phuong trinh duong tron di qua 3 diém
a) M(1; -2), N(1; 2), P(5; 2) b) A(1; 2), B(5; 2), C(1; -3).
Gidi
a)Taco: MN=/0+16=4;NP=+16+0=4,PM =+/16+16 =42 .
Nén PM? = MN? + NP2, do d6 tam gidc vudng tai N.
, > _
Tam I 1a trung diém cua PM: [(3; 0) va ban kinh R = % =22
Viay phuong trinh duong tron: (x —3) +y>=8.
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b) Dudmg tron ¢ dang: x” + y* + 2ax + 2by + ¢ = 0.
Duong tron di qua 3 diém A, B, C nén:

1+4+2a+4b+c=0 2a+4b +c¢=-5 ==
-25+4+10a+4b+c=0<:>~10a+4b+c=—29<:>~h=jl)—
‘1+9+20—6b+c=0 2a-6h+c=-10 ool

Vay phuong trinh duong tron la x* +y* —6x +y — 1 = 0.

Chua y: Dudng tron di qua diém A, B, C 1a duomg tron ngoai tiép tam giac ABC.
Bai toan 11.8: Lap phuong trinh duong tron:

a) Qua hai diém A(- 1; 2), B(-2; 3) va c6 tdm & trén duong thang A: 3x—y + 10 =0.

b) Tiép Xuc voi hai truc toa dd va di qua diém M(2; 1).

Giai
a) Goi I(a; b) la tam cua duong tron, ta co:
(1A =1B* {(a-% D +(b=-2)* =(a+2)’ +(b-3)
leA  |3a-b+10=0

2a-2b=-8 a=-3 A
et < . Vay I1(-3; 1).
3a-b=-10 b=1

R=IA=(-1+3)" +(2-1)* =45

Vay phuong trinh duong tron 1a (x + 3P+ (y—1)Y=5.

b) Puong tron tam I(a; b) ban kinh R tiép xtic voi ca hai truc khi va chi khi
khoang cach tir I t6i hai truc ddu bang R, tuc la: |al = |b| =R.

Vi duong tron di qua M (2; 1) nén IM = R hay

J(@=2+(b-1)’ =R e>a*+b’—4a—2b+5=R?

Maa’=b’=R’nénR*-4a-2b+5=0

Ta xét cac truong hop sau:

Néua=b=R,thiR*—6R+5=0=R=1hoicR =5

Néna=b=R =1hoaica=b=R=5.

Ta duoc hai duong tron (x — 1)+ (y — =1 va(x— 5)2 +(y - 5)? =25.

Néua=R,b=-Rthi R”” = 2R + 5 = 0 vd nghi¢m.

Néua=-R,b=R thi R* + 2R + 5 = 0 vd nghiém.

Néua = -R, b=-RthiR*+6R+5=0 phuong trinh nay c6 hai nghiém am R = -1,
R = -5 nén déu bi loai.

Néu nhan xét diém M(2; 1) thudc goc phﬁn tu [ thi tdm [(R; R)
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Bai toan 11.9: Cho diém A(- 3; 0) va B(0; 4). Lap phuong trinh duong tron noi
tiép tam giac OAB.
Gidi A
Goi I va r la tim va ban kinh duong tron ndi tiép B
tam giac vuong OAB thi I(-r; r).
OA=3;0B=4; = AB=5. |

! 1 ]

—2—OA.OB 5.3.4 n 5

- = =1.

%(OA+OB+AB) %(3+4+5)

S=pr=>r=

o |»n

Vay phuong trinh duong tron ndi 1iép (x + 1)2 +(y - 1)2 =1.

Bai toan 11.10: Viét phuong trinh dudng tron noi tiép tam giac ABC biét phuong
trinh cac canh: AB:3x+4y-6=0; AC:4x+3y-1=0; BC:y=0.
Giai

[3x+4y-6=0 [x=-2

'l'oadc}cfxa/\lénghiémcﬁahé:w4 o xi 0<:>-Jl 3 = A =(-2;3)
X+iy—1= y =

Tuong tu, ta tinh duge B(2; 0), C(% : 0)
Phuong trinh cdc duong phan giac trong va ngoai cua goc A la:
X-y+5=0 (1)

3x+4y—6:f4x+3y—1<:>
x+y-1=0 (2)

NEET Va2 1+ 32

Thay lan luot toa do ctia B, C vao vé trai cia (1), ta dwoc: 2 +5=7>0; % +5>0

Vay (2) la phuong trinh duong phan giac trong cta goc A.
Phuong trinh cac dudng phén giac trong va ngoai cua goc B la:
3x +4y -6 3x-y-6=0 (3)
= oy
5 x+3y-2=0 (4)

Thay 1an luot toa do cua A, C vao vé trai cua (4), ta duoc:

-2+3.3-2=5>0;l -2=-Z<0.
4 4

Vay (4) 1a phuong trinh duong phan giac trong cua goc B.
Goi I(x; y) va r 1a tdm va ban kinh duong tron néi tiép tam giac ABC. Khi d6
toa d6 cua I la nghiém cua hé:
[x +y-1=0 x=

sy==0"™
‘ y

z[:l -

] nén r = d(I; BC) =

1| —

zlll\
\2’2/

N — | —
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’ N2

1Y 1]’ 1
x==| +ly-=| =—.
J " 2) 4

Vay phuong trinh dudng tron noi tiép la: =

Bai toan 11.11: Lap phuong trinh duomg tron di qua A(1; 1), B(1; 4) va tiép xuc
vai truc Ox.
Gidi
Phuong trinh dudng tron tiép xic véi truc Ox cé dang (x — a)’ + (y —b)? =b’

o ~la-a+a-b’=b>  [(1-a)?+(1-b)?=b
Duong tron qua A, B nén: ¢ o ,
l(1-a +(4-b)’=b> |(I-b)’~(4-b)’ =0

Dodéb:—i—:>az—2a—3=0:>a=-1,a=3.

Vay c¢6 hai duomg tron can tim la:

2 2

_a+fg=2) =2, 2l | 2
37+ (3] + oo {53 -2

Bai toan 11.12: Lap phuong trinh dudng tron ¢6 tam I thuéc d: 2x —y —4 =0 va
tiép xuc vai 2 truc toa do.
Giadi
Phuong trinh dudng tron tiép xuic véi 2 truc cé dang:
(x—a)’+(y—b)*=R*voi R = |a| = |b|
Nén (x —a)’ + (y - b)* =b?
Tam I (a; b) thugcd: 2x—y—-4=0nén2a—-b—-4=0
Véia=bthib-4=0=>b=4

Vdia=-bthi-3b-4=0=b- -%

Viy c6 hai duomg tron can tim la:
4y’ 4\ 16 . 2
X——| +t|y+=| =—;(x-4)"+(y—-4)" =16.
() (5o 2) e
Bai toan 11.13: Viét phuong trinh dudng tron tiép xtc véi truc hoanh tai diém
A(6; 0) va di qua diem B(9; 9).

Giai
Buong tron (C) tam I(a; b), ban kinh R ¢6 phuong trinh:
(x-a)’+ (y-b)’ = R? (1)

(C) tiép xuc vdi Ox tai A(6; 0) néna =6, Ibl=R.

Khi dé (1) < (x - 6)* + (y - b)? = b

B(9;9) e (C)=>(9-6*+(9-b)?=b<=>b=5=>R=5
Phuong trinh cta (C) 1a (x - 6)* + (y - 5)* = 25.
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Bii todn 11.14: Viét phuong trinh duong tron di qua hai diém A(-1; 0) B(1; 2) va
tiép xtic voi duong thang x -y -1=0
Gidi:
Goi I(a; b) va R 1a tdm va ban kinh cua duong tron (C) can tim. Phuong trinh
cua (C) la (x - a)> + (y - b)* = R?
(C) tiép xtic véi A: x -y - 1 = 0 khi va chi khi:

‘a—-b—l|
dl;A)=Ro L —=—I=R,
(-1-a)’ +b’> =R’
A,Be(C)=
(1-a)’> +(2-b)* =R?
@+t + b2 = BB 0
— 3
(-1 +(-2?=8270 ()

N Fa

Te()vaQ)suyra:(@a+ 1)+ =(@- 1Y +(b-2ye>a=1-b
Thaya=1-bvao (2)tacd: b>+(b-2)?=2b>=>b=1=a=0,R=+2
Phuong trinh cua (C) 1a x> + (y - 1) = 2.
Bai toan 11.15: Lép phuong trinh cta dudng tron di qua goc toa do va tiép xuc

voi hai duong thang d: 2x +y—1=0,d: 2x -y +2=0.

Gidi
Goi I(a, b) 1a tdm cua dudmg tron (C), ta co:
(C) qua O va (C) va tiép xiic voi d; va d khi va chi khi:

.|2a+b_]|_l2a—b+2| (1)
[dady=dady) | V5 s

d(l.d,) =10 22+ b1

dad) {l”‘}%qm @

Giai(1): Xét: 2a+b-1=2a-b+2¢>b= -

| LD

Thay vao (2) ta cé:

., 9. 3 5
2a+%=\/5(az+z) & 4a” +2a+ %=5a2+i4—<:>a2-2a+ 11=0(VN)

Xét2a+-b-1——-—2a+b-2<:>a=-%.
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Thay vao (2) ta co6:
2 9 )
Bl 5(i+b2) e _3bs o5t £
V16 4

2 16
~3+2410

8

Vay phuong trinh cia duong tron la: (x — a)’ + (y —b)? =a’ + b

[3 2J_

F

< 64b’ +48b-31=0 < b, =

oxXl+y—2ax-2by =0 x> +y? +—

Bai toan 11.16: Cho duomg tron (C) c6 phuong trinh: x> +y*-4x +3=0. Viét

phuong trinh duong tron (C') déi xing véi duong tron (C) qua dudng thing
4x - 3y = 0.

Giai
Duong tron (C) c6 tdm 1(2; 0) va ban kinh R = 1.
Puong tron (C’) ¢6 ban kinh bang 1 va ¢6 tdm I' 1a diém d6i ximg véi I qua
duong thang d: 4x - 3y = 0.
Gia suI' = (x; y) thi vecto = (x - 2; y) phai vudng gbc vai vecto chi phuong
cuad la 1_1.=(3;4),t1':clz‘a3(x-2)+4y=0hay3x+4y-6=0(1)

e g) phai nam trén d, tic la

Ngoai ra trung diém cua II' [a P = (

4(X—WL?')—i)izo hay 4x - 3y + 8 =0 (2)

2 2
LA 2 . . ) n e 14 48
Giai h¢ hai phuong trinh (1) va (2) ta duoc toa do I' la: x = - T Y= T
A S 14y 48)’
Vdy phuong trinh duong tron (C') 1a x+-2—S +| y— = =1.

Bai toan 11.17: Cho A(3; 4) va B(6; 0).
a) Ching minh tam giac OAB can.
b) Lap phuong trinh duong tron ngoai tiép va noi tiép.
Gidi

a) AB = /(6-3)> +(0—4)’ =5;

OA = {/(3-0)’ +(4-0) =5, &

OC = {/(6-0)? +(0-0)* =6,
Tam giac OAB la tam giéc can tai dinh A.
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b) Goi H la trung diém OB thi H(3; 0)
Vi xa = X1 = 3 nén phuong trinh trung truc AH: x =3

K 1a trung diém OA thi K(% ; 2), nén phuong trinh trung truc cua OA la

6x + 8y — 25 =0

Toa d6 tam ngoai tiép E la nghiém cua hé:
['x=3 ’x=3 7
~ <y 7-EG5 )
|6x +8y—25=0 ly:E 8

VaR=EO= 28—5 . Viy phuong trinh duong tron ngoai tiép tam giac OAB la:

» (7Y 625

(x=3)"+ (} _g, Sk

Phuong trinh cac duong thing OA: 4x —3y =0, OB: y = 0.

Hai duong phan giac cua cac goc tao boi hai dudong thiang d6 co phuong trinh:

4x -3y 4x -3y
5 -

Hay x -2y =0va2x +y=0.

Thay toa d6 cia A va B vao vé trai cia cac phuong trinh, ta nhin dwoc phéan
giac trong tai dinh O cua tam giac OAB c6 phuong trinh: x — 2y = 0.

vy va

(x-3=0

x=3
1x—2y=0c> y==

Toa d6 tdm ndi tiép I 1a nghiém cua hé: 3 1(3;%)
2

.y . Bl B 3
Ban kinh duong tron ndi tiép r = d(I; OB) = i

Vay phuong trinh dudng tron néi tiép tam giac OAB la:
. - 3 ~ 2 - 9
(x=3)"+ [ y=35

x

R

s
Bai toan 11.18: Tim giao diém cua duong thing
d: Jx =1+ 2t
ly=-2+t

vari dudmg tron (C): (x - 1+ (y - 2)* =16

Giadi
Thay x, y tir phuong trinh tham sé cuia A vao phuong trinh dudng tron, ta duoc

(2t)2+(t—4)2=16¢:>5t2—8t=0<:>t20hayt=%
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. 23
Vay co hai giao diém A(l; - 2) va B(—zs—l;—i :

Bai toan 11.19: Tim toa d6 giao diém cua hai duong tron:
X" +y +2x +2y + 1 =O;x2+y2—2x+2y—7=0.
Giai
Toa d6 giao diém cua hai dudng tron (néu c6) 1a nghiém cua hé phuong trinh:
[x? +y2+2x +2y +1=0
lxz ry?-2x+2y-7=0
Trur timg vé hai phuong trinh trén ta dugc 4x + 6 = 0.

Suy ra: x = —% . Thay x = -% vao phuong trinh sau thi cé:

F4

—2+411
==

yr2y-l =0esy=

) o)

Viy c6 hai giao diém: M(—%;_zz—m] va N( 3, 24411 l
A\ /
Bii todn 11.20: Ching minh cac duong thing:
A: x cos2m +y sin2m + 4 cos’m — 5 = 0
luén ludn tiép xuc voi 1 duong tron ¢ dinh véi moi m.
Gidi
Goi I(xo; yo) va R 1 tdm va ban kinh cua duong tron ¢b dinh.

Taco: d(L A)~ R, V ‘xocos2m+yosin2m+4coszm—-5‘
aco:d(l,A)=R,Vm <

=R ,Vm

Jcos?2m +sin’2m
& [x,c082m + y sin2m + 2(1 + cos2m) - 5| =R , Vm

o |(x0 +2)cos2m + ysin2m -3[=R ,¥m

Xo+2=0 [x,=-2
&Y, =0 &y, =0
R=3 R=3

Vay duodng thang A ludn tiép xuc voi dudmg tron ¢d dinh c6 tam I (-2; 0) vaco
ban kinh 1a R = 3.
Bai toan 11.21: Lap phuong trinh tiép tuyén voi duomg tron:

a)x* +y*+4x + 4y - 17 =0 tai M(2; 1)

b) x2+y2—8x—6y=0di qua gdc O.
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Gidi
a) Duong tron c6 tam I(-2; -2), ban kinh R =5
b) Duong tron co6 tam 1(4; 3) di qua gbe O nén tiép tuyén di qua goc O la tiép
tuyén tai goc O.
Tiép tuyén dtai M co VIPT n=IM= (4; 3) nén
d:4(x-2)+3(y—-1)=0¢<>4x+3y—-11=0
VTPT n=0I= (4; 3). Vay phuong trinh tiép tuyén:
4(x-0)+3(y-0)=0=4x+3y=0.
Bai toan 11.22: Lap phuong trinh tiép tuyén voi duong tron:
x2+y?+2x + 2y + 1 =0 va di qua N(2; 0).
Gidi
Puong tron co6 tam I(-1; -1), ban kinh R = 1.
Goi phuong trinh tiép tuyén 1a Ax + By + C = 0 (A? + B> £ 0)
Tiép tuyén di qua diém N(2; 0) nén 2A + C = 0 vay C = -2A
Dodé A: Ax+By-2A =0
o o g, o X o . |—3A—B| 2 2 12
Di€u kién tiep xuc: d([, A)=R <= —————=1 = A"+ B = (-3A-B)
A*+B’
> 8A>+6AB =0 <> A =0 hoidc 4A + 3B =0.
Véi A =0, chon B =1 ta co tiép tuyén y = 0.
Vi 4A + 3B = 0, chon A =3 va B = -4 ta co tiép tuyén 3x — 4y + 6 =0.
Bai toan 11.23: Cho duong tron (C): x> + y* - 2x + 6y + 5 =0 va duong thang d:
2x+y-1=0. Vicf:t phuong trinh tiép tuyén A cua (C), biét A song song véi d.
Tim toa d¢ tiép diem.

Gidi
(C) c6 tam I(1; -3), ban kinh R = {12 +37 =5 = /5
A/l d = A c6 phuong trinh: 2x + y + m =0 (m # -1).

—3+m!_ m=6

. 12
A tiép xtc voi (C) > d(A)=R & " — =5 & m-1|=5
V22 +1? m=-4

C6 hai tiép tuyén can-timlaAy;: 2x +y + 6 =0va Ay: 2x +y - 4 = 0.
Toa do tiép diém T cua A, voi (C) 1a nghiém cua hé¢:
[2x+y+6=0 {x =-1
- S = .Vay T =(-1; -4)
|x*+y’ —2x+6y+5=0 |y=-4
Toa do tiép diém T' cua A, vai (C) la nghiém cua hé:
[2x+y—-4=0 (x=3 _
. , &> 1 . Vay T' (3; -2).
lx +y —=2x+6y+5=0 ly:—2



Bai todin 11.24: Cho duong tron (C): X%+ y2 + 8x + 4y — 5 =0 va diém A2; 1)
a) Chimg minh qua diém A v& duoc hai tiép tuyén dén (C).
b) Lap phuong trinh duong thang qua hai tiép diém.

Giai T
a) (C)cotam I =(-4;-2),R=5. Q
E
A I

Paicy=4+1+16+4-5>0nén A & ngoai (C),
do d6 qua A vé& duoc 2 tiép tuyén dén (C). \

T

b) Puong thang qua 2 tiép diém T, T' la duong thang di qua 2 giao diém cia
duong tron (C) vai duong tron (C') duong kinh [A.
45

Trung diém cua IA 1a E(-1; ]; ). Bankinhr= — = =

Nén c6 phuong trinh (C'): (x 4+ 1)>+ (y + %)3-—- 145 Xy +2x+y—10=0.

Cac diém M(x; y) thudc duomg théng TT' cé toa d6 thoa man:
sz +y’ +8x +4y-5=0
x> +y +2x+y-10=0

Dodo: 8x—2x+4y—-y—-5+10=0< 6x+3y +5=0.

Viay duong thiang TT': 6x + 3y + 5= 0.

Bai toan 11.25: Viét phuong trinh tiép tuyén chung cua hai duong tron:
(C): x> +y* = 1=0;(C): (x— 8>+ (y - 6)° = 16.
Gidi

Duong tron (C) tdm O = (0; 0). ban kinh R = 1.

Duong tron (C') tdam I = (8; 6), ban kinh R' = 4

Goi tiép tuyén chung l1a Ax + By + C =0, (A2 + B? #0)

e
_ [d(O,A)=R® VA’ +B’
away=r 7 |ga+eB+C]|
- JAZ+B?
Tird6 suy ra |8A + 6B + C| =4|C| hay 8A + 6B + C=+4C
8

Truong hop 1: V&i 8A + 6B + C=4C < C= —A+2B
J
8
(1)@%A+2B{=\//\2+32
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& 64A% + 96AB + 36B% = 9A% + 9B2 <> 55A% + 96AB + 27B2 =

—48B+3BY91
55
Tachon B =55thi A =-48 + 391 vaC=-18 + 891
Viy ta duoc hai tiép tuyén chung la:
(-48 +3/91 )x + 55y — 18 + 8+/91 =0 va
(-48 =391 )x + 55y —~ 18 — 84/91 =0

Giai phuong trinh d6 véi én 1a A ta duoc: A =

Trudng hop 2: Véi 8A+6B+C=-4C@C=-§A-~ 28

e 1—%A—%B‘=\/Az +B’

< 64A% + 96AB + 36B2 = 25A% + 25B?
< 39A% +96AB + 11B?=0
4812538
39
Ta chon B =39 thi A =-48 +25+/3 vaC =30 ¥ 40+/3.
Viy ta c6 hai tiép tuyén chung la:
(-48 + 2543 )x + 39y +30-40 /3 =0
va (-48 —25+/3)x -+ 39y + 30 + 40+/3 =0.

Giai phuong trinh trén voi an1a A ta co: A =

BAI TAP
Bai tap 11.1: Tim tdm va ban kinh cua duong tron:
a) (x - 4)* +(y + 6)> =20 b) 2x* + 2y* - 8x + 5y - 1 = 0.
HD-DS
- )
a) I(4; -6), R = 24/5 b) 1(2; -_) R = ﬂ

Bai tap 11.2: Cho (Cy): X2+ y'-2(m+2)x + 4my + 19m - 6 =0
a)Tim m dé (Cp,) la duomg tron. Tim quy tich tam.
b) Tim m dé (Cy,) cit truc hoanh.
) HD-DS
a)ym<l,m>2;y=-2x +4 vdi x <3, x > 4.
Bai tap 11.3: Lap phuong trinh duong tron:
a) Puong kinh MN véi M (2; 7) va N(-4; 1)
b) Qua P(0; 1), Q(1; -1); R(2; 0).
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HD-DS
2,2 5 1 2
b) x“ +y° — gx-- = y - 5—0.
Bai tip 11.4: Lap phuong trinh dudng tron noi tiép tam giac ABC véi A(l; -5);
B(-4; 5) va C(4; 1).
HD-DS
(x— 1)2+y2=5.
Bai tap 11.5: Cho hai duong tron (Cy): x> +y2 -4x - 8y+11 =0,
(C: x> +y?-2x-2y-2=0
a)Xét vi tri tuong ddi. Lap phuong trinh cac tiép tuyén chung
b)Lap phwong trinh duong thang qua A(2, 1) va cit (C)) theo ddy 1ém nhat.
HD-DS
ayx=1=0,4x -3y -11=0.
Bai tap 11.6: Cho (C): x* +y*-4x-2y =0
a) Lap phuong trinh duong thang di qua 2 tiép diém cuia hai tiép tuyén tir A(3; 4).
b) Tim quy tich cac diém ma tir do vé 2 tiép tuyén véi (C) va ching hop nhau
goc 60°.
HD-DS
a)x + 3y —1=0.
Bai tap 11.7: Cho duodng tron x>+ y* - 4x + 8y -5 = 0. Viét phuong trinh tiép tuyén:
a)Qua B (3;-11)
b) Vudng goc véi duong thing x + 2y = 0.
HD-bS
a) 4x — 3y —45 =0, 3x + 4y + 35 =0.
Bai tap 11.8: Cho 2 duong tron: x> +y*-4x+2y-4=0 va x*+y* -10x -6y +30= 0.
a) Chimg minh 2 dudng tron tiép xuc ngoai tai H.
b) Tiép tuyér} chung ngoai cat duong ndi tim tai K. Lap phuong trinh dudng
tron qua K va tiép xuc véi 2 duong tron do.
HD-DS

D) (x- 2L+ (v 2= 36,

Bai tip 11.9: Ching minh ho cac dudng thang: (1-m)x + 2my + m? - 4m +3 =0
ludn tiép xic véi 1 duong tron cd dinh.

HD-DS
(x+1)>+(y-2)’ =4,
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12 TOA PO, GOC VA KHOANG CACH

Toa dg vecto va diém
- Hé truc Oxy hay (O, i ] ) vdi hai vecto don vi i nén Ox va J trén Qy. Toa
do vecto a trén Oxy:. a = (x; y) hay a (x; y).

—p -

a =xi +yJ
i =0
i =D

Hai vecto bang nhau. a (x;y) = b (x';y) <

—h e
< X
Il

Phép todn vecto
Choa =(x;y), b =(x’y) thi:
a +b=(x+x;y+ty)a-b=(x-xry-y)
ka = (ke ky) véik € R
b cing phuong véi a #0 khicésék € R: x' = k, Y =k
- Toa dé trung diem M: M(x; y) hay M = (x; y): OM =x i + . I
- Toa do cua vecto MN = (XN - XM YN - VM)

XatXg . YatYs
= F Y= 7
2 Z

- Toa dé diém I cua doan AB: x; =

- Toa do trong tam G cua tam giac ABC
Xa TXpg tXe e YatY¥s Y

-

3 : 3

X —

- Biéu dién mot vecto theo 2 vecto khéng cung phuong la giai hé phuong trinh
détim2hésék m: c =ka + mb.

- Tich vo6 hudng hai vecto a - (a;, ay) va b = (b), bs),

a.b —lal|blcosa;b)=ab+anb,

 [WABC=0
-Tructam H: < )
|HB.CA =0
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AK =kBC
- Chan duong cao AK: l S
I_AK.BC =10

- Chan phan giac AD: DB = ——//%g DC.

Khoang cach va goc

- D¢ dai vecto u = (uy; uy) la lu | = .\/ul +ul .

- Khoang cdch AB = | AB| = \/(xn =X+ Yy =YY
- Khodng cach tir diém My(x,; y.,) dén duong thang A:
|ax0 +by, +c{
\/a +b’
- Phuong trinh hai phdn gidc ctu cdc goc tao boi 2 duong thang cdl nhau
aix + by tce =0 axtby+c,=0la:
ax+by+c  ax+byy+e
Jai+b!  yal+b]
- Vitri cua 2 diém M(xy; yrg), Nixn, yx) doi véi duong thang A: ax + by +c=0:
M, N cung phia < (axpy + byy + c)(axy + byy + ¢) > 0,
M, N khdc phia < (axy + byy + ¢)(axy + byny +¢) < 0.
Dé tim phan gidc trong AD cuia tam gidgc ABC, ta lgp phicong trinh 2 canh AB,

AC réi tim phuong trinh 2 phdn gidc ctia géc tao boi 2 duong thang AB, AC.
Chon phdn gidc trong Iu(mg ing vai 2 diém B, C khdc phia.

ax + by + ¢ = 0 dwoc cho boi cong thiec d(M,; A) =

l:O

- Gaoc giita hai vecto a = (a;; ay) va b = (b, by)

a.b a,b, +a,b,
o] M JaZ +al. b7 +b2
- Géc giita hai dicong thang A; va Az c6 vecto phdp tuyén nl va H: .
B ‘a,al + b!b:|
Jaleblfalabl

Bai toan 12.1: Cho a =(2;1), b =(3;4), ¢ =(7;2)

cos(z_{, i;)

cos(A,A,) =’

a) Tim toa do cua vcecto u=2a-3b +c
b) Tim cac sb k, m dé c =ka +mb.
Giai

a)u =2a -3b +c =(4;2)-(9; 12) + (7;2) = (2; -8).
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— (7 =2k +7m 5 o= 22— 3
b)c—ka +mb < < = . Vay ¢ = —a —=b.
12=k+4m - 3 S 5

Bai toin 12.2: Xét xem cac cap vecto sau c¢6 cung phuong khong? Trong truong
hgp cung phuong thi xét xem cung huéng hay nguoc huong?

a)a—(z 3)b—(10 -15) by u =(0;5), v =(0;8)
O m =(-2;1), n =(-6;3) d) c =(3;4),d =(6;9).
Gidi

a) b = (-10;-15)=-5 a nén a 3 b cung phuong, nguoc huéng.
b) v = 0, 8) = gi nén J v cung phuong, cung hudng.

c) n = (-6;3)=3 m nénm.n cung phuong, cung hudng.

d) Vi% # g nén ¢ , d khong cung phuong.

Bai toan 12.3: Trén mit phang Oxy cho 2 diém A(-2; -2) va B(S; -4)
a) Tim toa do trong tam cua tam giac OAB.
b) Tim toa dd C sao cho tam giac ABC co trong tam la G(2; 0).

Giai
a) Trong tam G: X=M =] , y= Z"Jr—ygj"m -2. Vay G(1; -2)
b) Goi (xc; yc) la toa d diém C thi ta phai cé:

’i_;” =2 Yo _:‘4=0 suy ra xc = 3, yc = 6. Vay C(3; 6).

Bai toan 12.4: Cho A(-4; 1). B(2; 4); C(2; -2)
a) Tim diém D sao cho C la trong tdm tam giac ABD.
b) Tim diém E sao cho ABCE la hinh binh hanh.

Giai
a) Gia stt D = (x; y). Diém C la trong tdm tam giac ABD khi va chi khi
A —4+2+x . 1+4+y
2=————Vvad -2=——,

3 3

Suyrax=8,y=11nén D=(8;-11). = (2-x; -2-y).

Tir giac ABCE la hinh binh hanh khi va chi khi AB = EC.
[2-x=6 (x =—4

I & . Vay E(-4: -5).
oL s b:_s ay E(-4:-5)
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Bai toan 12.5: Cho ba diém A(1; 0), B(0; 3), C(-3; -5). Tim diém M thudc truc
OxmaT=|2MA -3MB + 2MC | bé nhat.
Gidi
Goi I(x, y) la diém thoa man: 21IA -31B 4 21C =0
[x =4
19
E)

Jz(l —-x)=3(-x)+2(-3-x)=0
& L=
|2(-y)}-33-yH-2(-5-y) =0 | y

TacoT=[2MA -3MB +2MC |

= [2(MI + IA)-3(MI + IB) + 2(MI + IC)]

= | MI +2(IA -31B + 21C)| = | M | =ML
Vil co dinh va M thudc truc Ox nén T bé nhat khi M 1a hinh chic¢u I 1én Ox.
Vay M(4; 0).

Bai toan 12.6: Cho a =(1;-3), b =(2; 5). Tinh tich vé huéng
a)a.b b)a(a +2b) ¢)(a +b)(a -b)
Gidi
a)a.b =1.2+(3).5=2-15=-13.
bya +2b =(1;-3)+(4,10)=(5,7)= a (a +2b)=1.5+(-3).7=-16.
)a +b =(1;-3)+(25)=(3;2).
a - b =(1;-3)- (25 =(1;-8).
=(a +b)a -b)=3(-1)+2-8)=-19,
Cachkhac:(a + b)a -b)=a2-b2

Baitoan 12.7: Chou = —i -5] vav =ki -4j. Timk dé:

| —

ayu Lv by lul=|v].
Gidi

Taco: u :(%; -5), v = (k; -4)

a)u L v <:>%k+(-5)(-4)=0<:>k=-40

by [u | = i-+25=%\/101;

v | = Jk2+16
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Do do IV|=|J|<3\fk3+16=]5«/101®k’+16:%

o ke ok +ﬁ.
4 2
Bai toan 12.8: Tinh géc gitra hai vecto a vab trong céc truong hop:
a)a =(1;-2), b =(-2;-6) b)a =(2;5), b =(3:-7).
Giai
ab (21 (-20-6) 10 2
allp] Vi+44a+36 V200 — o

a) /\p dung cong thuc: cos(g,g) =

vay(5,€)=45°.
2.3 o > =
b) cos(a, b)— e ~4 ‘/_.vay(a,b)=135°.

T V442509449 202 2

Bai toan 12.9: Chowdlem A(1;3) va B(4; 2). Phan giac trong cuia goc AOB cit AB tai
E. Tim toa d¢ dicm E.

Giai

EA A
Theo tinh chét dudng phan giac cua tam giac ta co —— = O \/— .

EB OB 2

Vi diém E nam giira hai diém A, B nén EA = —% EB , viy diém E chia doan

thang AB theo ti sok——ﬁ.
] 1+~\-[-3_f.4 J 3+-\/~?3 I
Toadd cuadiem E la: x, = —=-2+3J2; y,. = £ =4-+4/2
S =
1+— i+
2 2

Vay E=(-2 + 32, 4- 2).
Bai toan 12.10: Cho tam giac ABC c6 3 dinh A(-3; 0), B(3; 0), C(2; 6). Tim toa
do6 trong tam G va truc tam H cua tam giac.
Gidi
X, + Xz 2 +y,
Trong tim G ¢6 toa do: x¢ = %:5 YG = y—"—%"—L 2.

Viy G(% .2)
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Goi H(x: y) la truc tam ta co:
_J[/\Ii.B(,::OC_ (x +3)2-3) +(y-0)(6-0)=0
]\mi.(‘/\'zo |l\—ﬂ)( 3-2)Hy-0)0-6)=0

[-x+6y=3 i
<

5
<> - Vay (2 ).
|=5x—06y=-15 _\'.—f g 6
b

Bai toan 12.11: Biét A(1: -1) va 13(3; 0) la hai dinh cua hinh vuéng ABCD. Tim
toa do cac dinh C va D.

Gidi
Goi C(x:y). Khi dé AB ~(2:1). BC = (x-3:y).
Diéu kién ABCD Ia hinh vudng ta ¢é:

{Kfuﬁ [2x-3pw1y=0 |
<<

y=2(3-x)
L R
AB=BC [(x-3)+y =5 [S(x-3)" =5
(x:4
. A (»‘—x) - ly=-2
[(x - [x=2
ly=2

Vo C(4: -2) ta tinh duoc dinh D(2: -3).
Véi Cy(2; 2) ta tinh duoc dinh 15(0: 1).
Bai todn 12.12: Cho bdn diém A(-8: 0). B(0: 4). C(2: 0), 1)(-3: -5). Chimg minh ring
tr giac ABCD ndi ticp dugre trong mot duong tron
Giai
laco AB  (8:4). AD  (5:-5). CB ~ (-2:4): CD = (-5: -5)

cos( AB, AD) ‘8.34.‘4.(—15) .
V8 442 5 457 V10

. - Y Svid (<
cos(CB. CD) (—2).(-5H4.(-5) 1

N MDA LN L LN T
—scos(AB, AD) 1 cos(CB. CD)

0= BAD I BAD+BCD 180
Viay ABCD la tr giace ndi ticp

Cach khac: Tim tam 1 cua duong tron ngoai tiép tam giac ABC rdi chimg minh
IA - 1D.
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Bai toan 12.13: Cho tam gidc ABC c6 AB = (x1, 1), AC = (x2, y2).
Ching minh dién tich S = % |x1y2 - X2y | !
Gidi
Dung cong thic

ol 2 oo | IV
S = 5\//\8 ~AC —(ABAC) = E\/(xlz+yl')(x5+y§)—(xlx2+yly2)2

T e = |
- 5\/(X1Y2 —X¥,) = E‘Xt}'z _'X_?yll-

Bai toan 12.14: Tim goc giira hai duong thing:
a)4x-2y+6=0vax-3y+1=0 b)3x-2y-1=0va2x+3y-8=0.
Giai
a) Puong thang 4x - 2y + 6 = 0 ¢c6 VTPT (4; -2)
Duong thang x - 3y + 1 =0 ¢6 VTPT (1; -3)
cosQp = 41+ 23) = ,._1-0 — = —1;: = ¢ = 45°
VI6+441+9 20410 2
b) Puong thang 3x - 2y - 1 =0 ¢6 VTPT (3; -2)
Puong thang 2x + 3y - 8 = 0 ¢6 VIPT (2; 3)
_ P2w=23]
CosQ m =

Bai toan 12.15: Xac dinh cac gia tri cha a dé goc tao boi hai duong thiang:

0 = ¢=90"

(x=2+at . R
va 3x + 4y + 12 = 0 bang 45°.
y=1-2t
Gidi
. . (x=2+al | i —
Duong thang A;: < c6 vecto chi phuong u (a; -2)

ly=1-2t
Duong thang As: 3x + 4y + 12 = 0 ¢6 vecto chi phuong v (4; -3).
Goc giira A| va A; bang 45° khi va chi khi:
[43 0 {'1| 1 ‘4a + 6|
3 Sl e N
Val+22447 437 V2 sat g
<> 25(a’ + 4) =2(4a + 6)* < 7a’ + 96a - 28 = 0.

cos45° =

2 FEw e EemE Pl o 2
Tir d6 b hai gid tri can tim laa = ~ vaa=-14.
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Bai toan 12.16: Tim cac khoang cach tir cac diém dén cac dudmg thang tuong ung
sau day:
( =4t
a) A(3;5),A:4x+3y+1=0 b) M(4; -5), A:
[ =2+3t
Gidi
[43+3.5+11] 28
Ji6+9 5
b) Khur t, ta co phuong trinh tdng quat cuia 3x - 4y + 8 = 0 nén
B.4+45+8 40
¥4 S5
Bai toan 12.17: Tim khoang cach giira hai dudng thing song song
Ap:48x + 14y - 21 =0; Ay: 24x + 7y - 28 = 0.
Giai
Khoang cach gilra 2 duong thang song song la khoang cach tir mot diém cua
dudng thing nay dén duong thing kia.
Ay:24x +7y-28=0
Chox=0=>y=4=>A(0;4) € A;
)= [48.0+14.4 21}
Jagi+142 10
Bai toan 12.18: Cho hai diém A(1; 1) va B(3; 6). Viét phwong trinh dudng théng
di qua A va cach B mgt khoang bang 2.
Gidi
Puong thang A di qua A(1; 1) c¢6 phuong trinh:
a(x-1)+b(y-1)=0hayax + by -a-b=0(a’>+b>#0)

a)d(A, A) =

d(M; A) = =8.

d(Ai; A2) =d(A; A

TArCara(B Ay = s D ATl =2 5(2+5b) =4(a’ +b7)

Iy

Ya© +b’

'b=0
< b21b+20a) =0 <
21b+20a=0

Véib =0, chona= 1, ta dugc duong thang A;:x - 1 =0
Véi21b +20a =0, chona= 21, b=-20 ta dugc dudng thing Ay: 21x - 20y - 1 =0.

Bai toan 12.19: Lép phuong trinh duong thang cach dudng thang d: -2x + 5y - 1 =0
mdt khoang cach bang 3.

Giai
Diéu kién diém M(x; y) cach duong thing d: -2x + Sy - 1 =0 mot khoang bang 3:
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-

2x + 5y —1
l’—_———y—l:}@i— 2x +5y—1i:3v29

2 +5°
& -2x +5y-1=3+429;-2x + 5y - 1=-329
Vay c6 hai duong thing song song:
2x+5y-1-3429 =0va-2x + 5y-1+3+29 =0.
Bai toan 12.20: Lap phuong trinh duong thing qua P(10; 2) va cach déu hai diém
A(3; 0) va B(-5; 4).
Gidi
Goi A la duong thang di qua P va c6 vecto phéap tuyén 1a n = (a;b).a’ +b %0
Thi: Aa(x-1)+b(y-2)=0<¢>ax+by-10a-2b=0.
B _ F7a-2b] |-15a+2b|
d(A; A) =d(B; A) = — 2 Eo g ——
Vva® +b va'+b
Ja+2b=15a-2b 2a-b=0
 7a+2b=-15a+2b « a=0

& |7a+2b| =[15a - 2b] &

Véi2a-b=0,chona=1.b=2thiA:x+2y-14=0
Véia=0,chonb=1thiA:y-2=0.
Bai toan 12.21: Lap phuong trinh cac duong phan gidc cua cac goc giita hai
dudng thang A;: 2x +4y + 7=0va Ay: x-2y -3 =0.
Giai
Phuong trinh hai duong phén giac cia cac goc gitra A) va A, la:
2x +4y+7 x—2y—3__0 2x+4y+7-2(x-2y-3)=0

Jarie  Ji+4 c>_2x+4y+7+2(x—2y—3)=0
<8yt 13=0hayd4x+1=0.
Bai toan 12.22: Cho cédc canh cua tam giac ABC c6 phuong trinh:
AB:x-y+4=0;BC:3x +5y+4=0; AC: 7x +y-12=0.
a) Viét phuong trinh dudng phan giac trong cua goc A.
b) Gdc toa dd O nam trong hay nam ngoai tam giac ABC?
Giai
a) Giai cac h¢ phuong trinh, ta tim dugc toa do cac dinh cua tam giac ABC la:
A(1; 5), B(-3; 1), C(2; -2).
Phuong trinh cdc dudong phéan gidc trong va ngoai cua goc A la:

X-y+4 7x+y—12 ‘5(x—y+4)=7x+y—12
- — [t Lt
J2 J49+1 S(x—y+4)=—(Tx+y-12)
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x+3y-16=0 (1)
Pt
| 3x-y+2=0 (2)
Thay lan luot toa d6 ctia B va C vao vé trai cua phuong trinh (1) ta duoc:
3+43-16=-16; 2-6-16=-20
Suy ra B va C ¢ cung phia ddi voi duong thang c6 phuong trinh (1).
Vay phuong trinh duong phan giac trong cua goc Ala: 3x -y +2=0
b) Thay lan luot toa d cua gbc O vao vé trai phuwong trinh cia BC, AC, AB ta
dugc:4>0;-12<0;4>0
Thay toa dd A, B, C lan luot vao vé trai phuong trinh cia BC, AC, AB ta dugc:
3+45.5+4=32>0;7(-3)+1-12=-32<0;2+2+4=8>0.
Nhu vdy: O va A nam cung phia déi vai BC:OvaB nam cing phia déi véi
AC; O va C nam cung phia doi véi1 AB. Vay O nam trong tam giac ABC.
Bai toan 12.23: Viét phuong trinh phan giac d cua géc nhon tao boi 2 duong
thang d;: x-2y-5=0,d,: 2x-y +2=0.

Gidi
o] . pm - [x—-2y—5=0 x=-3
Toa d6 diém I 1a nghiém cua hé: 12 5 0c> 4
X—-y+2= y=-—

Do d6 I(-3; -4). Liy A(5; 0) € d,. B(-1; 0) € d,

Tacé: IA. IB = 8.2 +4.4=32> 0 nén géc AIB nhon

M(x; y) thudc phan giac d cua goc nhon tao boi d; va d,

cos(TA. M) = cos(IB, IM) e SEFD T4+ _2x+3)+4(y+4)
45 PAVR)

<> x-y-1=0.Vayd:x-y-1=0.

Chii y: Néu goc AIB ti thi M e d khi: cos(IB, IM ) = -cos(IA, IM ).

Bai toan 12.24: Viét phuong trinh duong thang d di qua P(3; 1) cat 2 duong thang

Aiix +2y-3=0,A23x-y+2=0tai A, Bsaocho d tao voi A, Ay thanh tam
gidc can cd duong thing AB.

Giai
Gia su duong théng d cat Ay, A, lan lugt & A, B. Goi 1 1a giao diém cua A, va
Az thi tam giac IAB la tam gidc can tai dinh [ khi A vudng goc véi duong phan
gidc trong cua goc AIB.
Phuong trinh hai duong phan giac la: Ay
X+2y-3 F 3x—-y+2

J5 Go I/

& (V2 -3)x+ V2 +1)y-342 -2=0, /

(V2 +3)x+ (242 - y-342 +2=0. A b BNA,
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Vay hai duong th_éng can tim qua P va lan luot vudng goc voi phan giac, ¢6

phuong trinh chinh tac:
x-3 y-1 x-3 y-l
V2-3 2V2+417 V243 242-1

Céch khac: dung gdc cos(d; A}) = cos(d; A,).
Bai toan 12.25: Cho hinh vuéng ABCD c6 tam [(4; -1) va phuong trinh canh AB

la x + 2y - 1 = 0. Lap phuong trinh hai duong chéo caa hinh vuoéng.

Gidi
Hai dudng chéo AC, BD la hai duong thang qua I hop véi AB mot goc 45°.
Phuong trinh 2 duong chéo: a(x-4)4-b(y +1)=0

" A B
Voiu =(a;b)la VTCP, 2’ + b* # 0
Puong thing AB: x +2y -2=0¢6 VICP v = (2;-1) ‘
- 2a-b 2)
Tacé: |cos(u , v )| =cos45° = | I = J—2 D )
Jat+ b2+l 2 ’

& 2(2a- b)Y’ = 5(a’ + b%) & 3a’- 8ab-3b’=0

< (a-3b)Ba+b)=0<>a=3bhay b=-3a
Véia=3b,chonb=1,a=3tacod:3x+y-11=0
Véib=-3a,chopna=1,b=-3,tacod:x-3y-7=0.

Bai toan 12.26: Trén hai canh cua goc vudng xOy lan lugt liy hai cap dlem A A
va B, B' sao cho OA. OA'= OB. OB Chung minh rang duong trung tuyén cia
tam gidac ABO ciing la duomg cao cua tam giac A'B'O.

Giai
Chon hé truc toa d6 Oxy nhu hinh vé. ;‘,
bat A =(a; 0), A'=(a'; 0), B
B(0; b), B'= (0; b')
Tacé OA. OA' = OB. OB' =5 aa' = bb' B V
Goi M la trung diém AB thi:
\ X
M(?‘ b] OM—[ —] va A'B = (-a';b") Mo
\ 2 2 J f

nén OM.A'B' = e bb

=0= OM L A'B' (dpcm).

Bai toan 12.27: Cho hinh vuéng ABCD canh a. Goi N la trung diém cta CD va

liy diém M trén dudng chéo AC sao cho AM = %AC.

a) Chung minh tam gidc BMN vudng can. Tinh dién tich BMN.
b) Goi I la giao diém ciia BN va AC. Tinh doan CI
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Gidi
Ta dua toa do vao dé giai toan
[.4p hé truc toa dé vudng goc vai gde O trung vai diém A sao cho
B =(a;0), D= (0; a)

, \ ‘. ¥
a) TacoO M = l d;a .N L{:a ®
4 4 2 ,
I: . \/ D A ;
BM |2 | 2 =2 10 l
Via ) 16 4
~ I
BN /{a—a par 285 Vi
V2 ) 2 >
A=0 B X
r

VN = lﬂ[a_a)”){u_a"' ) a_\[_l()
V2 4 4J 4

Do do BM ~ MN, BM? + MN” = BN’

Vay tam giac BMN vuong can tai M
o 1 av10 aV10 _ 5a’
R S I N P

» . , 1 :

b) Tacd I la trong tdm tam giac BCD nén: Cl % CE=-CA d\3/2 :

3 3
BAI TAP

Bai tap 12.1: Cho ba vccto a 3: -1, b (1; -2), c = (-1; 7). Hay biéu dién

veeto ¢ qua cac veeto a vab.

HD-DS

c‘ = a. -4b .
Bai tap 12.2: Cho ba diém A(2; 5) B(1; 1), C(3: 3)

a) Tim toa do diém D sao cho AD “3AB -2AC

b) Tim toa do diém &5 sao cho ABCL la hinh binh hanh. Tim toa dé tam hinh
binh hanh do.

HD-DS

()

) RIS b) I (4; 7); 1am l’ =24 '

Bai tap 12.3: Cho tam piac ABC ¢6 A(-1; 1). B(5; -3), dinh C nam trén truc Oy va
trong tdm G nam trén truc Ox. Tim toa d6 dink: C.
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HD-DS
A
G=(§;0),C=(o; 2).

Bai tap 12.4: Cho céc veeto a =(-2;3), b = (4; 1).
a) Tim k va m sao cho ¢ =ka +mb vuong gbc vai a +b.
b) Tim vecto d bidta.d =4vab.d =-2.
HD-DS
a) 2k +3m =0 b)d‘-—(-é; 9).
7 7)
Bai tap 12.5: Tim gid tri cia m dé duong thing mx +y + 1 = 0 hop vdi dudng
thang 2x -y +9 =0 goc 30°.
HD-DS
m=8+34/5.
Bai tap 12.6: Dudng thing A: 2x - Sy + 9 = 0 cét 2 tryuc toa dd tai A, B. Tinh
chiéu cao OH cua tam giac OAB.
HD-DS
OH = d(0; A) = [20-5.0+9 _ 9
Ja+25 429
Bai tap 12.7: Tim gia tri m dé khoang cach tir A(1; 1) dén duong thing
mx + (2m - 1)y - 3 =0 bang 2.

HD-DS

—4+237
1
Bai tap 12.8: Viét phuong trinh cia duong thing d di qua gdc toa do va cach déu
hai di€ém A(2; 2) va B(4; 0)
HD-DS
dx+y=0,d:x-3y=0.
Bai tap 12.9: Cho tam giac ABC cén tai A, biét phuong trinh cac duong thang AB,

BC lan luotlax +2y-1=0va3x-y+5=0. Viét phuong trinh duomg thing
AC biét rang duong thang AC di qua diém M(1; -3)

HD-DS
AC:2x+ 11y +31=0.
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13 TONG HOP PHUONG TRINH DPUONG THANG

- Dang 16ng quat: Phuong trinh duong thang qua diém I(x,; v,)
va ¢6 VIPT n (a; b)
Viét phuong trinh a(x - x,) + b(y - y,) =0 roi suy ra dang tong quat:
ax - by +ce=0d + b %0,

- Phicong trinh duong thang theo doan chan: di qua hai diém A(a; 0), B(0; b)

véia b=0la >+L =1,
a

- Dang tham s6, chinh tic: Phicong trinh dudng thang qua diém I (x,; y,) thugc

duong thang va cé VICP u (a; b) thi:

. [x=x, +at B
Dang tham sé6. , (@ + b =0)
1y =y, +bt
Néu a, b #0 thi c6 dang chinh (dc: Ereity —;)y" :
a

- Khoang cdach AB = | AB | = \RXB —x, ) (Y —Ya)

- Khodng cdch tir diém My(x,; y,) dén duong thang A

jax, +by, +¢
Jal+b

- Phuong trinh hai phdn gidc cia cdc goc tao boi 2 duong thang cat nhau

ax + by + ¢ = 0 duogc cho bai cong thicc d(M,; A) =

ax by +c;=0;ax+by+cry=0Ila:
ax+by+c, +a2x+b2y+c2 ~

\/al“ +b; - \/ai +b;
- Vitri cia 2 diém M(xu; v, Nixy, yy) doi vii dicong thang A: ax + by + ¢ = 0:

M, N cung phia <> (axpy + byy + ¢)(axy + byy + ¢) > 0,
M, N khdc phia <> (axy + byy 4 c)(axy + byy + ¢) < 0.

- Géc giira hai duong thang A va A; ¢é vecto phdp tuyén n,
|a,a, + b,b2|
\/af + b2 4fal + b

va r; 2 cos(A,A,) =’cos(x;;,11_:)
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Bai toan 13.1: Trong mat phing voi hé toa d Oxy, cho tam giac ABC can,
canh day BC c6 phuong trinh x +y + 1 = 0. Phuong trinh duomg cao v& tr B la
X - 2y - 2 = 0. Diém M(2; 1) thudc dudng cao vé tir C. Viét phuong trinh cac
canh AB va AC.

Gidi
Goi D, E lan luot 1a chan dudng cao ké tir B va C
Taco B(0;-1) va BM =(2;2). Suy ra MB L BC.
Ké MN // BC cat BD tai N vi AABC cén tai A nén BCNM la hinh chit nhit.
Phuong trinh duong thing MN lax +y -3 =0.

Vi N =MN n BD nén N(S,l}
373,

Do NC L BC nén phuong trinh ctia duong thing NC la x -y —;{- =101

3

Khi d6 toa do C la nghiém cua hé phuong trinh

i'x+y+l=0
(34
. 7 = C| == |-
lx—_\'-—=0 3 3,
3
s 4 8
Khi dé6 CM = (3 3 nén phuong trinh AB la x +2y +2=0.

Vi ﬁ/=(§,g] nén phuong trinh canh AC la: 2x+y+§-=0c:>6x+3y+1=0.

\ J
Bai toan 13.2: Trong mat phéng v‘('yi hé truc Oxy, cho ABC c6 A(2; -3), truc tam
H(-1: -2) va B thugc duong thang d: x +y + 9 = 0, C thudc dudng thang d":
5x +y +5=0. Viét phuong trinh cac canh cua tam giac ABC, biét rang dinh C
c6 tung do duong.
Gidi
ViB € d = B(b; -b-9) vaC e d = C(c; -5¢ -5).
Vi H 1a tryc tdm cha tam giac ABC nén
AHBC=0 < -3(c-b) +(-5c¢ +b+4)=0<>b=2c- 1.
Suy ra B(2c - 1; -2¢ - 8).
Mit khac BILAC =0<> -2¢(c - 2) + (6 + 2¢)(-5 - 2¢) = 0
c=-2
< 122+30c+ 12=0 1
C=-—=

L 2

Vi C c6 tung d6 duong nén ta chon ¢ = -2,
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Suy ra B(-5; -4), C(-2; 5).
DodoBC:3x-y+11=0,CA:2x+y-1,AB:x-7y-23=0.

Bai toan 13.3: Trong mat phang véi hé truc Oxy, vic‘::t phuong trinh cac canh cua
tam gidc ABC ¢6 truc tam H(-1; -2), B(2; -3). Biét rang C thudc dudmg thing
d:x+y+9=0, A thudc duong thang d': 5x +y + 5 =0 va dinh A c6 tung do
duong.

Gidai
ViCed=C(c;c-9)vaA ed = A(a; -5a-95),a<-1.
Vi H 1a truc tdm cua tam gidc ABC nén

BH L AC< BHAC=0 <-3(a-c)+(-Sa+tc+t4)=0<c=2a-1.

Suy ra C(2a - 1; -2a - 8).

Va CH.AB =0 2a(a-2) + (6 + 2a)(-5 - 2a) = 0
a=-2

o128 +30a+ 12=0 ]

T

Vi A ¢6 tung d0 duong nén ta chon a = -2 do d6 A(-2; 5).

Suy ra C(-5; -4),

Dodo AC:3x-y +11=0,AB:2x+y—-1=0,BC: x-7y-23=0.

Bai toan 13.4: Trong mit phang véi hé truc Oxy, cho tam giac ABC ¢6 trung

a7

diém canh BC 1a M(3; 2), trong tdm G[%;—

et 2

va tam dudng tron ngoat ti€p tam

giac ABC la I(1; -2). Xac dinh toa d6 dinh C.
Gidi

Ta c6 M(3; 2), trong tam G(% %}

T AG =2GM suy ra A(-4;-2).

Duong thang BC di qua M nhan vecto IM lam VTPT nén c6 phuong trinh BC:

x+2y-7=0.

Goi C(x;y). ViCe BC=>x+2y-7=0

Mit khac IC=1A = (x - 1) + (y + 2)* =25

Toa d6 cua C la nghiém cua hé phuong trinh
(x+2y-7=0 (x=5 ([x=1
1(}(—1)2 +(y+2)" =25 < 1y =1 hay iy =3

Vay ¢6 2 diém C(5; 1) va C(1; 3).
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Bai toan 13.5: Trong mat phing vai hé truc Oxy, cho tam gidc ABC c6 dinh A(3; 2),
B(4; S), goc CAB = 135° Tim toa do diém C & bén phai duong thang x = 3 va

biét duong cao CH =\/—}}_()— ;

Giai
Tam giac CAH vuoéng can tai H nén CA = V5.
Goi C(x; y), theo gia thiét thi x > 3. Ta cé hé phuong trinh
_ -343p-2) V2
& s m~,/(-1‘~3": +(;-'—2)3 S22
(x=3)+(y-2) =5

{cos(AB ,AC) = cos135"

L =

2 b c>
(x=3)"+(y—=2) =5
Chon diém C(4; 0).
Bai toan 13.6: Trong mat phang véi hé truc Oxy, cho tam gidc ABC c6 dinh B(- NE] ; 0),

{x+3y=4
=

C(\/3'; 0), goc giira hai dudong thang BC va AB bang 30°, goc giita hai duong
thang BC va CA bang 60°. Tim toa d6 dinh A biét hoanh d A bé hon 1.
Giai
Goi A(x;y) voi x <I.
Khi d6 BA =(x + +/3;y), BC=(24/3;0), CA =(x-/3; y).
Theo gia thiét ta co:

s

Hcos(ég B_C) = c0s30" 2\/3“\/(x+\/§)2 £y i)

&> B .
Hcos(BC,(,A)‘=cos60“ ’2\/3(x—\./3)i 1
_2\/5\/(x—\/3_)2 +y' 2
- _x:Z\/g
& [(x+\/322 d & xz.ﬁ <1
13(x—\/3)2 =y | 2

k(x+\/§): =3y’

E *
Chonx = 5 acohaxdlemA\—g———% ] ﬁ—éJ

272
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Bai toan 13.7: Trong mat phang vai hé truc Oxy, cho tam giac ABC c6 dinh A(0; 1)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>